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The exterior Bernoulli free boundary problem was studied via shape optimization technique. The problem was reformulated into
the minimization of the so-called Kohn-Vogelius objective functional, where two state variables involved satisfy two boundary
value problems, separately. The paper focused on solving the second-order shape derivative of the objective functional using the
velocity method with nonautonomous velocity fields. This work confirms the classical results of Delfour and Zolésio in relating

shape derivatives of functionals using velocity method and perturbation of identity technique.

1. Introduction

Shape optimization is a key research topic with many applica-
tions in various fields of pure and applied sciences, especially
in biomechanics and engineering (cf. [1, 2] for applications
in structural mechanics, [3] for some applications in fluid
mechanics or aerodynamics, and [4] for other applications).
A typical problem in this line of research is to find a domain,
for instance, (), in a set of admissible domains & such that
an objective functional J achieves a minimum (or maximum)
on it [3]. For instance, suppose, among all three-dimensional
shapes of given volume, that we wish to find the one which has
a minimal surface area. In this particular case, the problem
can be described mathematically as finding the minimum of
J(Q) = Area(0Q) with the constraint E(Q) = Volume(Q)) —
constant. Obviously, the answer to this question would be the
sphere. In general and in most cases of greater interest, shape
optimization problems can be described mathematically as

{n}g J (u, Q)

u

’ €]
O e o,

where the state u is the solution to a partial differential
equation (PDE) E on the domain Q. For an extensive

st. Eu,Q)=0,

introduction to shape optimization problems, we refer to the
book of Delfour and Zolésio [5] (see also [6]).

Recently, there has been an increasing interest in the
applications of shape optimization in the study of Bernoulli
problems. Abda et al. [7] rephrased the Bernoulli problem
into a shape optimization problem and explicitly determined
the shape derivative of the cost functional being studied. In
[8], a framework for calculating the shape Hessian for the
domain optimization problem with a PDE as the constraint
was presented. In [9], a similar approach as in [8] was applied
in solving a shape optimization problem.

Another way to approach the solutions of shape opti-
mization problems is through iterative methods. For the past
few decades, several numerical methods have been developed
to solve the two-dimensional Bernoulli problem (see, e.g.,
[10-13]). These strategies were also developed based on
reformulating the Bernoulli problem as a shape optimization
problem. This reformulation can be achieved in several ways.
For instance, for a given domain, one can choose one of
the boundary conditions on the free boundary to obtain a
well-posed state equation. The domain is determined by the
requirement that the other condition on the free boundary is
satisfied in a least square sense (see [13-15]).



Many authors have also studied the second variation of
a cost functional for linear PDEs. Building on the shape
optimization setting that is based on the perturbation of the
identity method introduced by Murat and Simon (cf. [16, 17]),
Fujii [18] used a second-order perturbation of the identity
along the normal of the boundary for second-order elliptic
problems in 1986. Simon [19] computed the second variation
via the first-order perturbation of the identity in 1988. A
general approach via the velocity method (Figure 2) was
systematically characterized by Delfour and Zolésio [20, 21],
and they computed the shape Hessian for a simple Neumann
problem in [20] and a nonhomogeneous Dirichlet problem
in [21].

However, a standard approach in dealing with the solu-
tion to (1) requires some information on gradients. So shape
derivatives are essential in understanding the problem.

The recent paper focuses on the exterior Bernoulli free
boundary problem (FBP). As far as the authors are concerned,
the same functional was first studied by Eppler and Harbrecht
and published in [22] wherein the first-order shape derivative,
or equivalently the shape gradient, was derived for arbitrary
variations in terms of the perturbation of the identity.
Moreover, the second-order shape derivative, or equivalently
the shape Hessian, has been computed and analyzed for
the special cases of star-like domains. As a main result, by
analyzing the shape Hessian at the optimal domain, Eppler
and Harbrecht found out that the optimization problem
is algebraically ill posed. In the present paper, the same
functional is studied again but we focus on the application of
velocity method in dealing with shape optimization problem.
It would be a challenging research in the near future to
study the ill-posedness of the shape optimization problem
for general domains, as well as the comparison of the shape
Hessians in this paper from [22] for the former uses Cartesian
coordinates, while the latter used spherical/polar coordinates.
The nice thing in the present paper is that the results attest to
classical results in shape optimization problems.

Now, the exterior Bernoulli FBP is formulated as follows.

Given a bounded and connected domain A ¢ R?* with a
fixed boundary 0A := I', we need to find a bounded connected
domain B with a free boundary X that contains the closure of
A, A, and an associated real-valued (state) function u defined
on QO (where Q is the annulus formed by B and A; refer
to Figure1) such that both unknowns u and Q satisfy the
following boundary value problem:

—-Au=0 in Q,

u=0 on2,

u=1 onl, (BP)
g—z:)t on X,

where A < 0.

In recent papers, Bacani and Peichl employed shape
optimization methods to study the exterior Bernoulli FBP by
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Q, = T,(Q)

FIGURE 2: Transport of Q by velocity method.

reformulating it into Kohn-Vogelius-type cost functional Jiv;,
which is defined as
1 2
J@ =y =5 | Vp -l dx &)
and minimizing this functional over a class of admissible
domains, where the two state functions up, and uy solve a

homogenous Dirichlet (D) and nonhomogenous Neumann
(N) problem, respectively:

-Aup =0 in Q,
up=1 onT, (D)
Up = on 2,
and
—Aupy =0 in Q,
uy=1 onT, (N)
a;_: = on .

Bacani and Peichl presented two strategies in computing
the first-order shape derivative of the Kohn-Vogelius objec-
tive functional. One is by using the Hoélder continuity of
the two state variables involved [9], and the other one is
by using the shape derivatives of states [23]. The authors
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also computed its second-order shape derivative for general
domains via the boundary differentiation scheme and via
Tiihonen’s approach [24]. The computation is found in [25].

In this recent paper, we are going to solve the shape
optimization problem using velocity method, wherein we
consider nonautonomous velocity fields. The study is impor-
tant since it confirms a classical result of Delfour and Zolésio
in relating shape derivatives of functionals using velocity
method and the perturbation of identity technique (cf. [26]).

In the next section (Section 2), we present an overview
of some concepts necessary for the understanding of the
present study. The section also includes some important
results of methods of shape optimization which will be
useful in our investigation. We formally present our main
contribution which pertains to the form of the second-order
shape derivative of the Kohn-Vogelius objective functional
in Section 3. Finally, we end our paper by summarizing our
results in Section 4.

2. Preliminaries

In this section we provide some important (but not exhaus-
tive) background of some shape optimization techniques. We
give an overview of these concepts to understand the present
study.

2.1. Perturbation of the Identity. Let Q) and the universal or
hold-all domain U be smooth subdomains of R?, such that
Q C U. A class of perturbations Q, of the domain Q obtained
from the perturbation of identity operator T; is defined as

T,=1+tV:U — R’

_ 2)
T, (x) =x+tV(x), xeU,
where the deformation field V is in ®; defined as
@, ={VeC" (U,R?): Vlpay = 0}. (3)

Then, for sufficiently small t, (i) T, U —» Uisa
homeomorphism, (i) T, : U — U isa C"! diffeomorphism
and, in particular, T, : Q — Q, isaC"' diffeomorphism, (iii)
[, =T, () =T,and 0Q, =T U X, and (iv) 0Q, = T U %, (cf.
[9, Theorem 7]). For convenience, we will use the following
notations throughout the discussion:

I, (x) = det DT, (x),
M, (x) = (DT, (x)) ",
A () =1, () M{ (x) M, (), (4)
x eU,

w, (x) = I, (x) |(DTt ) "n (x)|, xex.

The next lemma provides some properties of the transforma-
tion T, which are useful in accomplishing our main objective.

Lemma 1 (see [13, 27]). Consider a fixed vector field V €
©®, and the transformation T, (the perturbation of identity
operator). Then, we can find a constant t, > 0 such that the
functions defined above restricted to the interval I, = (—ty, t,,)
have the following regularities and properties:
(D)t~ T, € C'(I,,C'(U)),
(2) t I, € C' (I, C(Q)),
(3) t — w, € C' (I, CX)),
(4) t = T, € C(Iy,C'(U)),
(5)t— A, € C'(I,, C'(Q)),
(6) I, = 1 + tdivV + t* det DV,
(7) there are positive constants «;, e, and f3 such that 0 <
a; < I(x) < a, and A, (x) > I for x € Q,
(8) (d/dt)DT,,_ = ~(d/d)(DT,) ",y = DV,
(9) (d/dt)T;l;—o =V,
(10) (d/dt)L,|,-, = divV,
(11) lim, jyw, = 1,
(12) (d/dt)A,|,_, = A, where A = (divV)I-(DV+(DV)"),
(13) (d/dt)w,|,., = divsV, where the surface divergence
divy is defined by
divyV = divV|y — (DVn) - n. (5)

2.2. The Velocity (Speed) Method (See [5, 20, 21]). In this
paper, we are interested in solving the second-order shape
derivative of the Kohn-Vogelius objective functional via
the velocity method with nonautonomous velocity fields.
Detailed discussions about this method can be seen in [5,
20, 21]. We present some of the details here. As our primary
interest is focused on nonautonomous velocity fields, we will
use the notation V to denote time-dependent velocity fields
in contrast to velocity fields denoted by V which are not time-
dependent.

Let V : [0,t,] x R* — R? be a given velocity field for
some fixed ty, > 0. The map V can be viewed as a family {V(t)}
of nonautonomous velocity fields on R* defined by

x+— V() (x) =V (x): R — R~ (6)
Let V satisfy

(V1) Vx € R%, V(- x) € C([0, £,); R?),
(V2) 3c > 0,Yx, y € R% IV, )=V )lleor, pme) <
clly - x|,

where V(-, x) denotes the function t — V(t, x). Associate
with V the solution x(t; X) of the ODE:

Z—:(t)=V(t,x(t)), te[0,7], x(0)=XeR> (7)

That is, we suppose that V is continuous in ¢ and at the
same time Lipschitz in spatial variables. We remark that, in
the case of autonomous velocity fields, the condition to be
satisfied can be simplified as

(V2') 3¢ >0, ¥x, y € R%, [V(x) = V()| < cllx - yl.



Remark 2. The above statement can be described equivalently
as follows: Let V belong to EF = (o, tV);Ck(IRZ, R?)) for
some integer k > 2 and a small real number ¢;, > 0. Let QO C
R?* be a smooth bounded domain with boundary T which is
at least twice differentiable. The field

Vi) (x)=V(tx), xeR? (8)

is an element of C*(R?, R?) which may depend on t > 0. It
generates the transformations

T,(V)(X)=T,(X) =x(:X), t20, XeR> (9)

through the differential equation
dx =
5 EX=VExEX), x0:X)=X 10

As already described in the previous section, we denote
the transformed domain T,(Q) att > 0 by Q,.

Now, the following theorem describes the relation
between the perturbation of the identity method and the
velocity method. The theorem basically tells us that we can
start from either a family of velocity fields {V(t)} on RN
or a family of transformations {T}} of R™ provided that the
map V,V(t, x) = V(t)(x), verifies (V1) and (V2) or the map
T,T(t, X) = T,(X), verifies assumptions (T1), (T2) and (T3)
given below.

Theorem 3 (see [21]). (i) Under assumptions (V1) and (V2) on
the map V, the maps T, defined previously have the following
properties:

(TD) VX € RN, T(, X) € C'([0,t,]; RY),
Jc > 0, VX, Y € RY, [TG,Y) = TG X)ler o 1) <
Y - X|,

(T2) Vt € [0,ty]), X = T,(X) = T(t,X) : RN — RV is
bijective,

(T3) Vx € RN, T7'(, x) € C([0, t,,); R?),
Je >0, Vx, y € RN, T Coyp) =T G0l o ey <
cly — x|.

(ii) If there exists a real number t, > 0 and a map T :
[0,t] x RN - RN verifying assumptions (T1), (T2), and
(T3), then the map

Vit,x) = 2L (6,7 () N
(tx) = V(60 == (677 () : [0,6,] xR W

RN

verifies assumptions (V1) and (V2), where T, Lis the inverse of
X - T,(X).

In the above discussion, we see that the solution to the
differential equation (10), V = V € @, is the perturbation of
the identity operator T,. Conversely, if T, is the perturbation
of the identity operator, then (10) is satisfied. Hence, we
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consider the special case, where x(t) = I +tV, and determine
the relationship of the autonomous field V € ®, and the
nonautonomous V defined in (10). Differentiating x(¢) =
I + tV with respect to t, we get

Z—’t‘(t;X) =V(X)=V(x(£X), XeQ. (12

This simply implies that V(X) = V(t, (I + tV)(X)). Now,
replacing X by (I +tV) ™ (X), we get V(T; (X)) = V(t, X) or,
equivalently, V(t) = VoT; . This is why many results obtained
by the perturbation of identity technique can be acquired
as well through the velocity method using nonautonomous
velocity fields. As an immediate consequence, we note that
V(0) = V. The relation V(t) = Vo T, also implies that

ov L\ OT; ! 13)
= (t)=DV(T;") .
So, in particular, we have
a\gEO) =V (0) = - [DV] V. (14)

2.3. Domain and Boundary Transformation. We recall the fol-
lowing theorems on domain and boundary transformations.

Lemma 4 (see [28]). We have the following important trans-
formations which will also be central to our investigation:

(1) Let ¢, € L'(Q,). Then ¢, » T, € L' (Q) and
j ¢ dx, = J ¢, o Tp1idx. (15)
Q Q
(2) Let o, € L' (Z,). Then ¢, o T, € L'(X) and

J P ds, = J @, ° T,w,ds. (16)
% b

2.4. Material Derivatives. The material and shape derivatives
of the state variables are defined as follows (see [4, 24]).

Let u be defined in [0,#,,] x U. An element @ € H*Q),
called the material derivative of u, is defined as

u(t, T, (x)) —u(0,x)
t

u:=u(0,x) :=lim
t10

(17)

= iu (t,x +tV (x))
Cdt t=0

if the limit exists in H*(Q).

Remark 5. Aspointed out in [9], the material derivative of the
state function u can be written as

. Cou o T (x) —u(x) d

= 1 —t ¢ = — o T 18
i (x) = lim = FACRRC) D
and it, in fact, characterizes the behavior of the function u at
x € Q) c U in the direction V(x).
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Now, on the other hand, an element u' € H*(Q) is called
the shape derivative of u at Q) at the direction of V, if the
following limit exists in H k(Q):

t,x)—u(0,
u, = u’ (0’ x) P hmw

t10 t

(19)
= —u, (x .

S ot () t=0
Remark 6. We note that if &z and Vu - V exist in H*(Q), then
the shape derivative can be expressed as

u' (x) =1 (x) - (Vu- V) (x). (20)
In general, if ¢1(x) and Vu - V(x) both exist in WP(Q), then
so does ' (x).

2.5. The First- and Second-Order Eulerian Shape Derivatives.
We first recall the definition of directional Eulerian shape
derivative or simply shape derivative of a shape functional.

Suppose that the shape functional ] : QO — R is
well-defined. Given the deformation field V, the directional
Eulerian shape derivative of J at Q in the direction of
deformation field V is defined as

(21)
10 t

if the limit exists. The objective functional J is shape differ-
entiable at Q) provided that dJ (Q; V) exists for all V and if
dJ(Q; V) is linear and continuous with respect to V. On the
other hand, the second-order Eulerian shape derivative of a
well-defined shape functional ] at Q) in the direction of the
deformation fields V and W is defined to be

27 (09, W) = i (% (W)iV) = 47 (2:7)

sl0 S

= 2 (ar(0sV))

if the limit exists. The functional is said to be twice shape
differentiable if, for all V and W, d*J(Q; V; W) exists and
if d*J (Q;V; W) is bilinear and continuous with respect to
V and W. Following these definitions, the second-order
shape derivative of the functional being studied can also be
computed as follows:

B

In this case, the transported domain Q, ; which is a result

(22)

s=0

0

P F)
2 A = — —
CT(VW) = — { =4 () (23)

s=0

of two deformation fields V and W is illustrated in Figure 3.

Remark 7. Under appropriate hypothesis on the map V
dJ(Q; V(0)), one can show that dJ((; V) = dJ(Q;V(0))
(cf. [21]). Therefore, if V is associated with the deformation
field V in the perturbation of the identity, then dJ(Q; V(0))

//
— \\
0, =T, (Q)

Q Q,, = T,(T,(Q))

FIGURE 3: Transport of Q) after two deformations.

coincides with dJ(Q; V) by V(0) = V. Hence, the first-
order shape derivative of a cost functional obtained via the
velocity method coincides with the one obtained from the
perturbation of the identity technique.

3. Analysis for the Nonautonomous Case

In this section, we will see how important is the expression
V o T in considering nonautonomous velocity fields V. Of
course if V is autonomous, Vo T, !is no other than V(s). Since
we are interested in the second-order shape derivative of
the Kohn-Vogelius objective functional, we should first recall
(without proof) the first-order shape derivative of the Kohn-
Vogelius objective functional which is stated in the following
theorem.

Theorem 8 (see [9, 22, 23]). For a C"'-bounded domain,
the first-order shape derivative of the Kohn-Vogelius (KV) cost
functional in the direction of a perturbation field V. € @,
where V e @ = {V e CV(U,R?) : V| oy = 0} and the state
functions up, and uy satisfy the Dirichlet problem (D) and the
Neumann problem (N), respectively, is given by

dj (V) =<
. J (Az ~ (Vuy -7)° = (Vup - n)* + 20uyk) V J1)
z

-nds.

where n is the unit exterior normal vector to X, T is a unit
tangent vector to X, and « is the mean curvature of 2.

The above result was first proven by Eppler and Harbrecht
in [22]. Other proofs were also given by Bacani and Peichl
[9, 23], by using two different approaches.

Now, we give our main result of the second-order shape
derivative of the Kohn-Vogelius objective functional via
velocity method.

Theorem 9. Denote F = \> — (Vup- n)’+ 2Akuy — (Vuy - 7)?
and let V.and W be any two velocity fields from the set
®,={Vec* (U,R?)

|ruaU } ’ (24)

Assume that, for some sufficiently small t, d](Qt(W);\Af(t))
exists at Qt(W) = Tt(W)(Q) in the direction V(t). Then, for
a C*'-bounded domain, the second-order shape derivative of



the Kohn-Vogelius (KV) cost functional in the directions of the

two perturbation fields V and W and the state functions up, and
uy which satisfy the Dirichlet problem (D) and the Neumann
problem (N), respectively, is given by

] (V; W) = J Fyv, + (g—F + KF) v,w,dx
> n

- J F(vs - Dsnws +n - Dgvws + n - Dywys ) dE  (25)
b3

+J F(DV)W -n+FV' (0)-ndz,
>

where n is the unit exterior normal vector to X, T is a unit
tangent vector to X, and « is the mean curvature of 2.

Before we proceed in the formal computation of the
second-order shape derivative of the Kohn-Vogelius objective
functional, we first prove the following auxilliary result.

Lemma 10. Let F and F,, be, respectively, defined as follows:
F=2*— (Vup-n) + 2Axuy — (Vuy - 1)’
Ey = -2 (Vup - n) {— (DW)" Vup -n+ Vup,, -n
+V (Vup - W) -n} =2 (Vuy - 7) [(-DW)" Vuy,  (26)
+ Vi T+ Y (Vuy - W) 7+ Vuy - 1y |
+2) [kWuN +K (u;\,,w + Vuy - W)] .

Then, we have

O (R o T, w,]

% = Ey, + FdivygW. (27)

s=0

Proof. We first note the following:

wSls:O =1L
(Fs °Ts)|s=0 = F’ (28)
0 .
35 s » = divy W.

Now, for the expression (9/0s)(F; o T|)|,_y, we note that
FooT,= (A oT,) = ((Vup,oT,) - n,oT,)’
+2(AoTy) (ko Ty) (uns o Ty) (29)
~[(Vuy, o T) - (7o TV,
and since A is constant, A o T, = A. Hence, we get

0
a [(Fs ° Ts) ws]

s=0
(30)

>

s=0

0 0
- {g(FsoTs)ws"'(FsoTs) aws}
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by applying product rule. Furthermore, by substitution and
distributing the (partial) differential operator, we obtain

d
a [(Fs oTs)ws] o
— 2 2 p— 2 o . o 2
B as}L s=0 OS [[(VHD’S L) (ngo 1)) ]5:0
(31)

+ % [2 (A ° Ts) (Ks ° Ts) (uN,s ° Ts)]‘

s=0

0 2
- 5 [V T (e 1Y

s=0

Using the chain rule and again the product rule twice, we have

=-2(Vup - n)

s=0

0
g [(Fs ° Ts) ws]

0
= [(Vup,oT,) - (n, o T,)]

s=0

# 202 (s, T) (g )
S

s=0

a 2
- = [[(VMN,s oT,)- (1,0 T,)] ]

s=0

=-2(Vup - n) (32)

2 (DL (4 o) (0,0 1)

s=0
0
+ 20— ((Ks ° Ts) (uNs ° Ts)) -2 (VuN : T)
aS ’ s=0
(DL V(g o) (1,0 TY)| = E
aS s \S s s s o0 1

+ E, + Ej.

Now, we simplify each of the expressions E;, E,, and E;. In the
sequel, we will be needing the material and shape derivatives
of the vectors n and 7 and the mean curvature «. For their
corresponding forms, we refer the readers to [25, Theorems 4,
5,and 6] which are proven in [5, 28]. So we proceed as follows.
First, using the product rule twice and then the chain rule, we
get

E, =-2(Vup-n)

T

s=0

=-2(Vup - n) { % [(DT) "V (upy o )]

s=0

- (nyo Ts)|S:0} -2 (Vup - n)

A©1) TV (up, o1

s=0
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2 o) f=-2(9upen)

s=0

: { % [(DTS)_TV (uD,s ° Ts)]

s=0

‘n+ Vup - [— [(DW)T n]z]} =-2(Vup - n)

. n}
s=0

0
av (uD,s ° Ts)

\Y (uD,s ° Ts)
s=0

{2 on)”

~2(Vuy, - n) { (pT,)”"

s=0 =0

-} ~2(Vup m) (Tt [~ [(OW)" n], ]}

(33)

Interchanging the gradient and the differential operator
and upon evaluation of s at 0, we get

E, =-2(Vup-n)

0
. { [(—DW)T Vup +V [ = (upy o T,)

IR

-2 (Vup - n) {VuD . [— [(DW)T n]z]} (34)
= -2 (Yup - n) {- (DW)" Vup - n + Vi, - n}

-2 (Vup - n) {VuD . [(DWn -n)n - (DW)” n]} .

Here we note that 1,y is the material derivative of u, in
the direction W. By definition, i1, 1, can be written in terms

. . ! . !
of the shape derivative u, . tipy, = upy, + Vup - W, where
! .
upy satisfies

~Aupy, =0 in Q,
!
uD,W =0 on I‘, (35)

/ oup
Upy = -——W:-:n on2.

on

Now, for the second expression E,, we have

9]
EZ = ZAE ((Ks ° Ts) (uN,s ° Ts))

s=0

_a [(% (x. oTS)> (un, o T.)

(36)

s=0

(k.o T)) (% (g © TS)>]

+ Kily ) -

Here we stress that i1y, is the material derivative of uy

. S . o !
in the direction W. Also, i1y = ty yy + Vi - W, where vy,
satisfies

! .
—AuN’W =0 in Q,
L =0 r
Unw = onl,

!
ou NW

on

= divy (W -nVsuy) + kAW -n  on X.

The expression %, represents the material derivative of
the mean curvature x and it can be shown that %, =

~Tr[DnDW] — (D[(DWn - n)n — (DW)n])n - n.
Finally, for the last expression E;, we have the following:

Ey=-2(Vuy - 1)

(O 1) o)

=-2(Vuy - 7)

(Gl v ) o)

(38)

s=0

~2(Vuy ) | (Vo ) 2 (50T, |

s=0

=-2(Vuy 1)
N[DW)T Vuy + Vit | -7+ Vuy - 1]

where 7, is the material derivative of 7 in the direction W
and is given by 7 = [(DW)'n - 7]n.

Combining all of these simplification expressions and by
the relations in (28), we get the desired result. O

Now, we are in the position to prove our main result.
In the sequel, we suppose V and W to be nonautonomous
velocity fields and proceed for the computation as follows.

Letting F, = A* — (Vu, - n)’ + 2Axuy s — (Vuy - 7.)%, we
have

d W);V)-d 'V
27 (055 W) < i (2 (W) V) =4I (3V)
sl0 S

t:O} s=0
S(], [ (ver)-n]

(D7) " | dz)

0 (o
3 {ad] (Q)

o Ty det DT

s=0

% (j [E. (Vo) n] e Twds)

[ GRERTVAICRES) P

s=0

s=0



- [ |2 (Eemyw)

ik

(e Tl ddz + [ [(FeT)w),]

(39)

Note that we already have a simplified form for &, from
Lemma 10, so we only need to simplify the expressions Z,, &,
and E,. For E,, we have need for 2, = V- (n, o T))|, = V- n
and, for E;, we easily get B; = (F; o T\)w,|, = F, where F is
the same with what is given in Lemma 10. Now, for the last
expression E,, we have

0
4= a{v'(nsoTs)}

(1]

s=0

o (40)

=V-[(DWn-n)n- (DW)" n] + (DWn - n)v,

0 0
Y neT g
A% % (ngoTy)| + aSV

s=0

—(DW)V-n+V (0)-n+(DV)W -n.

Here, we stress that (0V/0s)|,_, = (9V(0)/0s)|,—, and that the
relation V = V(s) o T, implies the identity
0

Ve

v

Os =vVo

=0 (41)

=V'(0) + DVW,

where V'(0)(x) = lim, ,(1/£)[V(t, x) = V(0, x)].
With these identities, we now have

P1(@ VW) = | {[Fy + Fdiv; W]V n
+F[(DWn-n)v, - (DW)V -n]
+[V'(0) + (DV)W] - n}dz = L {Ewv,
+ F [divW - DWn - n] v, + F [(DWn - n) v,]
~F[(DW)V-n]+[V'(0)+ (DV)W] - n} dx

= J {Ewv, + F (divW) v, - F(DW) V - n} d=
>

on
S E o))
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+J {F(DV)W -n+FV'(0) - n}dz
)

. OF
= L {van + (E)_n + KF) vnwn} dx

—j F(vs - Dsnws +n - Dyvws +n

)

-Dywvs)dE + J {F(DV)W -n+FV' (0)
z

. n} dax.
(42)

Now, we note that, for autonomous velocity fields, we have
the relation V(0) = V (i.e., for V(s) = Vo Ts_l, we have V(0) =
V). Thus, we now have

POV O W 0) = (6T W) = [ Fy,
: (43)

+ F (divW) v, - F(DW) V- n + F (DV) W - ndz,
from which we see that

d’J (Vs W) = d?J (5 V (0); W (0))
(44)
+d] (V' (0))

and here we remark that this result coincides with the one
presented by Delfour and Zolésio in [5, page 1420, Equation
(28)]. This proves the main Theorem 9.

3.1. On the Boundary Transformation Approach. Now, in this
section we compute for the second-order shape derivative
of the Kohn-Vogelius objective functional through boundary
transformation approach. Again, we assume V and W to be
nonautonomous velocity fields. So we proceed as follows.
First, using the definition of the second-order shape
derivative and by the relation V = V o T, !, we have

T }
Os =0
9 <J EV. Nsd25>
as zs s=0
d

-1
= <L F(VoT, )-Nsd25>

Invoking the boundary differentiation rule, we get

d2] (Q; V; W) = { %d} (Qt,s)

s=0

(45)

s=0

s=0

ax

s=0
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{ [(VoT') N +[3(Fv-n)+xpv-n]w-n}dz
> sls=0 a s $ =0 an
+ VoT')-N }dz
L{[ *lse o] [( : ) 5|5=()]
J {F[ (V(s)) N| +(VeT/t) ON ”dz
s Sls=0 s s=0 as ss:O
+J {[ (FV -n) + «FV - n]W n}dZ+J E, (V-n)d=
p
=J «F[(DV)(—W)-n+V-N’]+[ai(Fv-n)+KFV-n]w-n+F‘;,vn}dz
) n
:J -Fv’vvn+FV-N’+[ai(FV-n)+;<FV.n]w.n+FV(0)-n}d2
p n
' oF
:J <van+<$+KF)vnwn—F(VZ-DanZ+n~DszZ+n~DZwvz)}dZ
p
+J F(DV)W - n+FV(0)-ndZ =d’J (Q;V(0); W (0)) +dJ (2 V(0)).
p
(46)

Remark 11. Here, d*J(€;V(0); W(0)) is the bilinear term
which Delfour and Zolésio refer to as the shape Hessian.

Remark 12. We remark that, as compared to the form of
the shape Hessian presented in [22], the result we have
established here in Theorem 9 clearly shows the relation
pointed in [26] by Delfour and Zolésio about the form of
shape Hessians obtained through nonautonomous velocity
fields.

4. Conclusion

We have computed the second-order shape derivative
d*J(Q; V; W) of the Kohn-Vogelius objective functional Jiy
in the direction of two (nonautonomous) deformation fields
V and W via velocity method. The computed expression for
d?J(Q; V; W) is given by

2 = = . oF >
O;V; = | F — F >
d]( VW) L an+(an+x v, w,d
—J F(vs - Dsnws + n - Dyvws + n- Dywvs ) dX  (47)
p>
+JF(DV)W-n+FV'(O)-ndZ,
p>

where F = A* — (Vup, - n)* + 2Akuy — (Vuy - 7)% n is the
unit exterior normal vector to X, T is a unit tangent vector to
%, and « is the mean curvature of X. We stress out that the
expression computed for the second-order shape derivative
of Jxy is not yet in its explicit form. The explicit form,
however, could easily be obtained by substituting all those
computed values for each of the expressions found on the

integrand or the interested reader may refer directly to [29]
for the explicit form of d*J(Q); V; W). It is apparent in our first
result that the computed expression for the shape derivative
coincides with the one presented by Delfour and Zolésio
in [5]. Interestingly, the result obtained through boundary
transformation approach which again uses nonautonomous
velocity fields also verifies the result found by Delfour and
Zolésio in [5].
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