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Abstract
We develop a statistically robust framework for reconstructing metal–semiconductor contact regions

using topological gradients. The inverse problem is formulated as the identification of an unknown contact
region from boundary measurements governed by an elliptic model with piecewise coefficients. Deterministic
stability of the topological gradient with respect to measurement noise is established, and the analysis is
extended to a statistical setting with multiple independent observations. A central limit theorem in a
separable Hilbert space is proved for the empirical topological gradient, yielding optimal n−1/2 convergence
and enabling the construction of confidence intervals and hypothesis tests for contact detection. To further
refine the reconstruction, a shape optimization procedure is employed, where the free parameter β in the
CCBM formulation plays a crucial role in controlling interface sensitivity. While β affects both topological
and shape reconstructions, its influence is particularly pronounced in the shape optimization stage, allowing
more accurate estimation of the size and geometry of the contact subregion. The proposed approach provides
a rigorous criterion for distinguishing true structural features from noise-induced artifacts, and numerical
experiments demonstrate the robustness, precision, and enhanced performance of the combined statistical,
topological, and β-informed shape-based reconstruction.
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1 Introduction
1.1 The contact resistivity problem
In very-large-scale integration (VLSI) circuits (Figure 1a), electrical contacts form the critical interfaces be-
tween semiconductor devices and metallic interconnects. As device dimensions shrink into the deep-submicron
regime, parasitic contact resistance increasingly limits overall electrical performance (Figure 1b). In its simplest
approximation, the contact resistance is given by

Rµ =
ρµ
A
,

where A is the contact area and ρµ is the specific contact resistivity. Since A typically scales with the square of
the minimum feature size λ, this model predicts the ideal scaling law Rµ ∝ λ−2 (see, e.g., [LSD85, LSS+87]).

In practice, this ideal scaling fails due to non-uniform current injection near the contact edges, a phenomenon
known as current crowding. The spatial extent of current spreading is characterized by the transfer length
lt. When the lateral dimensions of the contact become comparable to or smaller than lt, current crowding
intensifies, causing the effective contact resistance to increase more rapidly than predicted by geometric scaling.
This effect ultimately sets a fundamental physical limit on contact miniaturization in advanced integrated
technologies. Figure 1b schematically illustrates a simplified metal–semiconductor contact structure. In deeply

(a)

Interface

Aluminum (metal)

Silicon (semiconductor)

VLSI

contact ρµ

(b) (c)

Figure 1: (a) A VLSI circuit; (b) simplified metal/semiconductor contact; (c) a 2D slab contact model with
interface at z = 0 and diffusion-layer thickness zj . Adapted from [LSS+87].

scaled integrated circuits, contact resistivity governs device performance, making its accurate characterization
essential. Yet direct measurement is fundamentally constrained by the buried nature of the contact interface
is buried within the device structure, precluding physical access for local probing. Consequently, researchers
employ indirect methods: prescribed boundary currents and measured potentials provide the data for inferring
internal contact properties. This inverse problem, recovering internal parameters from boundary observations,
has been extensively studied, with seminal works establishing the mathematical foundation for contact resistivity
determination [LSD85, LSS+87]. Related inverse problems for semiconductor devices can be found in [BEMP01,
BF91, FIR02] and the references therein.

1.2 Mathematical formulation
Although the physical metal–semiconductor contact system is inherently three-dimensional (3D), the extremely
shallow junction depths encountered in modern VLSI processes justify an effective two-dimensional (2D) re-
duction. As illustrated in Figure 1c, the contact interface is idealized as a planar surface orthogonal to the
z-axis, while the semiconductor diffusion region of thickness zj exhibits a depth-dependent conductivity profile
σ = σ(z) that is laterally uniform in the (x, y)-plane. This assumption is well supported by contemporary fab-
rication techniques, where implantation and diffusion produce nearly planar doping distributions across contact
windows.
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Following the thin-film reduction of Loh et al. [LSS+87], we consider the asymptotic regime in which the
vertical-to-lateral aspect ratio tends to zero. Vertical integration of the 3D current continuity equation yields
the effective sheet resistance

Rs =

(∫ zj

0

σ(z) dz

)−1

> 0,

which characterizes lateral current transport. This averaging maps the 3D potential v(x, y, z) to an effective
2D potential

u(x, y) = Rs

∫ zj

0

σ(z) v(x, y, z) dz.

The reduced model governs the potential u = u(x, y) in an open, bounded semiconductor domain Ω ⊂ R2,
with ω b Ω an open, bounded subdomain representing the metal–semiconductor contact. Outside the contact
region, Ω \ ω, lateral current spreads without vertical transfer and u satisfies ∆u = 0 in Ω \ ω, with purely
two-dimensional current density J = −R−1

s ∇u. Inside the contact region ω, vertical current injection introduces
a reaction term, and u solves ∆u − l−2

t u = 0 in ω, where the transfer length lt =
√
ρµ/Rs characterizes the

depth of current penetration.
At the contact boundary ∂ω, continuity of the potential and conservation of the normal current flux impose

u|∂ω−
= u|∂ω+

and R−1
sk nz·∇u|∂ω−

= R−1
s nz·∇u|∂ω+

, where nz denotes the unit vector orthogonal to the contact
boundary and tangential to the (x, y)-plane (cf. Figure 1c), and Rsk is the sheet resistance directly beneath the
contact.

Collecting the governing relations, the fully reduced boundary value problem can be written compactly as

−∆u+ µ0 χω u = 0 in Ω, ∂νu = g ≥ 0 on ∂Ω, (g 6≡ 0),

where µ0 := 1/l 2t = Rs/ρµ, χω is the characteristic function of the contact region, g denotes the prescribed
boundary current density, and ∂νu = ∇u ·ν represents the outward normal flux, with ν the unit outward normal
to ∂Ω. The term (1/l2t )χωu accounts for vertical current exchange at the metal-semiconductor interface. The
transfer length lt controls current crowding: during the transition from vertical injection beneath the contact
to lateral transport in the semiconductor, current concentrates near the contact edges, leading to strongly
non-uniform current densities that dominate the effective contact resistance in modern device geometries.

1.3 The geometric inverse problem
The general inverse problem aims to recover both the contact region ω b Ω and the parameter µ0 > 0 from
Cauchy boundary data (f, g). This problem is severely ill-posed, as different pairs (χω, µ0) can produce identical
measurements [Isa06]. In this work, we adopt the standard assumption that µ0 is known a priori, reducing the
problem to the geometric identification of the contact region ω (or equivalently χω) from the boundary data.
We implicitly assume the existence of an exact contact region ω? generating the measurements.

Throughout the paper, unless stated otherwise, Ω ⊂ R2 is a bounded domain with Lipschitz boundary, and
ω b Ω is a bounded open subdomain with Lipschitz boundary.

Problem 1.1. Let µ0 > 0 be a given constant. Given nontrivial Cauchy boundary data (f, g) ∈ H
1
2 (∂Ω) ×

H− 1
2 (∂Ω), find the subdomain ω and a function u ∈ H1(Ω) such that

−∆u+ µ0χωu = 0 in Ω, ∂νu = g, u = f on ∂Ω. (1)

The analysis of this reduced inverse problem naturally involves three closely related aspects:

(i) Identifiability. A fundamental question is whether the boundary data (g, f) ∈ H− 1
2 (∂Ω) × H

1
2 (∂Ω)

uniquely determine the contact region ω. Uniqueness has been established for certain classes of admissible
subdomains [FC92, KKY01, Kim02]. Notably, Kim [Kim02] proved a global uniqueness result for convex
regions.

(ii) Stability. Another key issue is the continuous dependence of ω on boundary data perturbations. Local
stability estimates exist [Cho06, FC92]. In particular, in [FC92], Fang and Cumberbatch established a
stability result with the help of a single-point boundary measurement. On the other hand, Choulli [Cho06]
provides quantitative bounds under small domain perturbations using additional Neumann measurements,
illustrating the conditional nature of stability.

(iii) Identification. Reconstructing ω numerically is ill-posed, despite uniqueness and conditional stability. A
common approach reformulates the problem as

min
ω∈U

J(ω),
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where J is a data-misfit functional and U denotes admissible regions. Since U is not a vector space, shape
and topology optimization techniques are typically used [FI03, FZ12, HH21, MEIL04]. In these works, J
is either a classical least-squares functional, which uses only boundary measurements, or a Kohn–Vogelius-
type functional, which quantifies the discrepancy between two auxiliary boundary value problems: one
driven by the measured boundary data and the other by prescribed boundary excitations.

In this work, we focus on numerically reconstructing ω from boundary data, building on established results
on identifiability and stability. Our main contribution is a β-weighted coupled-complex-boundary framework
(see (2)) that unifies shape and topology optimization and incorporates a statistical topological gradient with
n−1/2 convergence (Theorem 3.4). This provides robust initialization and confidence-based detection under
noisy measurements (Subsection 5.3), while β enhances reconstruction accuracy, capturing the location, size,
and geometry of ω and filtering out noise (Subsection 6.3).

In the context of detection inverse problems [AHJM09, AHM05, BCC+17, CPR21, CD12, CMM13, FNP18,
GS22, HL11], the topological derivative method has been widely recognized as an efficient and accurate non-
iterative optimization tool, typically requiring no additional regularization to stabilize the reconstruction pro-
cess. Although numerical studies in these works demonstrate robustness with respect to noisy data, a complete
theoretical justification remains limited. In contrast, within the imaging literature, Ammari et al. [ABG+13,
AGJK12] provided a rigorous analytical explanation of the effectiveness of the topological derivative for de-
tecting small acoustic anomalies, including stability and resolution analyses in the presence of medium and
measurement noise. Motivated by this line of research, the present paper establishes a rigorous statistical sta-
bility analysis of the topological gradient based on the central limit theorem in separable Hilbert spaces, thereby
providing a theoretical foundation for confidence-based reconstruction under random noise.

Organization of the Paper. The remainder of this paper is organized as follows. In the rest of this section,
we introduce the notations used throughout the paper, and outline the general optimization framework adopted
in this study. Section 2 is devoted to the derivation of the topological sensitivity for the proposed cost function-
als. In particular, we establish the asymptotic expansions associated with the insertion of small inclusions and
derive estimates for the topological gradients corresponding to the objective functional. In Section 3, we ana-
lyze the robustness of the topological gradient in the presence of noisy measurements. We first introduce noisy
boundary measurements and the associated perturbed systems, then establish Lipschitz-type stability estimates,
and finally study the statistical stability properties of the topological gradient under random noise. Section 4
presents the shape sensitivity analysis of the considered optimization problem. We derive the corresponding
shape derivatives and provide the analytical expressions required for gradient-based shape optimization meth-
ods. Section 5 focuses on reconstruction methods based on the topological gradient. We describe the proposed
topological identification algorithm and its computational implementation, followed by several numerical ex-
periments illustrating the reconstruction of the contact region. We also discuss a statistical detection strategy
for identifying the contact zone. Section 6 investigates reconstruction approaches based on shape optimization.
We present the numerical algorithm used for interface evolution, provide numerical examples based on shape
gradient information, and analyze the influence of the free parameter β on the reconstruction quality. Finally,
Section 7 concludes the paper with a summary of the main results and perspectives for future research. For
completeness, the proof of an auxiliary lemma (Lemma 1.4) is provided in Appendix A.

1.4 Notations
We use the Lebesgue spaces L2(Ω) and L2(∂Ω), and H

1
2 (∂Ω) denotes the trace space of H1(Ω). Unless

stated otherwise, the same notation applies to real- and complex-valued functions; occasionally, X(Ω;C) is
used to emphasize complex-valued functions. For complex functions, the H1(Ω) inner product is (u, v)1,Ω :=

(∇u,∇v)0,Ω + (u, v)0,Ω with (u, v)0,Ω :=
∫
Ω
uv dx, and the norm is ‖u‖21,Ω := (u, u)1,Ω = ‖∇u‖20,Ω + ‖u‖20,Ω .

Here, it is clear that ‖∇u‖20,Ω = ‖∇u‖2L2(Ω)d (d = 2). The bar (·), denoting complex conjugation, is omitted
when clear from context. The duality pairing between H− 1

2 (∂Ω) and H
1
2 (∂Ω) is denoted by 〈·, ·〉 := 〈·, ·〉∂Ω ,

coinciding with the L2(∂Ω) inner product (·, ·)0,∂Ω if both arguments lie in L2(∂Ω). We adopt a unified notation
for norms of scalar- and vector-valued functions. For a complex-valued function u, we write u = ur + iui :=
Re{u} + i Im{u}, where i =

√
−1, and Re{u} and Im{u} denote the real and imaginary parts, respectively.

Throughout the paper, C > 0 denotes a generic constant that may change from line to line. Finally, whenever
it is necessary to emphasize the dependence of a variable or expression on certain parameters, such as the
coefficient µ or the boundary data f , we use bracket notation, e.g., u[µ, f ], u[µ], or u[f ], depending on the
context; this dependence is omitted when no ambiguity arises.

In this paper, the terms contact region and inclusion will be used interchangeably for convenience in the
mathematical and numerical discussion, although caution is advised since their physical meanings differ.
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1.5 The optimization framework
To address Problem 1.1, we adopt an optimization-based formulation based on the coupled complex boundary
method, or simply CCBM. Originally introduced in [CGHZ14] for inverse source problems, CCBM has since
been developed into a flexible framework for a broad class of inverse and geometric identification problems.
Its effectiveness has been demonstrated in conductivity reconstruction [GCH17], parameter identification for
elliptic systems [ZCG20], and shape reconstruction problems [Afr22], as well as in geometric inverse source
formulations [AMN22]. More recent works have extended CCBM-based formulations to increasingly complex
settings, including exterior Bernoulli-type problems [Rab23], free-surface flows [RN24], inverse Cauchy prob-
lems for Stokes systems [OCNN22], obstacle identification in viscous flows [RAN25], tumor localization [Rab25],
source approximation in time-fractional partial differential equations [HPN25], and bioluminescence tomogra-
phy [WGG+25].

Geometric inverse problems arising in semiconductor device modeling have been extensively studied in
[FC92, FI03, KKY01, Kim02]. These works focus on the identification of metal–semiconductor contact regions
and contact resistivity parameters from boundary voltage and current measurements, motivated by applications
to transistor modeling. Fundamental results on identifiability and conditional stability were established under
appropriate geometric and regularity assumptions on the contact region.

The present work revisits the semiconductor contact identification problem within the CCBM framework.
The objective is to exploit the favorable stability and accuracy properties reported in earlier CCBM-based stud-
ies, particularly in free-boundary and free-surface problems [Rab23, RN24], while maintaining computational
costs comparable to those of Kohn–Vogelius-type formulations [Rab23, RN24].

Following the CCBM philosophy, the overdetermined boundary conditions in Problem 1.1 are replaced by a
single complex-valued Robin condition. For a fixed tuning parameter β ∈ R+, we consider the complex-valued
problem

−∆u+ µ0χω u = 0 in Ω, ∂νu+ iβ u = g + iβ f on ∂Ω. (2)
Writing u = ur + iui, one observes that Problem 1.1 is satisfied if and only if ui = 0 in Ω. This motivates the
reformulation of the inverse problem as the identification of a coefficient µ = µ0χω such that the corresponding
solution satisfies ui[µ] = Im{u[µ]} = 0 in Ω (Problem 1.6).

Remark 1.2. The introduction of the free parameter β in (2) represents a novel extension of the conventional
CCBM formulation. While a similar parameter has appeared in previous work [GCH16] for convergence analysis
under a source condition, here β is employed for a different purpose: it provides additional control over interface
sensitivity and significantly enhances shape reconstruction, particularly under noisy measurements, as illustrated
in Section 6.3.

Accordingly, we introduce the admissible set of coefficients µ, denoted by U . Let ω be a Lebesgue measurable
set.We define the admissible set by

U :=
{
µ ∈ L∞(Ω)

∣∣∣ µ = µ0χω, ω b Ω, |ω| > 0
}
⊂ L∞

+ (Ω), µ0 > 0,

where |ω| = meas(ω) denotes the Lebesgue measure of ω.

Problem 1.3. Given µ ∈ U , the weak formulation of (2) reads: find u ∈ H1(Ω) such that

a(u, v) = F (v), ∀v ∈ H1(Ω), (3)

where the sesquilinear form a(·, ·) and the linear form F (·) are given by

a(w, v) = (∇w,∇v)0,Ω + (µw, v)0,Ω + iβ 〈w, v〉, F (v) = 〈g, v〉+ iβ 〈f, v〉.

The following lemma is crucial for establishing the coercivity of a(·, ·), which in turn ensures the existence
and uniqueness of the solution to Problem 1.3, as stated in Proposition 1.5. The proof relies on the complex
Lax–Milgram lemma [DL98, p. 376] (see also [SS11, Lem. 2.1.51, p. 40]).

Lemma 1.4. Let Ω ⊂ Rd, d ≥ 2, be a bounded Lipschitz domain, and let ω b Ω be measurable with |ω| > 0.
Then there exists a constant C(Ω) > 0 such that for all ϕ ∈ H1(Ω),

‖ϕ‖21,Ω ≤ C(Ω)‖ϕ‖2∗, ‖ϕ‖∗ :=
(
‖∇ϕ‖20,Ω + ‖ϕ‖20,ω

) 1
2

.

The proof is provided in Appendix A.

Proposition 1.5. Let µ ∈ U and (g, f) ∈ H− 1
2 (∂Ω) × H

1
2 (∂Ω) be given nontrivial Cauchy data. Then

Problem 1.3 admits a unique weak solution u = u[µ] ∈ H1(Ω) satisfying

‖u‖1,Ω ≤ C‖(g, f)‖ 1
2 ,∂Ω

, ‖(g, f)‖ 1
2 ,∂Ω

:= ‖g‖
H− 1

2 (∂Ω)
+ ‖f‖

H
1
2 (∂Ω)

, (4)

where C > 0 depends only on Ω.
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Proof. The continuity of the sesquilinear form a(·, ·) and the linear form F (·) is standard and omitted. We focus
on the crucial coercivity of a(·, ·).

Let u = ur + iui ∈ H1(Ω). By definition of a and because µ = µ0 χω ∈ U , we have

Re{a(u, u)} = (∇ur,∇ur)0,Ω + (µur, ur)0,Ω + (∇ui,∇ui)0,Ω + (µui, ui)0,Ω

=
(
‖∇ur‖20,Ω + µ0 ‖ur‖20,ω

)
+
(
‖∇ui‖20,Ω + µ0 ‖ui‖20,ω

)
.

Applying Lemma 1.4, there exists a constant C(Ω) > 0 such that

Re{a(u, u)} ≥ min{1, µ0}
C(Ω)

(
‖ur‖21,Ω + ‖ui‖21,Ω

)
≡ min{1, µ0}

C(Ω)
‖u‖21,Ω . (5)

Hence, the sesquilinear form a(·, ·) is H1(Ω)-elliptic. Together with the standard continuity of a and F , this
guarantees the unique solvability of Problem 1.3 and the stability estimate (4).

The well-posedness of Problem 1.3 ensures that the mapping µ 7→ u[µ] from U to H1(Ω) is well-defined.
This allows us to formulate the following identification problem.

Problem 1.6. Let (g, f) ∈ H− 1
2 (∂Ω)×H

1
2 (∂Ω) be given nontrivial Cauchy boundary data. Find µ ∈ U such

that the unique weak solution u = u[µ] ∈ H1(Ω;C) of Problem 1.3 satisfies

ui[µ] = 0 in Ω.

Equivalently, this can be cast as the shape optimization problem

min
µ∈U

J(µ) := min
µ∈U

(ui[µ], ui[µ])0,Ω subject to (3). (6)

To solve this optimization problem (6), we shall use a topological sensitivity analysis method [AK04, BGS24,
GGM01, NS12, SZ99]. This method studies how the cost functional J changes when a small topological per-
turbation of the resistivity is introduced.

2 Topological Sensitivity Analysis
In this section, we derive the topological sensitivity of the functional J (Theorem 2.2) with respect to infinitesimal
perturbations of the resistivity domain. For a given µ ∈ U , we introduce a small inclusion, leading to the
perturbed resistivity

µε
ξ(x) =

{
µ0, x ∈ Bε

ξ ,

0, x ∈ Ω \Bε
ξ ,

(7)

where Bε
ξ = ξ + εB, ξ ∈ Ω, 0 < ε� 1, and B ⊂ R2 is a bounded open reference domain containing the origin.

Hereafter, we assume µ ∈ U without further notice.
Our goal is to obtain an asymptotic expansion of the perturbed functional:

J(µ+ µε
ξ) = J(µ) + φ(ε) δJ [µ](ξ) + o(φ(ε)), ∀ξ ∈ Ω,

where φ : R+ → R+ is a scaling function vanishing as ε → 0, and δJ [µ] denotes the topological gradient. For
brevity, we occasionally write µ̃ε = µ+µε

ξ and omit the explicit dependence on ξ or µ when the context is clear.
From (6), the perturbed functional reads

J(µ̃ε) = (ui[µ̃
ε], ui[µ̃

ε])0,Ω ,

with u[µ̃ε] = ur[µ̃
ε] + iui[µ̃

ε] ∈ H1(Ω) solving

−∆u[µ̃ε] + µ̃ε u[µ̃ε] = 0 in Ω, ∂νu[µ̃
ε] + iβu[µ̃ε] = g + iβf on ∂Ω. (8)

Remark 2.1. To minimize the cost functional J , the optimal location of the resistivity perturbation µε
ξ in Ω is

characterized by the sign of the topological gradient δJ [µ]. More precisely, regions where δJ [µ](ξ) < 0 indicate
descent directions of the functional. Indeed, if δJ [µ](ξ) < 0, then for sufficiently small ε > 0,

J(µ+ µε
ξ) < J(µ),

which implies that introducing a small inclusion at ξ decreases the cost functional.

The main result of this section is stated in the following theorem, which provides the expression of the
topological gradient.
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Theorem 2.2. Let u ∈ H1(Ω) solve Problem 1.3, and let v ∈ H1(Ω) solve the adjoint problem

−∆v + µ v = −2ui in Ω, ∂νv − iβ v = 0 on ∂Ω. (9)

For the perturbed resistivity (7), the functional admits the asymptotic expansion

J(µ̃ε) = J(µ) + ε2µ0|B| δJ [µ](ξ) + o(ε2), ε→ 0, (10)

where ξ ∈ Ω is the center of the small inclusion, and

δJ [µ](x) := ui[µ](x) vr[µ](x)− ur[µ](x) vi[µ](x), x ∈ Ω, (11)

defines the topological gradient of J .

To identify the scaling φ(ε) and the topological gradient δJ [µ], we decompose the variation as

J(µ̃ε)− J(µ) =

∫
Ω

(
ui[µ̃

ε]− ui[µ]
)2

︸ ︷︷ ︸
:=J1(ε)

+2

∫
Ω

ui[µ]
(
ui[µ̃

ε]− ui[µ]
)

︸ ︷︷ ︸
:=J2(ε)

. (12)

Estimating J1(ε) and J2(ε) separately allows us to extract the leading-order term and the topological gradient.
The conclusion of Theorem 2.2 then follows from Lemmas 2.3 and 2.4.

2.1 Estimate of J1(ε)

The next lemma gives an estimate for the first term of (12).

Lemma 2.3. Let u[µ̃ε] ∈ H1(Ω) and u = u[µ] ∈ H1(Ω) solve (8) and (3), respectively. There exists a constant
C > 0, independent of ε, such that

‖u[µ̃ε]− u‖1,Ω ≤ C ε4/3.

Consequently, J1(ε) = o(ε2) as ε→ 0.

Proof. Set w := u[µ̃ε]− u. Then w satisfies

−∆w + µ̃ε w = −µε
ξ u in Ω, ∂νw + iβw = 0 on ∂Ω.

Testing with w ∈ H1(Ω) and applying (5), we obtain

‖w‖21,Ω ≤ C
∣∣∣ ∫

Ω

µε
ξ uw dx

∣∣∣. (13)

By Hölder’s inequality, the Sobolev embedding H1(Ω) ⊂ L6(Ω) (valid in 2D; see [AF03, Thm. 4.12, p. 85]),
and the a priori estimate (4), we have∣∣∣ ∫

Ω

µε
ξ uw dx

∣∣∣ ≤ ∥∥µε
ξ

∥∥
L

3
2 (Ω)

‖u‖L6(Ω)‖w‖L6(Ω)

≤ C
∥∥µε

ξ

∥∥
L

3
2 (Ω)

‖u‖1,Ω‖w‖1,Ω
≤ C

∥∥µε
ξ

∥∥
L

3
2 (Ω)

‖(g, f)‖ 1
2 ,∂Ω

‖w‖1,Ω . (14)

From (7) and the identity |Bε
ξ | = ε2|B|, it follows that ‖µε‖

L
3
2 (Ω)

≤ C ε
4
3 . Substituting this bound into (14),

together with (13), yields the desired estimate, with a constant C > 0 depending on Ω, µ0, B, and ‖(g, f)‖ 1
2 ,∂Ω

,
but independent of ε. As a consequence, we also have J1(ε) = o(ε2) as ε→ 0.

2.2 Estimate of J2(ε)

In this subsection, we prove the following lemma.

Lemma 2.4. We have
J2(ε) = ε2µ0|B|

(
ui(ξ)vr(ξ)− ur(ξ)vi(ξ)

)
+ o(ε2). (15)
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Proof. Let q := u[µ̃ε]− u. Testing the variational formulation of (9) with q gives

(∇v,∇q)0,Ω + (µ v, q)0,Ω − i(βv, q)0,∂Ω = −2(ui, q)0,Ω . (16)

The function q ∈ H1(Ω) satisfies

−∆q + µ q = −µε
ξ u[µ̃

ε] in Ω, ∂νq + iβ q = 0 on ∂Ω,

and testing its variational formulation with v gives

(∇q,∇v)0,Ω + (µ q, v)0,Ω + i(β q, v)0,∂Ω︸ ︷︷ ︸
:=z̃

= −(µε
ξ u[µ̃

ε], v)0,Ω . (17)

Combining (16) and (17) and using z̃ + z̃ = 2Re{z̃}, we obtain

2Re{z̃} = −(µε
ξ u[µ̃

ε], v)0,Ω − 2(ui, q)0,Ω .

Writing u = ur + iui and v = vr + i vi, we identify imaginary parts to obtain

J2(ε) =

∫
Ω

µε
ξ

(
ui[µ̃

ε] vr − ur[µ̃
ε] vi

)
dx

= ε2µ0|B|
(
ui(ξ) vr(ξ)− ur(ξ) vi(ξ)

)
+

4∑
j=1

J2,j(ε),

with

J2,1(ε) =

∫
Ω

µε
ξ (ui[µ̃

ε]− ui) vr dx, J2,2(ε) = −
∫
Ω

µε
ξ (ur[µ̃

ε]− ur) vi dx,

J2,3(ε) =

∫
Ω

µε
ξ (ui − ui(ξ)) vr dx, J2,4(ε) = −

∫
Ω

µε
ξ (ur − ur(ξ)) vi dx.

Arguing as in the proof of Lemma 2.3 and using the regularity of u near ξ, we obtain J2,j(ε) = o(ε2) for all
j = 1, . . . , 4. Consequently, the term J2(ε) satisfies (15).

The conclusion of Theorem 2.2 is thus established by Lemmas 2.3 and 2.4.

3 Stability of the topological gradient under noisy measurements
We study the stability of the topological gradient δJ under noisy Dirichlet boundary measurements. The goal is
to quantify how perturbations in the measured Dirichlet data affect the reconstructed topological gradient, and
in particular, to provide rigorous bounds that guarantee robustness of the topological method under realistic
measurement errors. Throughout this section, we omit the explicit dependence on µ, since µ is fixed and we
are concerned only with perturbations of the boundary data f .

3.1 Noisy boundary measurements and perturbed systems
We recall that g ∈ H− 1

2 (∂Ω) denotes the exact Neumann boundary data and f ∈ H
1
2 (∂Ω) the corresponding

Dirichlet measurement. Measurement errors are modeled on a complete probability space (Ωprob,F ,P) by a
centered Gaussian random variable

ε : Ωprob → H
1
2 (∂Ω), ε ∈ L2(Ωprob;H

1
2 (∂Ω)),

with covariance
E[ε(x)ε(y)] = σ2

ε K(x, y), x, y ∈ ∂Ω,

where E[·] denotes expectation, σ2
ε > 0 is the noise intensity, and K is a symmetric positive semidefinite kernel.

The noisy measurement is defined by

f ε(η) = f + ε(η), P-a.e. η ∈ Ωprob.

For each event η ∈ Ωprob, the noisy state uε := uε(·; η) ∈ H1(Ω) and adjoint vε = vε(·; η) ∈ H1(Ω) are the
solutions of

−∆uε + µuε = 0 in Ω, ∂νu
ε + iβ uε = g + iβf ε on ∂Ω, (18)
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−∆vε + µ vε = −2uεi in Ω, ∂νv
ε − iβ vε = 0 on ∂Ω. (19)

We denote the real and imaginary components as uεr := Re(uε), uεi := Im(uε), vεr := Re(vε), and vεi := Im(vε),
and the corresponding topological gradient under noise is defined, for P-a.e. η, by

δJε(x) = uεi(x) v
ε
r(x)− uεr(x) v

ε
i (x), x ∈ Ω,

so that
δJε ∈ L2

(
Ωprob;L

2(Ω)
)
.

3.2 Lipschitz stability of the topological gradient
To establish stability, we first consider the general topological gradient associated with any Dirichlet boundary
data f ∈ H

1
2 (∂Ω).

Let u := u[f ] ∈ H1(Ω) and v := v[f ] ∈ H1(Ω) be the solutions of the state and adjoint systems

−∆u+ µu = 0, ∂νu+ iβu = g + iβf on ∂Ω, (20)

−∆v + µ v = −2ui, ∂νv − iβ v = 0 on ∂Ω. (21)

with real and imaginary components ur, ui, vr, vi. The topological gradient is then

δJ(x) = ui(x) vr(x)− ur(x) vi(x), x ∈ Ω.

The next theorem shows that the topological gradient depends Lipschitz continuously on the Dirichlet
boundary data, providing a rigorous bound that ensures robustness under noisy measurements (i.e., stability
under noisy measurements).

For brevity, given two boundary data f1 and f2, we introduce the notation

X1 := X[f1], X2 := X[f2],

for any quantity X depending on the boundary data.

Theorem 3.1. There exists a constant C = C(Ω,µ, β) > 0 such that, for any f1, f2 ∈ H
1
2 (∂Ω),∥∥δJ1 − δJ2

∥∥
L2(Ω)

≤ C ‖f1 − f2‖
H

1
2 (∂Ω)

.

In particular, for noisy measurements,

E
[
‖δJ [f ε]− δJ [f ]‖L2(Ω)

]
≤ C E

[
‖ε‖

H
1
2 (∂Ω)

]
.

Remark 3.2 (Stability of the topological gradient). Theorem 3.1 shows that the mapping f 7−→ δJ [f ] is
Lipschitz continuous from H

1
2 (∂Ω) into L2(Ω), i.e.,

‖δJ [f1]− δJ [f2]‖L2(Ω) ≤ C‖f1 − f2‖
H

1
2 (∂Ω)

.

In other words, small perturbations in the Dirichlet boundary measurements affect δJ at most by the constant
factor C, guaranteeing both reliable detection of resistive or inclusion domains and numerical stability under
noisy measurements.

To prove Theorem 3.1, we first state the Lipschitz continuity of both the forward and adjoint solutions with
respect to the Dirichlet boundary data. This property follows directly from the continuous dependence of the
state on the boundary data (see Proposition 1.5) and by a similar argument for the adjoint.

Lemma 3.3. There exists a constant C = C(Ω,µ, β) > 0, independent of the boundary data, such that for any
f1, f2 ∈ H

1
2 (∂Ω), the solutions of (20) and (21) satisfy∥∥u1 − u2

∥∥
1,Ω

+
∥∥v1 − v2

∥∥
1,Ω

≤ C ‖f1 − f2‖
H

1
2 (∂Ω)

.

Proof of Theorem 3.1. Let f1, f2 ∈ H
1
2 (∂Ω) and denote by um, vm ∈ H1(Ω), for m = 1, 2, the corresponding

state and adjoint solutions, with real and imaginary parts umr , umi , vmr , vmi . Then

δJ1 − δJ2 = (u1i − u2i ) v
1
r + u2i (v

1
r − v2r)− (u1r − u2r) v

1
i − u2r (v

1
i − v2i ).
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Applying the Hölder’s inequality with exponent 4 in two dimensions, the first product term on the right-hand
side above can be estimated as∥∥(u1i − u2i ) v

1
r

∥∥
L2(Ω)

≤
∥∥u1i − u2i

∥∥
L4(Ω)

∥∥v1r∥∥L4(Ω)
.

Using the Sobolev embedding H1(Ω) ↪→ L4(Ω) (valid in 2D; see [AF03, Thm. 4.12, p. 85]), we obtain∥∥u1i − u2i
∥∥
L4(Ω)

≤ C
∥∥u1i − u2i

∥∥
H1(Ω)

,
∥∥v1r∥∥L4(Ω)

≤ C
∥∥v1r∥∥H1(Ω)

.

Hence, ∥∥(u1i − u2i ) v
1
r

∥∥
L2(Ω)

≤ C
∥∥u1i − u2i

∥∥
H1(Ω)

∥∥v1r∥∥H1(Ω)
.

The remaining terms in δJ1 − δJ2 can be estimated analogously.
By Lemma 3.3, the solutions depend Lipschitz continuously on the boundary data in H1(Ω), and remain

uniformly bounded. Combining these estimates yields∥∥δJ1 − δJ2
∥∥
L2(Ω)

≤ C ‖f1 − f2‖
H

1
2 (∂Ω)

,

where C > 0 depends only on Ω, µ, β, and the uniform H1(Ω) bounds of the solutions. This proves the
Lipschitz continuity of the topological gradient.

3.3 Statistical stability under random noise
The deterministic stability estimate (Theorem 3.1) ensures that a single noisy measurement produces a per-
turbed topological gradient with an error proportional to the noise magnitude. We now extend this result to
a statistical framework to quantify convergence and uncertainty when multiple independent measurements are
available; see Theorem 3.4.

Let {f εi }ni=1 ⊂ H
1
2 (∂Ω) denote n independent boundary measurements of the Dirichlet data, modeled as

f εi = f + εi,

where f is the exact (noise–free) datum and {εi}ni=1 (as defined in Subsection 3.1) are independent and identically
distributed (i.i.d.) random fields in L2(Ωprob;H

1
2 (∂Ω)) satisfying

E[εi] = 0, E
[
‖εi‖2

H
1
2 (∂Ω)

]
<∞.

For each realization f εi , we compute the corresponding topological gradient δJ [f εi ] ∈ L2(Ω). The empirical
(sample–averaged) gradient is defined by

δJn := Sn
i {δJ [f εi ]}, Sn

i {·} :=
1

n

n∑
i=1

·.

Our analysis, in particular the proof of Theorem 3.4, relies on the Fréchet central limit theorem (CLT) in
separable Hilbert spaces. Let H be a separable Hilbert space and let {Xi}ni=1 ⊂ H be i.i.d. centered random
elements satisfying E

[
‖Xi‖2H

]
<∞. Then

Sn
i {Xi}

d−−→ Z in H,

where Z is a centered Gaussian random element in H whose covariance operator is determined by the common
distribution of the Xi (see, e.g., [LT13]).

We apply this result with H = L2(Ω) to the fluctuation variables

Yi := δJ [f εi ]− δJ [f ],

which represent the deviations of the noisy measurements from their mean response.
The following theorem establishes statistical stability of the topological gradient.

Theorem 3.4. Assume the conditions of Theorem 3.1 hold and that {εi}ni=1 are i.i.d. with zero mean and finite
variance. Suppose furthermore that the noise intensity satisfies

E
[
‖εi‖2

H
1
2 (∂Ω)

]
= o(1/

√
n). (22)
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Then, as n→ ∞, √
n
(
δJn − δJ [f ]

)
d−−→ Z in L2(Ω), (23)

where Z is a centered Gaussian random field with covariance

Cov(Z(x), Z(y)) = E
[
Y1(x)Y1(y)

]
.

For any Ψ ∈ L2(Ω),
√
n
〈
δJn − δJ [f ],Ψ

〉
L2(Ω)

d−−→ N(0, σ2
Ψ),

with variance satisfying
σ2
Ψ ≤ C2σ2

ε |∂Ω|‖Ψ‖2L2(Ω).

Corollary 3.5. Under the assumptions of Theorem 3.4, define

Sn :=
〈
δJn − δJ [f ], Ψ

〉
L2(Ω)

.

Then √
nSn

d−−→ N(0, σ2
Ψ).

Consequently, for any confidence level 1−α ∈ (0, 1), an asymptotic (1−α) confidence interval for 〈δJ [f ],Ψ〉L2(Ω)

is [〈
δJn, Ψ

〉
L2(Ω)

− z1−α/2
σΨ√
n
,
〈
δJn, Ψ

〉
L2(Ω)

+ z1−α/2
σΨ√
n

]
,

where z1−α/2 denotes the (1− α/2) quantile of the standard normal distribution.

Remark 3.6. Corollary 3.5 provides a statistical method to determine the projected topological gradient’s sign
and thus detect the metal–semiconductor contact. Specifically, an asymptotic (1 − α) confidence interval for
〈δJ [f ],Ψ〉L2(Ω) is obtained from the empirical average 〈δJn,Ψ〉L2(Ω). This enables the hypothesis test

(H0) : 〈δJ [f ], Ψ〉L2(Ω) ≥ 0,

which can be rejected at level α only if the entire confidence interval lies strictly below zero. In this case, a
negative projected gradient can be interpreted as statistically significant evidence of a topological change rather
than a fluctuation induced by measurement noise. Furthermore, the n−1/2 convergence rate implied by the CLT
justifies sample averaging as an effective variance-reduction strategy, thereby improving the reliability of the
inferred contact region.

To prove Theorem 3.4, we first establish Fréchet differentiability of the solution operators with respect to
the boundary data.

Lemma 3.7. The mapping f 7−→ u[f ] from H
1
2 (∂Ω) into H1(Ω) is Fréchet differentiable. Moreover, if f ∈

H
1
2 (∂Ω) is a measured boundary datum and ε̃ ∈ H

1
2 (∂Ω) is an arbitrary perturbation, then

Dfu[f ](ε̃) = u[ε̃].

Lemma 3.8. The mapping f 7−→ v[f ] from H
1
2 (∂Ω) into H1(Ω) is Fréchet differentiable. The derivative

Dfv[f ](ε̃) = ψ[ε̃] solves

−∆ψ + µψ = −2ui[ε̃] in Ω, ∂νψ − iβ ψ = 0 on ∂Ω. (24)

Define the bilinear operator b(w, v) := w2v1 − w1v2, for any w = w1 + iw2, v = v1 + i v2 ∈ H1(Ω). Then

δJ [f ] = b(u[f ], v[f ]).

Since b is bounded bilinear and the solution maps are Fréchet differentiable, the mapping f 7−→ δJ [f ] is
Fréchet differentiable with derivative

DfδJ [f ](ε̃) = b
(
u[ε̃], v[f ]

)
+ b

(
u[f ], ψ[ε̃]

)
. (25)

With the preceding results at hand, we are now in a position to prove Theorem 3.4.
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Proof of Theorem 3.4. Let H = L2(Ω) and define Yi = δJ [f εi ]− δJ [f ]. By Theorem 3.1, ‖Yi‖H ≤ C‖εi‖
H

1
2 (∂Ω)

.

Hence, E
[
‖Yi‖2H

]
<∞. A Taylor expansion at f yields Yi = DfδJ [f ](εi)+R(εi), with ‖R(ε̃)‖H ≤ C‖ε̃‖2

H
1
2 (∂Ω)

.
Because the noise has zero mean,

‖E[Yi]‖H ≤ CE
[
‖εi‖2

H
1
2 (∂Ω)

] (22)
= o

(
1√
n

)
.

Let Ỹi = Yi − E[Yi] denote the centered random variables. These are i.i.d. in H with finite second moment,
so the Hilbert-space CLT gives

Sn
i {Ỹi}

d−−→ Z.

Finally,
Sn
i {Yi} = Sn

i {Ỹi}+
√
nE[Yi],

and the bias term vanishes by (22), proving (23).

We conclude the section with the following remark.

Remark 3.9. The CLT provides a rigorous statistical justification for the robustness of the topological gradient
with respect to measurement noise.

(i) The convergence (23) implies that the empirical mean converges to the true gradient, confirming asymptotic
unbiasedness of the reconstruction.

(ii) The convergence rate O(n−
1
2 ) is optimal for averaging independent measurements and shows that statistical

uncertainty decreases with the number of samples.

(iii) The small–noise condition (22) guarantees that nonlinear bias terms are negligible in the limit n→ ∞, so
that stochastic fluctuations dominate the asymptotic behaviour.

4 Shape Sensitivity Analysis
In this section, we study the shape sensitivity of the cost functional J . While the topological gradient indicates
regions where adding or removing small inclusions most reduces the functional, it does not capture the effect
of interface deformations. Shape sensitivity complements this by describing smooth variations of the interface,
allowing more accurate geometry reconstruction. Combined, these approaches provide an efficient optimization
strategy: the topological gradient identifies potential topological changes, and the shape derivative refines the
interface to improve accuracy and convergence.

Let A denote the admissible set of subdomains:

A :=
{
ω b Ω

∣∣∣ |ω| > 0, ∂ω ∈ C1,1
}
,

and let Ω◦ b Ω be a fixed Lipschitz subdomain chosen large enough to contain all admissible inclusions, i.e.,
ω b Ω◦ b Ω for all ω ∈ A. This ensures a uniform positive distance between ∂ω and ∂Ω, so that admissible
deformations of ω are given by vector fields

Θ := {θ ∈ C1,1(Rd)d | supp(θ) ⊂ Ω◦}.

For θ ∈ Θ, the perturbed domain is ωt := Tt(ω), where Tt := Id+ t θ perturbs the identity map Id : Ω → Ω.
Since θ is C1,1 with compact support in Ω◦ ⊂ Ω, for sufficiently small t > 0 the map Tt is a C1,1 diffeomorphism
that leaves ∂Ω fixed, and the perturbed interface is ∂ωt := Tt(∂ω). The normal component of θ at the interface
is denoted θν := 〈θ, ν〉.

The following result characterizes the shape derivative of the state u under admissible perturbations of the
interface ∂ω.

Theorem 4.1. Let ω ∈ A and θ ∈ Θ. Then the state u ∈ H1(Ω) (solution of (2)) is shape differentiable in the
direction θ, and its shape derivative u′ ∈ H1(Ω) satisfies the transmission problem

∆u′ = µ0 u
′ in ω,

∆u′ = 0 in Ω \ ω,
Ju′K = 0, J∂νu′K = µ0 u θν on ∂ω,

∂νu
′ + iβ u′ = 0 on ∂Ω,

(26)

J·K denotes the jump across ∂ω. Equivalently, in weak form, u′ ∈ H1(Ω) satisfies Problem 4.2.
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Problem 4.2. Given the state u ∈ H1(Ω), find the shape derivative u′ ∈ H1(Ω) such that

â(u′, w) = F̂ (w), ∀w ∈ H1(Ω), (27)

where the sesquilinear form â(·, ·) and the linear form F̂ (·) are defined by

â(u′, w) := (∇u′,∇w)0,Ω\ω + (∇u′,∇w)0,ω + (µ0 u
′, w)0,ω + iβ 〈u′, w〉0,∂Ω ,

F̂ (w) :=

∫
∂ω

J∂νu′Kw ds =

∫
∂ω

µ0 u θν w ds.

The well-posedness of Problem 4.2 follows from the complex Lax–Milgram lemma, and the proof of Theo-
rem 4.1 proceeds along the same lines as in [ADK07] and is therefore omitted.

The following lemma characterizes the first-order shape derivative of the cost functional J .
Lemma 4.3. Let u = ur+iui ∈ H1(Ω) be the solution of the state problem (2) with Cauchy data g ∈ H− 1

2 (∂Ω)

and f ∈ H
1
2 (∂Ω). Then the cost functional1

J (ω) := J(µ0χω) =

∫
Ω

u2i dx

is shape differentiable. Its shape derivative in the direction θ ∈ Θ is

dJ (ω)[θ] =

∫
∂ω

Gθν ds, (28)

where G = µ0 (ui ϑr − ur ϑi) and ϑ = ϑr + iϑi ∈ H1(Ω) is the solution of the adjoint problem
−∆ϑ+ µ0 ϑ = −2ui in ω,

−∆ϑ = −2ui in Ω \ ω,
JϑK = 0, J∂νϑK = 0 on ∂ω,

∂νϑ− iβ ϑ = 0 on ∂Ω.

(29)

The weak formulation of (29) reads as follows:
Problem 4.4. Given the state u ∈ H1(Ω), find ϑ ∈ H1(Ω) such that

a†(ϑ,w) = F †(w), ∀w ∈ H1(Ω), (30)

where the sesquilinear form a†(·, ·) and the linear form F †(·) are defined by

a†(ϑ,w) := (∇ϑ,∇w)0,Ω\ω + (∇ϑ,∇w)0,ω + (µ0 ϑ,w)0,ω − iβ 〈ϑ,w〉,
F †(w) := (−2ui, w)0,Ω .

The well-posedness of Problem 4.4 follows from the complex version of the Lax–Milgram lemma.

Proof of Lemma 4.3. Since the support of the cost functional is strictly separated from the fixed boundary ∂Ω,
the perturbed domain does not intersect ∂Ω. Hence J is shape differentiable.

Applying the chain rule for shape derivatives, we obtain

dJ (ω)[θ] =

∫
Ω\ω

2ui u
′
i dx+

∫
ω

2ui u
′
i dx.

To express this as a boundary integral, we test (26) against the adjoint solution ϑ. Integration by parts on
each subdomain gives

(∇u′,∇ϑ)0,Ω\ω + (∇u′,∇ϑ)0,ω + (µ0 u
′, ϑ)0,ω +

∫
∂ω

J∂νu′Kϑ ds+ i 〈u′, ϑ〉 = 0, (31)

where the boundary term on ∂Ω is interpreted as an H− 1
2 –H 1

2 duality pairing.
Similarly, taking u′ as a test function in (30) and applying integration by parts, we obtain

a†(ϑ, u′) = F †(u′). (32)

Subtracting the complex conjugate of equation (31) from (32) and using the jump condition J∂νu′K = µ0 u θν
on ∂ω, we obtain ∫

Ω

2ui u
′
i dx = − Im

{∫
∂ω

µ0 uϑ θν ds
}
=

∫
∂ω

µ0 (ui ϑr − ur ϑi) θν ds,

which gives the boundary expression (28).
1Since Ω = ω ∪ (Ω \ ω) and ω ∩ (Ω \ ω) = ∅, we have

∫
ω∪(Ω\ω) · =

∫
Ω ·, equivalently

∫
Ω · =

∫
ω · +

∫
Ω\ω ·, and also

∫
Ω · =∫

Ω(χω + χΩ\ω) ·.
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Remark 4.5. The derivation above assumes ∂ω ∈ C1,1 and θ ∈ C1,1
c (Ω◦), which guarantees that the normal

vector and the perturbed interface are defined pointwise. For the weak formulation, it suffices that ∂ω is Lipschitz
and θ ∈ W 1,∞

c (Ω◦)
d, so that Tt = Id + tθ is a bi-Lipschitz map and the shape derivative is defined in the weak

sense. Under these minimal assumptions, the shape derivative of the cost functional can be rigorously obtained
using the rearrangement method [IKP06, IKP08].

Remark 4.6. Similar to the expression of the topological gradient (11), the structure of the shape gradient (28)
does not depend on the free parameter β > 0. Nevertheless, this parameter can improve the reconstruction,
particularly when shape optimization is employed. In the numerical experiments presented in the following
sections, we set β = 200, unless otherwise stated.

5 Reconstruction via topological gradient
We present concrete numerical examples of Problem 1.6 and reconstruct the unknown regions using the topo-
logical gradient (11) through a non-iterative, one-shot algorithm (Algorithm 1).

5.1 Topological identification algorithm and computational setup
The algorithm proceeds from an empty configuration, ω = ∅, corresponding to µ = 0.

Algorithm 1 One-shot topological identification algorithm

0. Specify the domain Ω, inclusion coefficient µ0, Cauchy data (f, g), and noise level δ (if applicable).

1. Solve the state problem:

−∆u[0] = 0 in Ω, ∂νu[0] + iβ u[0] = g + iβ f on ∂Ω.

2. Solve the adjoint problem:

−∆v[0] = −2ui[0] in Ω, ∂νv[0]− iβ v[0] = 0 on ∂Ω.

3. Compute the topological gradient:

δJ [0](ξ) := ui[0](ξ) vr[0](ξ)− ur[0](ξ) vi[0](ξ), ξ ∈ Ω.

4. Locate the negative local minima of δJ [0] to estimate the contact region.

The general computational setup is as follows. The computational domain is the unit square [−0.5, 0.5]2.
Synthetic Cauchy data (g, f) are generated by solving the forward problem with the exact inclusion geometries
ω. To avoid inverse crimes (see [KC98, p. 154]), the forward problem is solved on a fine 200 × 200 mesh T ?

h

using P2 finite elements, while the inversion is performed on a coarser 100 × 100 mesh Th with P1 elements.
Noise is introduced to assess robustness by perturbing the forward solution: uδ =

(
1 + δ g.n.

)
u, where “g.n”

denotes Gaussian noise with zero mean and standard deviation ‖u‖L∞(Ω), and δ specifies the noise level. The
corresponding noisy boundary measurement is f |∂Ω = uδ|∂Ω . All computations are carried out in FreeFem++
[Hec12] on a MacBook Pro with an Apple M1 chip and 16 GB of RAM.

Remark 5.1. The one-shot topological gradient algorithm is applied to estimate the unknown contact region
ω. The location of ω is taken as ξ? = argminξ∈Ω δJ [0](ξ), corresponding to the most negative value of the
topological gradient, while the size of the reconstructed region is inferred from an appropriate level set of δJ [0].
We emphasize that this approach is heuristic: it provides a simple and computationally efficient estimate of
both location and size without iterative optimization. Similar topological gradient methods have been successfully
applied to a variety of inverse detection problems [AA06, FHK13, HH18, JSV15, SAM03].

Detection and visualization of the minimum region. The distributed topological gradient is evaluated on
an unstructured triangulation, and candidate minima are identified algorithmically as strictly negative nodal
values that are locally minimal and strictly convex with respect to a finite-ring neighborhood on the mesh. A
union–find activation strategy is employed to ensure consistency of connected components during the detection
process and to reduce spurious minima.

The center of the detected contact region is approximated by averaging the locations of the identified local
minima. An effective radius is inferred heuristically from the relative depth of these minima with respect to the
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global range of the topological gradient and should be interpreted as a qualitative indicator of size rather than
a sharp geometric estimate.

For visualization, a dense family of iso-contours of the topological gradient is displayed. Moreover, for every
detected minimum, the lowest iso-level region—bounded by the minimum value and the first contour level—is
filled, thereby emphasizing the corresponding basin of attraction while maintaining the global contour structure.

5.2 Numerical examples using the topological gradient
The results in Figure 2 demonstrate that the topological gradient method reliably localizes single circular contact
regions across a range of radii and positions. The black curves indicate the true contact region boundaries, while
the magenta markers correspond to the detected local minima of the topological gradient. In all cases, the global
minimum lies in close proximity to the true center, confirming the robustness of the localization step. The cyan
isolevel regions delineate the attraction basins associated with each minimum and provide a practical means
for estimating contact region size. Nevertheless, the accuracy of the size estimation depends on the selected
threshold (see Figure 2(g)–(h)), particularly for very small contact regions or those located near the boundary.

Figure 3 illustrates the effect of resistivity contrast on the topological gradient distribution. Higher contrast
leads to deeper and more sharply localized minima, while lower contrast produces flatter profiles with reduced
detectability. This strategy for localizing inclusions has been previously employed in [Rab25, RA18] in imaging
modalities such as thermal and impedance imaging. In the present work, we adapt this approach to infer the
contact region location and to improve the initialization of the algorithm for multiple contact regions. One-
dimensional slices further indicate that the depth of the minima correlates with the contact region strength,
although it does not uniquely determine the contact region size.

The detection of multiple subregions is examined in Figures 4–6. For two medium-sized contact regions
(Figure 4), two well-separated minima clearly coincide with the true subregions, and the number of pronounced
minima provides a reliable estimate of the number of contact regions. When the contact regions become
extremely small (Figure 5), the associated minima are shallower and more sensitive to boundary effects. In such
cases, the choice of boundary input plays an important role: spatially varying excitations (e.g., g = |x|) may
enhance sensitivity in specific regions and improve separation of nearby small contact regions.

Unequal sizes introduce additional asymmetry (Figure 6). Larger contact regions generate deeper and
wider wells in the gradient field, whereas smaller contact regions produce weaker signatures. Proximity to the
boundary may distort the gradient landscape and slightly shift the apparent minima inward, indicating that
boundary interactions must be considered in quantitative interpretation.

The extension to three contact regions is presented in Figure 7. For unequal sizes, the gradient landscape
exhibits three minima with clearly differentiated depths, reflecting the size disparity. For three equal medium-
sized contact regions, three distinct wells remain visible and well separated, demonstrating that the method
scales reasonably to moderate multi-region scenarios. However, when the contact regions are equal but small,
the minima become less pronounced and the basins begin to overlap. Although three local minima can still be
identified, their separation is reduced and the risk of merging increases. These results indicate that, while the
number of dominant minima often correlates with the number of contact regions, this correspondence weakens
as size decreases or contact regions become closer.

Figure 8 evaluates robustness under 10% contaminated measurements. The overall structure of the gradient
field is preserved, and the principal minima remain detectable for unequal and medium-sized contact regions.
However, noise introduces spurious oscillations and shallow local extrema, particularly near the boundary. For
small contact regions, the contrast between true minima and noise-induced artifacts decreases significantly,
making identification more delicate. Despite this degradation, the primary wells remain located near the true
subregions, indicating a satisfactory level of stability with respect to moderate measurement noise.
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(a) (b) (c)

(d) (e) (f)

(g) (h) (i)

Figure 2: (a)–(i): nine representative simple cases with g = 1.

In summary, the numerical experiments confirm that the topological gradient provides a reliable and compu-
tationally efficient first-step localization tool. The number of significant minima generally reflects the number of
contact regions in configurations involving moderate size and contrast. However, this relationship is not strictly
one-to-one: proximity, size disparity, boundary effects, excitation choice, and measurement noise may produce
merged, distorted, or weak minima. Consequently, while the topological gradient offers robust qualitative lo-
calization, accurate counting and sizing—especially in complex or noisy multi-region scenarios—benefit from
complementary information or subsequent refinement procedures.
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Figure 3: Effect of resistivity on topological gradient distribution

Figure 4: Detection of two medium-sized subregions with g = 1. The blue curves denote the measured boundary
potentials; the positive x- and y-directions are indicated by right-angle arrows.
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Figure 5: Comparison of the detection of two extremely small-sized subregions using g = 1 (top) and g = |x|
(bottom).

Figure 6: Comparison of the detection of unequal sizes subregions using g = 1 (top).

Figure 7: Comparison of the detection of three subregions using g = 1.
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Figure 8: Comparison of the detection of three subregions using g = 1 (top) with 10% contaminated measure-
ment.

5.3 Statistical detection of the contact region
We propose a numerical framework for the statistical identification of the contact region ω b Ω in the presence
of measurement noise. The approach combines the computation of the topological gradient with a statistical
decision criterion derived from Corollary 3.5.

The main idea is to evaluate, at each candidate point (xi, yj) ∈ Ω, the sign of the localized projection

〈δJ,Πi,j〉L2(Ω) .

A negative value indicates that introducing a small inclusion at that location decreases the cost functional,
which is interpreted as evidence of contact.

The corresponding statistical hypothesis test is

(H0) : 〈δJ,Πi,j〉L2(Ω) ≥ 0, (H1) : 〈δJ,Πi,j〉L2(Ω) < 0.

Rejection of (H0) therefore indicates the presence of contact at (xi, yj) with a prescribed confidence level. Since
only noisy realizations of the gradient are available, the test is performed using Monte Carlo sampling.

The numerical procedure consists of the following steps.
Step 1: Initialization.

- Generate the computational meshes Th and T ?
h .

- Specify a reference contact region ω and the physical parameters.

Step 2: Reference computation (noise-free case). We compute the reference forward and adjoint fields
corresponding to the boundary datum f , following essentially Steps 1–3 of Algorithm 1.

Step 3: Monte Carlo sampling under noisy data. To quantify the variability induced by measurement
noise, we generate independent perturbations εn with prescribed standard deviation. For each realization
n = 1, . . . , Nmc:

- Solve the state problem with perturbed boundary data f + εn.

- Solve the corresponding adjoint problem.

- Compute the noisy topological gradient

δJn = ui[f + εn] vr[f + εn]− ur[f + εn] vi[f + εn].

This produces a family of random fields {δJn} approximating the distribution of the gradient.
Step 4: Local statistical evaluation. We introduce a set of scanning points

{(xi, yj)}Nscan
i,j=1 ⊂ Ω,

and define localized test functions

Πi,j(x, y) = exp
(
− (x− xi)

2 + (y − yj)
2

ς2

)
,

where ς controls the spatial resolution.
For each (xi, yj):
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- Compute projections δJ (i,j)
n =

∫
Ω

δJn Πi,j dx.

- Compute the empirical mean and standard deviation

δJ
(i,j)

=
1

Nmc

Nmc∑
n=1

δJ (i,j)
n , s(i,j) =

√√√√ 1

Nmc − 1

Nmc∑
n=1

(
δJ

(i,j)
n − δJ

(i,j))2
.

- Construct the asymptotic confidence interval

CI
(i,j)
1−α =

[
δJ

(i,j) − z1−α/2
s(i,j)√
Nmc

, δJ
(i,j)

+ z1−α/2
s(i,j)√
Nmc

]
.

Step 5: Statistical decision and visualization. The null hypothesis is rejected whenever the upper confidence
bound is negative:

δJ
(i,j)

+ z1−α/2
s(i,j)√
Nmc

< 0.

Points satisfying this condition are classified as contact with confidence level 1− α.
The map

(xi, yj) 7−→ δJ
(i,j)

+ z1−α/2
s(i,j)√
Nmc

therefore provides a spatial confidence indicator for the location of ω.

Remark 5.2. The Gaussian test function

Πi,j(x, y) = exp
(
− (x− xi)

2 + (y − yj)
2

ς2

)
is used to obtain a smooth spatial localization around each scanning point. This choice improves numerical
stability and reduces sensitivity to noise by performing a local averaging of the topological gradient.

The proposed procedure provides a statistically robust identification of the contact region ω by combining
the deterministic topological gradient with Monte Carlo sampling to account for measurement noise. For each
grid point {(xi, yj)}Nscan

i,j=1 , a confidence interval is constructed based on the central limit theorem. Points for
which the upper confidence bound

CI(i,j)upper = δJ
(i,j)

+ z1−α/2
s(i,j)√
Nmc

(33)

is negative correspond, at confidence level 1−α, to locations where contact is detected. The resulting detection
map thus identifies the probable location of ω while quantifying the associated uncertainty.

The performance of the proposed statistical topological gradient is assessed by reconstructing a contact
region defined as in Figure 2a, namely a circle centered at (0, 0) with radius 0.1. More precisely, to delineate
the most significant contact region, or “confidence zone”, we identify all points where the statistical topological
gradient is negative. At these locations, the null hypothesis (H0) is rejected at the 95% confidence level (i.e.,
α = 0.05), corresponding to the critical value z1−α/2 = 1.96 of the standard normal distribution. Within this
subset, points lying within 5% of the global minimum define the “most negative red zone”, highlighting the
region of strongest contact. The obtained results are illustrated in Figure 9.

Figure 10 illustrates the Monte Carlo convergence of the projected topological gradient. To quantify the
convergence, we define the error at each scanning point (xi, yj) as

Erri,j(n) =

∣∣∣∣∣ 1n
n∑

k=1

〈δJk,Πi,j〉 − 〈δJ,Πi,j〉

∣∣∣∣∣.
From a theoretical standpoint, the central limit theorem predicts that this error decreases at the rate N−1/2

mc ,
since the variance of the empirical mean scales like 1/Nmc. Numerically, this behavior is confirmed by the
computed error curve, which decays almost linearly on the log–log scale and runs parallel to the reference slope.
The excellent agreement demonstrates that the numerical procedure is statistically stable and that the Monte
Carlo averaging converges at the theoretically expected rate.

Further statistical detection experiments are presented in Figures 11–13. These figures show the detection
maps obtained with (δ,Nmc, Nscan) = (0.1, 100, 40). In line with the detection principle outlined in Remark 5.1,
the highlighted regions (shown in light blue) correspond to scanning points (xi, yj) for which the upper confidence
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Figure 9: Statistical detection of the contact region ω: (a) most negative topological gradient points,
(b) confidence zones rejecting (H0), and (c) filtered red zone highlighting the strongest contact. Here,
δ = [0., 0.001, 0.005, 0.01, 0.02, 0.05, 0.1] and (Nmc, Nscan) = (100, 20).

Figure 10: Monte Carlo convergence of the projected topological gradient.
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bound (33) is negative, that is, where contact is detected at confidence level 1 − α. The most negative value
of the topological gradient is indicated by a magenta point. In configurations where multiple local minima are
present, several iso-level regions may appear, reflecting the multiplicity of extremal points.

In Figure 11, subfigures 11a–11e, the method correctly localizes a single contact region across a range of
positions and sizes. For centrally located inclusions (e.g., Figures 11a, 11d), the confidence region is compact and
nearly symmetric. When the square is shifted toward the boundary (e.g., Figures 11b and 11e), the localization
quality deteriorates and the extremal level of the topological gradient is no longer attained at the true inclusion.
In these configurations, the minimum is shifted away from the exact location, a behavior that is already observed
in the absence of noise and therefore appears to stem from geometric effects rather than statistical variance.

Figure 12, subfigures 12a–12e, demonstrates that the procedure identifies multiple disconnected contact
zones. When the inclusions are well separated (e.g., Figures 12c, 12d), two distinct confidence regions emerge,
each localized near the corresponding square. As the distance between inclusions decreases (e.g., Figures 12a,
12b), the detected regions exhibit partial interaction but remain clearly bimodal. This behavior is consistent
with the linearity of the projected topological gradient and confirms that the statistical test operates locally
despite global field interactions.

In Figure 13, three contact zones are considered under increasingly asymmetric layouts. For moderately
separated configurations (e.g., Figures 13a–13b), the method resolves three distinct statistically significant
regions. When inclusions approach the boundary or are placed near corners (e.g., Figures 13d–13e), the detected
regions remain localized but exhibit anisotropic elongation aligned with the underlying sensitivity field. No
systematic over-detection is observed, suggesting that the Monte Carlo variance estimate is sufficient for Nmc =
100 at noise level δ = 0.1.

Across the tested configurations, the method demonstrates the ability to identify the correct number of
sufficiently separated contact components, to localize them with spatial accuracy consistent with the scanning
grid resolution (Nscan = 40), and to maintain robustness under moderate additive noise.

The size of the confidence regions reflects the combined influence of the Gaussian projection and the statistical
variability of the estimated gradient. The results are in agreement with the CLT-based statistical decision rule
and suggest that the proposed framework can provide spatially resolved uncertainty information for contact
detection in the considered scenarios.

(a) (b) (c) (d) (e)
Figure 11: Results for one-square configurations with (δ,Nmc, Nscan) = (0.1, 100, 40).

(a) (b) (c) (d) (e)
Figure 12: Results for two-square configurations with (δ,Nmc, Nscan) = (0.1, 100, 40).

6 Reconstructions via shape optimization
6.1 Numerical algorithm for interface variation
The domain ω is updated through interface variation, following standard shape optimization procedures [DMNV07].
To stabilize the boundary update and suppress oscillations, we compute a Riesz representation of the shape
gradient G by solving

(∇θ,∇ϕ)Ω + (θ, ϕ)Ω = −〈Gν,ϕ〉∂ω, ∀ϕ ∈ H1
0 (Ω)d. (34)
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(a) (b) (c) (d) (e)
Figure 13: Results for three-square configurations with (δ,Nmc, Nscan) = (0.1, 100, 40).

This produces a smoothed Sobolev gradient θ ∈ H1
0 (Ω)d, supported on ∂ω and extended into the entire domain.

The extension allows the computational mesh to deform naturally, moving boundary nodes and internal nodes
consistently.

Let Ω[k]
h denote the current triangulated domain at the k-th iteration, with mesh size h. The updated

domain Ω
[k+1]
h is obtained by moving each mesh node along the deformation field θ[k], namely

Ω
[k+1]
h :=

{
x+ t

[k]
h θ[k](x)

∣∣∣ x ∈ Ω
[k]
h

}
,

where t[k]h > 0 is the step size at iteration k. It is computed using a backtracking line search, initialized at each
pseudo-time step by [RA20]

t
[k]
h = s

J (ω
[k]
h )

‖θ[k]‖2
H1(Ω)d

,

with s > 0 a prescribed scaling factor. The step size t[k]h is further adjusted as needed to prevent mesh inversion
or degeneration. The update is applied to all mesh nodes, both boundary and internal, ensuring a smooth
deformation of the triangulated mesh.

We note that the shape optimization reconstruction is initialized by using the topological gradient, which
provides a first-step localization of the contact regions, together with the profile of the measured potentials on
each boundary portion, which also indicates the likely number and approximate location of contact regions.
This combined information improves convergence and reduces the risk of missing or merging small subregions.
See Remark 6.1.

In this framework, the shape optimization is effectively Lagrangian in nature, in the sense that the positions
of the mesh nodes serve as the control variables for updating the domain.

In our numerical experiments, no adaptive remeshing or explicit remeshing was performed, as straightforward
mesh movement proved sufficient for the problems considered. We note, however, that for other configurations
or more challenging geometries, performing remeshing every few iterations could potentially improve accuracy,
although this was not necessary in our cases.

The iteration stops when t
[k]
h < t0, where t0 > 0 is a prescribed tolerance chosen to prevent excessive de-

formation of the mesh and to ensure numerical stability, or when a maximum number of iterations is reached.
Although other stopping criteria may be more appropriate in specific applications, this simple choice already
provides reasonable reconstructions, and in practice the iterations converge to a stationary shape. This proce-
dure yields a stable, mesh-consistent update of the domain for first-order shape optimization.

Remark 6.1. In the present reconstruction procedure, a Lagrangian framework is adopted in which the mesh
nodes are updated according to the shape gradient. As a result, the topology of the domain is preserved, and no
topological changes (such as the creation or merging of inclusions) can occur. To obtain an indication of the
number of inclusions, this approach may be complemented by an auxiliary analysis. In addition to the topological
gradient, the one-dimensional boundary profiles of the measured potential are examined. An inclusion may induce
a localized extremum (typically a minimum) near the boundary point aligned with its interior location. For each
detected minimum, the inward normal to the boundary is considered, and the intersections of these normals
inside the domain are analyzed. Clusters of intersections may indicate candidate inclusion locations: a single
cluster may suggest one inclusion, while multiple distinct clusters may suggest several inclusions.

6.2 Numerical examples using shape gradient information
We now illustrate the performance of the proposed shape gradient method across configurations involving single
and multiple contact regions under exact and noisy measurements.

For a single contact region (Figure 14a–d), the interface is accurately reconstructed under exact measure-
ments (δ = 0). Under noisy measurements (δ = 0.1), the reconstruction remains close to the true interface,
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exhibiting only mild boundary perturbations. The nonconstant boundary data g = |x| yields slightly improved
localization compared with g = 1.

For two symmetric contact regions of equal size (Figure 14e–h), both components are correctly identified and
separated. The reconstructed interfaces closely match the exact shapes when δ = 0, and remain well localized
under noisy measurements, with minor boundary smoothing.

For two contact regions of unequal sizes (Figure 14i–l), both components are well reconstructed in the
absence of noise. Under noisy measurements (δ = 0.1), the larger region is recovered accurately, whereas the
smaller one exhibits greater deviations, reflecting the higher sensitivity of small geometric features to noise.

For three contact regions (Figure 14m–p), the method converges to three distinct components from different
initial guesses.

Overall, across all configurations, the method preserves the correct topology and separation of the con-
tact regions, maintains smooth interfaces, and achieves stable convergence without remeshing, demonstrating
robustness under moderate noise.

6.3 Effect of the free parameter β

The numerical results in Figures 15 and 16 illustrate the interplay between the free parameter β, the initial
configuration, geometric complexity, and measurement noise. Whereas the influence of β in the topology
optimization stage is negligible, it plays a significant role in the subsequent shape optimization step, where it
affects the resulting geometric accuracy.

Under exact measurements with β = 1 (Figure 15), the reconstructions are unsatisfactory. Although the
approximate location of the contact regions is sometimes detected, significant discrepancies in size and boundary
shape persist. In particular, concave features are poorly resolved, indicating that a small value of β is insufficient
for accurate geometric reconstruction, even in the absence of noise (δ = 0).

For noisy measurements with δ = 0.1 and β = 200 (Figure 16), the overall reconstruction quality improves
across the different configurations. In particular, the recovered shapes more closely approximate the true
geometry compared to the case β = 1 (see, e.g., Figures 16a and 16b versus Figure 15b). In several examples,
concave portions of the interface are more clearly resolved, which is associated with improved reconstruction
quality under noisy measurements.

The influence of the initial configuration is evident in Figures 15 and 16. When the initial guess is placed
close to, or entirely inside, the contact region (e.g., Figures 15a, 16a–16c, and 16n), the recovered shape more
accurately matches its location and structure. In contrast, when the initial shape is more displaced (see, e.g.,
Figures 15a–16m and 16o), larger reconstruction errors are observed. This effect is particularly pronounced in
configurations with multiple components, where the problem is inherently more complex.

Concave regions are more difficult to recover, which is expected. In Figure 15, inward corners are often
distorted or only partially resolved. In several configurations in Figure 16 (e.g., Figures 16a–16c and 16m–16n),
re-entrant parts of the boundary are more clearly represented. However, very sharp or small-scale indentations
remain difficult to capture precisely in both settings.

The reconstruction quality also depends on the size of the contact region. Larger regions, such as those shown
in Figures 16a–16c and 16f–16g, exhibit closer agreement with the true geometry, whereas smaller inclusions
(e.g., Figures 16c, 16d, 16j–16l) display comparatively larger shape deviations. Overall, the discrepancy becomes
more pronounced at smaller characteristic scales.

Taken together, Figures 15 and 16 indicate a pronounced dependence of the reconstruction on the parameter
β, with increased sensitivity observed under noisy measurements.

7 Conclusions
We have developed a statistically robust framework for reconstructing metal–semiconductor contact regions us-
ing topological gradients. The approach combines deterministic and statistical analyses: the topological gradient
is shown to be stable with respect to measurement noise, and a central limit theorem for the empirical gradient
enables the construction of confidence intervals and hypothesis tests for contact detection. Monte Carlo sam-
pling captures both the mean behavior and variability of the gradient, providing spatially resolved confidence
zones and highlighting regions of strongest contact. Subsequent shape optimization with Sobolev-regularized
gradients refines the reconstruction, yielding smooth and accurate interfaces that respect the underlying geom-
etry. The free parameter β in the CCBM formulation further enhances the shape optimization stage, improving
geometric accuracy and the resolution of complex interface features, particularly under noisy measurements.
Numerical experiments confirm that this integrated methodology reliably identifies location, size, and topology
of inclusions, while effectively distinguishing true structural features from noise-induced artifacts.
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(a) δ = 0, g = 1 (b) δ = 0.1, g = 1 (c) δ = 0, g = |x| (d) δ = 0.1, g = |x|

(e) δ = 0 (f) δ = 0.1 (g) δ = 0 (h) δ = 0.1

(i) δ = 0 (j) δ = 0.1 (k) δ = 0 (l) δ = 0.1

(m) δ = 0.1 (n) δ = 0.1 (o) δ = 0.1 (p) δ = 0.1

Figure 14: Reconstruction results for single and multiple contact regions under different noise levels and bound-
ary data.

(a) (b) (c) (d) (e)
Figure 15: Reconstruction results under exact measurements with β = 1.
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(a) (b) (c) (d) (e)

(f) (g) (h) (i) (j)

(k) (l) (m) (n) (o)
Figure 16: Reconstruction results under noisy measurements (δ = 0.1) with β = 200.

A Proof of Lemma 1.4
First, ‖·‖∗ is a norm on H1(Ω): if ‖ϕ‖∗ = 0, then ∇ϕ = 0Rd in Ω and ϕ = 0 in ω. Hence ϕ is constant in Ω
and vanishes on ω, so ϕ ≡ 0 in Ω.

Suppose the inequality fails. Then there exists a sequence {ϕn} ⊂ H1(Ω) with

‖ϕn‖1,Ω = 1, ‖ϕn‖∗ → 0 as n→ ∞.

By the compact embedding H1(Ω) ↪→ L2(Ω), there exists a subsequence (still denoted ϕn) such that ϕn → ϕ in
L2(Ω) and ∇ϕn ⇀ ∇ϕ weakly in L2(Ω)d. The convergence ‖∇ϕn‖0,Ω → 0 implies ∇ϕ = 0Rd , so ϕ is constant.
Moreover, ‖ϕn‖0,ω → 0 implies ϕ = 0 in ω, hence ϕ ≡ 0 in Ω, contradicting ‖ϕn‖1,Ω = 1. Therefore, there
exists C(Ω) > 0 such that ‖ϕ‖1,Ω ≤ C(Ω) ‖ϕ‖∗, which concludes the proof.
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