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Abstract

This work focuses on numerically solving a shape identification problem related to
advection-diffusion processes with space-dependent coefficients using shape optimization
techniques. Two boundary-type cost functionals are considered, and their corresponding
variations with respect to shapes are derived using the adjoint method, employing the chain
rule approach. This involves firstly utilizing the material derivative of the state system and
secondly using its shape derivative. Subsequently, an alternating direction method of
multipliers (ADMM) combined with the Sobolev-gradient-descent algorithm is applied to
stably solve the shape reconstruction problem. Numerical experiments in two and three
dimensions are conducted to demonstrate the feasibility of the methods.

Keywords: geometric inverse problem, advection-diffusion problem, shape optimization,
shape gradient method, alternating direction of method of multipliers.

1 Introduction

Understanding the transport of quantities like heat, mass, or momentum is crucial for predict-
ing and controlling various natural and engineered systems. In advection-diffusion problems,
transport primarily occurs through two mechanisms: advection, driven by fluid flow, and dif-
fusion, caused by random molecular motion. For instance, pollutants in rivers are carried
downstream by water flow (advection) but also spread out due to diffusion. The behavior
of advection-diffusion systems varies depending on whether advection or diffusion dominates.
In advection-dominated regimes, rapid transport occurs with sharp gradients, while diffusion-
dominated regimes lead to slower, smoother dispersion. This paper examines a shape identi-
fication problem for advection-diffusion problems with space-dependent advection coefficient
through shape optimization methods.



Various shape identification problems have been previously investigated in several domains,

including inverse obstacle scattering problems | , ], inverse conduction scattering
problems | ], static and time-dependent inverse boundary problems involving perfectly
conducting or insulating inclusions [ , , , , , |, shape
detection in convection-diffusion problems | ] and unsteady advection-diffusion problems
[ |, inverse geometric source problems | |, boundary shape reconstructions with
Robin conditions [ , , , ], obstacle reconstruction in Stokes fluid flow
[ , , , |, and more.

In this paper, we aim to identify the shape and location of an object w C RY, where
d € {2,3}, within a larger domain D C R? using a pair of known datasets (f,g) observed at
the accessible boundary of D. Denoting by 2 the connected domain D \ @, we investigate here
a multi-dimensional advection-diffusion equation within the context of shape inverse problems.
The equation describes, for example, the transport of contaminants in surface water.

Mathematically, given a simply connected domain D C R? and assuming the existence
of an unknown simply connected inclusion w, as well as functions f and g defined over the
boundary 0D, we are primarily interested in the shape optimization reformulation of the
following overdetermined advection-diffusion problem:

—div(cVu)+b-Vu = 0 in
v = f on X,

oc0pu = g on X, (1)
u = 0 on T,

where ¥ := 9D, I' := 0w, 0 := o(z), x € D, denotes the diffusion coefficient, u := u(z), x € Q,
is the concentration of the contaminant, b := b(z), x € D, the velocity of the fluid flow, and
Onu is the outward normal derivative of v on X. We assume, in the general setup, that the
coefficients o and b = (by,...,by) " satisfy the following conditions:

o € WH* (D)4 and there exists o > 0 (ellipticity constant) such that for all £ € RY,
2
Z 0ii&i&5 = ooll€]l3, almost everywhere in D;
ij=1
and there is a constant by > 0 such that, for i € {1,...,d}, by < b; € WH>(D).
(4)
To simplify the analysis and avoid cumbersome notation, we assume, unless otherwise specified,
that o is a space-dependent scalar function (i.e., o € W1°(D)1x1).

We assume, unless otherwise stated, that f € H32(X), f # 0. Also, we let g € HY/?(X)
be an admissible boundary measurement corresponding to f. This means that g belongs to
the image of the Dirichlet-to-Neumann map Ay, : f € H?(%) — Oqup € H'/?(X), where up
solves boundary value problem

—div(cVup)+b-Vup = 0 in{,
up 0 on F, (2)
up = f on X.

If g € H'/2(X) is given instead, then we let f € H3/2(X) be an admissible boundary
measurement by taking f as the image of the Neumann-to-Dirichlet map Agl cge HY (%) =



uy =: f € H3?(X), where uy solves the partial differential equation (PDE) system

—div(cVuy)+b-Vuy = 0 in €,
uy = 0 on T, (3)
oOhuy = ¢ on X.

Our main objective then is to examine the inverse geometry problem that reads as follows:
Given D, f, and g, find w such that w(D \w) satisfies (1).

This problem has been studied extensively in the literature. Yan et al. | ] addressed
shape identification in convection-diffusion problems using the adjoint method, while Yan et
al. | ] applied the domain derivative method to unsteady advection-diffusion problems.
Fernandez et al. | | used the topological derivative method for pollution source recon-
struction governed by a steady-state convection-diffusion equation.

In this work, we reformulate the inverse problem as an optimal control problem where
the shape is the unknown. We propose two least-squares misfit functionals: the tracking-the-
Dirichlet-data (6) and tracking-the-Neumann-data (7). We rigorously analyze the optimization
problem, derive the material derivative of the state, and use it to compute the shape gradient
of these functionals. By introducing adjoint systems, we express the shape gradient without
requiring state derivatives. For numerical experiments, we apply the Alternating Direction
Method of Multipliers (ADMM), following the approach in [ ]. This method effectively
handles challenges such as noise and concave regions on unknown interior boundaries. Our goal
is to enhance shape optimization techniques by incorporating an auxiliary variable into the
cost functionals (6) and (7), which are iteratively minimized using ADMM.

The rest of the paper is organized as follows. In Section 2, we delve deeper into the problem
configuration and discuss the reformulation of the associated shape optimization. Section 3
provides a rigorous demonstration of the existence of the material derivative of the state vari-
ables, along with detailing the equation verified by the shape derivative of the state variables.
Following this, the latter part of the section characterizes the shape gradients of the considered
functionals, first through the material derivative and then using the shape derivative of the
state. Subsequently, in Section 4, we present an algorithm based on gradient methods, solving
an elliptic problem to determine the steepest descent direction in the H' space. This section
presents a comprehensive series of numerical experiments aimed at exploring various shapes
across two and three spatial dimensions. It includes both the results from conventional shape
optimization methods and ADMM, and offers a comparative analysis of these methods with a
particular focus on their accuracy in three-dimensional cases. Finally, Section 5 concludes the
paper briefly, summarizing key findings and highlighting the major implications of this study.

2 The problem setting

2.1 The main problem

Let us now be more precise with the important assumptions of the study. We let D be an open,
non-empty simply connected bounded set in R, d € {2,3}, of class C''. We fix a real number
§ > 0 and define A as the collection of all C'"! open, non-empty sets w strictly contained in D



and that are of distance § from ¥ = 0D such that Q = D \ @ is connected; i.e., we define the
following set

A:={weD|we CH is an open set, d(z,dD) > §, Vx € w, and D \ @ is connected}. (4)

Hereinafter, we say  is an admissible domain if Q@ = D \ @, for some w € A. In this case, for
the sake of notation, we write Q € A°.

We tacitly assume here that we can find w* in A such that (1) has a solution. In other
words, we assume that there is w* € A such that the surface measurement g (or f, if g is
given instead) is obtained without error. Therefore, we propose the following more precise
formulation of the inverse geometry problem:

Given D, f, and g, find w € A such that u(D \ @) solves (1). (5)

The regularity assumptions imposed on the data f and g are more than we can actually expect.
In reality, we can only assume that ¥ is Lipschitz, with f € HY/2(%) and ¢ € H~Y%(X), in
order to obtain H' regular state solutions. Higher regularity of the states can be achieved by

imposing additional smoothness on the boundaries and the data (see, e.g., | , Thm. 2.4.2.5,
p. 124, Sec. 2, p. 84, and p. 128]). Such a result can be derived through a local regularity
argument similar to the proof in [ , Thm. 29] (see also [ , | for similar results

in the context of fluids). In this work, we adopt the stated regularity assumptions to streamline
many of the proofs.

Before we finish this subsection, we comment that a key theoretical aspect in inverse prob-
lems is identifiability, which refers to the uniqueness of the solution given the observed data.
In the context of the present study, which focuses on the recovery of an unknown inclusion in a
domain governed by an advection-diffusion equation, an explicit identifiability result is not yet
available in the literature. However, such a result is crucial to justify the well-posedness of the
inverse formulation. While classical methods, such as unique continuation and Carleman esti-
mates, establish identifiability in simpler elliptic settings, their extension to advection-diffusion
systems with geometric complexity presents significant challenges. Recent advances by Cao
et al. | | have shown that, under precise geometric conditions, a single far-field mea-
surement is sufficient to uniquely determine both the shape and the boundary impedance of
polyhedral obstacles in inverse scattering problems. These findings suggest that, with appro-
priate geometric and analytical assumptions, a similar identifiability result could be derived for
the inverse advection-diffusion problem considered here. This opens up an important avenue
for future theoretical work, potentially providing a solid foundation for the proposed numerical
identification framework.

2.2 Shape optimization reformulations

To solve (5), we reformulate it into shape optimization setting and apply the concept of shape
calculus to solve the resulting optimization problem numerically. To this end, we consider
two such reformulations of (5) by choosing one of the boundary conditions on the unknown
boundary to obtain a well-posed state equation, and then track the remaining boundary data



in L? sense over ¥. More precisely, we consider the following minimization problems

w* € argmin 4 Jp(D \ @), where Jp(D\ @) = Jp(2) := ;/ (uy — f)? ds, (6)
b

w* € argming,c 4 JN(D \ @), where Jy(D\w) = Jy(Q) = ;/ (0Onup — g)*ds  (7)
b

where up := up(Q) and uny = un(€2) are the solutions to the PDE systems (2) and (3),
respectively. In (6) and (7), the infimum is always taken over the set of admissible domains A.
We refer to uy and up as state variables or the simply states.

To ensure Jy is well-defined, the state variable up needs to be at least H? regular. In
this case, assuming (A) holds, and that f € H*?(X) and Q € Cb! are sufficient. Such
claim can be proved by arguing as in the proof of | , Thm. 29]. This means that in
numerical experiments where the state variables might lack high regularity, using Jy might
not be practical.

Remark 2.1. The optimization problems (6) and (7) are only equivalent to (1) if we have
a perfect match of boundary data on the known boundary, namely, v = f and O,u = g on
Y = Ow. Indeed, if w* € A solves (5), then J;(¥*) = Ji(D\w*) =0, fori e {D,N}, and it
holds that

w* € argmin,c 4 Ji(Q), forie {D,N}. (8)

Conversely, if w* € A solves (8) with J;(Q*) =0, fori € {D, N}, then it is a solution of (5).

In the rest of the paper, the subscript i of J; is always understood to be either D or N.

2.3 Weak forms of the state systems

Throughout the paper, we let ¢ > 0 be a generic constant; that is, it may take different values
at different places. Let us briefly discuss the respective variational formulation of (3) and (2).
To this end, we denote:

Vi(Q) = {¢ € H'(Q) | ¢ =0 on T},

which is equipped with the norm
2 2
Il o) = el = 196l = | 199l da,

and we introduce the following bilinear form:

a(p, ) = /QJVgo -V dr + /Q (b-Ve)dr, where ¢ € Vp(9Q). (9)

The weak form of (3) reads as follows:
Find uy € Vr(2) such that a(uy,?) = / g ds, for all ¥ € Vp(Q). (10)
by

In a Lipschitz domain Q and with g € H~'/2(X), given the conditions in (A) regarding
the coefficients, the Lax-Milgram lemma establishes the existence of a unique weak solution
uy € V() for (10). To ensure the coercivity of a in Vp(€2), it suffices to assume

bl < cog, where |b|o, = sup {|b;| | 1 <i < d},



for some constant ¢ > 0.} This condition guarantees a(yp,¢) > (00 — c|bloo) H@H%/F(Q) =

cHgoH%/F(Q), for some real number ¢ > 0 | ].

Similarly, we may write the weak form of (2) as follows:

Find up € Vp(2), up = f on X3, such that a(up,?) =0, for all ) € Vp(Q). (11)

For a Lipschitz domain Q and f € H'/?(X), assuming the conditions in (A) on the coeffi-
cients, the Lax-Milgram lemma again guarantees a unique weak solution uy € Vp(Q2) for (10),
contingent upon the condition |b|s < cop (for some constant ¢ > 0) for the well-posedness of

(11).

3 Shape Derivatives

To numerically solve (6) and (7), we require the structure of J;, i € {D, N}, to devise a gradient-
based iterative scheme for concrete problem-solving. These expressions will be derived in this
section using the concept of shape calculus, specifically through the notion of the velocity or
speed method; refer to | , , , , | for more details.

3.1 Some elements of shape calculus

In this section, we briefly introduce key concepts from shape calculus, focusing on material
and shape derivatives of functions and functionals, and fix some notations.

Let t > 0. We define T} : D —— D as the map given by
T, = T,[0] = id + 6, (12)
where 0 is a t-independent deformation field belonging to the admissible space
©:={0=(,...,00)" € CH(D)?|suppO C Ds}, (13)

where {x € D | d(z,0D) > 6/2} C Ds C {x € D | d(x,0D) > ¢/3}. Clearly, Ty = id, and
it can be shown that, for sufficiently small ¢ > 0, t € [0,¢], T} is a diffeomorphism of R%.
Throughout the paper, the subscript ‘¢’ indicates that the associated object is defined on a

domain dependent on time t. For example, u; represents the solution of (2) with € replaced
by @ = T3(€2)[0].

We set
At = 5t(DT;:1)(DTt)_T, Bt = 5t|(DTt)_TIl‘, and Ct = (St(DTt)_T,

and assume that ¢ > 0 is sufficiently small such that for all ¢t € I :=[0,¢], §; := det DT; > 0,
and we can find pair of constants ¢, ca (0 < ¢; < ¢2) and ¢3, ¢4 (0 < ¢3 < ¢4) such that (cf.
[ , Chap. 10, Sec. 2.4, Eq. (2.32) and Eq. (2.33), p. 526))

clé)? < Al € < eolé?, forall € €RY and e3 < < e (14)

!The constant ¢ > 0 is, in fact, the Poincaré constant, which enables us to control the full H! norm by the
H' seminorm. Tt appears that this point was inadvertently overlooked in | ].



Note that we can choose m; = min{cy, c3} and ma = max{cy,cs} as the respective lower and
upper bounds, ensuring that all the inequality conditions in (14) are satisfied.

For t € I and @ € ©, we see that the following regularities hold:?

[t & € CHIL,COND)), [t A € CHILCON D)), (15)
[t = By € C(I,C(0%)), [t — Cy € CH(I,COH(D)™9).
Lastly, mention that we have the following derivatives for the maps given previously:
d . 0p—1 .
%51‘/{1520 = %{% =div (0) =: 0,
d Ay -1
— Ay, =lim == =61~ DO — (DO)" =: A,
dt”'t=0 N0 ot
d B —1 (16)
%Bth:o = %{% = div,0 = 5‘1, — (D6n) - n,
—=Cilig lim =01—(DO)" =: C,

where div, 0 denotes the tangential divergence of the vector 8. The proofs of the above results
(15) and (16) are provided in [ , Chap. 2.15, pp. 75-76, Chap. 2.18-2.19, pp. 79-85].

Without further notice, the pseudo-time parameter ¢ is always assume sufficient small so
that the required regularities for the (perturbed) domain is preserved and the regularity of the
mappings in (15) hold true.

We say that the function u(£2) has a material derivative & = 4(€2)[0] and a shape derivative
u' =4/ (Q)[0] at 0 in the direction of the vector field @ if the limits

t _ _
o = lim L) T Uy (&) — u(®) and v = lim —U(Qt) u(§)
t\0 t t\0 t

exist, respectively, where u®(z) := (u(Q)oT})(z) = u(%)(Ti(z)). Notice here that u! is defined
on the fixed domain €). For sufficiently smooth €2, u, and 6, these derivatives are related by

W =1u—(Vu-0) | , ]. Meanwhile, we say that a shape functional j : A° — R has a
directional Eulerian derivative at 2 € A° in the direction of 8 € © if the limit

g -5

lim =——————= =: dj(2)[0

lim ; j(€2)(6]
exists | , Eq. (3.6), p. 172]. If the map 0 — dj(Q2)[0] is linear and continuous for all

0 € O, then j is shape differentiable at €2, and the map is referred to as the shape gradient of
7.

3.2 Material and shape derivatives of the state variables

The main objective of this section is to present a variational equation satisfied by the material
derivatives of the states uy and up. Subsequently, we deduce the shape derivative of the
state corresponding to uy and provide a demonstration solely for the case of un, applying the
same approach for the case of up. Throughout the rest of the paper, 8 € ©, unless otherwise
specified.

2Here, € > 0 is made smaller if necessary.



Theorem 3.1. The Neumann solution uy € V() of (3) has a derivative un € Vr(Q2) that
satisfies

a(in, ¥) =l(un;¥), VY € Vp(Q), (17)
where

Hun; ) = — /Q (aAVuN VY +CTh- vuw) d

~ [ (V-0)Vux -0+ Db0 - Vg (18
Q

=:lo(un; ) + li(un; ).

We comment here that, because of the regularity assumptions ¢ € W1(D), b €
Wbt (D) 6 € ©, and uy € Vr(f), the bounds for A and C given in (14), and under
the condition that |b|, < oo, the existence of unique weak solution @y € Vp(f2) of (17) is a
consequence of the Lax-Milgram theorem. We omit the proof detail for economy of space.

Meanwhile, to support our assertion in Theorem 3.1, we have formulated several lemmas
whose proofs are outlined in Appendix A along with their respective proofs.

The next theorem presents the shape derivative of the state using the expression for the
material derivative described in the previous Theorem 3.1.

Theorem 3.2. Let Q € C*! be an admissible domain, 8 € ® N C*>Y(D)?, and the state
un € H3(Q) N Vr(Q) be sufficiently smooth. Then, uy is shape differentiable, and its shape
derivative satisfies the system:

—div(oVuly) +b-Vuly, = 0 in
uy = —Opunb, on T, (19)
oOpty = 0 on X.

To provide evidence for this Theorem 3.2, we will need to prove the result of Lemma 3.3
below using the form of the curl operator Vx on R?. We have the curl of the cross product
identity

V x (g x ) = pdiv (1) — 9 div () + (3 - V) — (0 - V)eb, (20)
for any differentiable R%valued functions ¢ and ).

For this purpose, we embed ¢ and 1 into R? by appending zero as the third coordinate
when d = 2. However, when d = 3, no adjustment is needed and the curl of ¢ in R? is given

by:
Vs (o a5 &
Lemma 3.3. For (u,v) € [H*(Q) N VF(Q)]2 and 6 € ©, we have
/QVX (oVu x 0) - Vudr =0, (22)
and it holds that
- / doVu - Vudx + / ocDOVu - Vudx
Q Q (23)

:—/diV(UVU)O-Vvda:—I-/
Q

oV?ub - Vo dx + / (Vo -0)(Vu-Vv)dzx,
Q

Q

8



where V2u denotes the Hessian (matriz) of u.
Proof. Since div (V x ¢) = 0 for all ¢ € Vp(£2), then by using integration by parts, we obtain

/Vx(UVUXG)-Vvda::—/diV(Vx(UVuXH))vdx—i—/ [V x (6Vu x )] -vnds
Q Q o0

= / [V x (6Vu x )] - vnds—i—/ [V x (6Vu x 6)] - vnds
_o, ’
because v =0 on ¥ and @ = 0 on I', applying (20), we obtain the following result:
V x (6Vu x 0) - Vv =d§oVu-Vv—div(eVu)0 - Vv + V(oVu)8 - Vo — e DOVu - Vo.

By integrating over ) and knowing that / V x (6Vu x 0) - Vudz = 0, we obtain
Q

/ (6oVu - Vv —div(cVu) 0 - Vv + V(oVu)8 - Vv — 0 DOVu - Vv)dx = 0.
Q
Using the formula (see Appendix B for a justification)
V(oVu)0 - Vv = oV?ub - Vo + (Vo - 0)(Vu - Vv), (24)
we deduce (23). O

We now provide the proof of Theorem 3.2.

Proof of Theorem 3.2. We drop the subscript -y for convenience. Using (9) and taking ¢ =
u—0-Vu=u and 1) = v, we obtain

a(u',v) = a(i— 6 - Vu,v) = a(u,v) — /QUV(O -Vu) - Vudr — /Qb -V (0 - Vu)vdz
=:T; + Iy +T3.
We treat each term I;, i = 1,2, 3, separately. For the first term I, using (17), we get
I = (u;v),

where [(u;v) = lo(u; v)+11 (u; v) is given by (18) with u = ux and ¢ = v . Using the expressions
for A and C given in (16) and lp in (18), we can write

lo(u;v) = —/ doVu-Voudr +/ oDOVu - Vv dx
Q Q
+ / oDO"Vu - Vudr — / d(b-Vu)vdr + / D6b - Vuv dx.
Q Q Q
In view of (23), we deduce that
lo(uyv) = —/ div (cVu) 0 - Vudz + / oV?u - Vo dx + / (Vo -0)(Vu-Vv)dx
Q Q

Q
+/UDOTVu~Vvdx—/5(b-Vu)vdx+/D0b‘Vuvda;.
Q Q Q

9



Moreover, recalling that
L(uv) = —/ [(Vo-0)Vuy - Vv + Db - Vuyv] dz,
Q
and replacing both [;(u;v) and ly(u;v) in I;, we obtain:

L = —/ div (cVu) 0 - Vudx + / oV2u - Vo dx + / oDO"Vu - Vv dzx
Q Q Q

— / d(b-Vu)vdr + / D6b - Vuv dx — / (Db@ - Vu) vdz.
Q Q Q
For the second term I, we have

I = —/ oV(0-Vu) - -Vodr = —/ oDO"Vu - Vv dr — / oVZul - Vo dz,
Q Q Q
while for the third term I3, we get

]Igz—/b‘V(H-Vu)vda;:—/b'DOTVuvda:—/b'VQUOUd:c
Q Q Q
——/Deb-Vuvdx—/b-V2u9vd:U.
Q Q

Adding the computed expressions for Iy, I, and I3, we obtain

a(u',v) = —/ div (cVu) 0 - Vo dx — / (Dbl -Vu)v+Db- V2u9v] dx — / o(b - Vu)vdx
Q Q Q

= — [/QO-(b-Vu)Vvd:E—l—/QH-V(b-Vu)vd:n} —/Q(S(b-Vu)vdaz
:_/Q{e.w(b.vu)v]+5(b.vu)v}dg;
:—/Qdiv O(b-Vu)de, (5= div(0)),

where the second equation line follows from (3) and the identity
0-V(b-Vu)v = (Dbl -Vu)v +b - Vubv,

which hold in 2. Meanwhile, the last line is a consequence of the fact that for a scalar function
@ and vector field F, it holds that

/ (pdiv(F)+F -Vp)dr = / div (¢F) dzx. (25)
Q Q
Now, employing the divergence formula, noting that v € Vp(2) and @ = 0 on X, leads to
a(u',v) = —/ div (6(b - Vu)v) dx = —/ (b-Vu)vl -nds — / (b-Vu)vl - -nds = 0.

Q b r
Using Green’s first identity, we rewrite the bilinear form a(u’,v) as follows:

—/ div (UVu') vdr + / b Vivdr — / ovipu’ ds = 0.

Q Q 2

We deduce from this equation that ' satisfies the equation —div (¢Vu') + b - Vo' = 0 in ,

with the boundary condition 0d,u’ = 0 on X. Lastly, since u,u € Vp(Q), i.e., u=4=0onT,
we obtain v/ = u — Vu - 0 = —dyub, on I', completing the proof of the theorem. O

10



Remark 3.4. Using similar line of proof, it can be shown that when the state up is sufficiently
smooth, it is shape differentiable and its the shape derivative u', satisfies

—div(eVuly) +b-Vu, = 0 in Q,
uy = —0Opupb, on T, (26)
oOpt, = 0 on X.

Remark 3.5. The regularity assumptions Q € CY, f € H3/2(X) (f £0), and g € H/?(%)
only allow us to obtain an H?(Q)NVR(Q) reqularity for the states. However, this reqularity of the
states is not sufficient to justify the existence of their shape derivatives satisfying (19) and (26).
We require higher reqularity of the solutions. Therefore, we need 8 € © N C*Y(R?) bounded
domains, f € HY*(X) (f #0), and g € H3?(X) which allows us to have H3(Q) N Vp(Q)
reqularity for the states.

3.3 Shape derivatives of the shape functionals

We will now calculate the shape derivative of the proposed cost functions using two techniques.
The first is based only on the variational formulation of the equation verified by the material
derivative of the state variables, while the second technique uses the shape derivative of the
state. In both cases, we introduce an adjoint state appropriate to our problem.

Let us now characterize the shape gradient of the shape functions J;, i € {D, N}.

Proposition 1 (Shape gradient of J). Let Q be an admissible domain and @ € ©. The map
t > Ji(Q), i € {D,N}, is C' in a neighborhood of 0. Its shape derivative at 0 is given by

dJ;(2)[0] = / G;n - 0ds, where the shape gradient G;, i.e., the kernel of dJ;, i € {D, N}, are
r
respectively given by
Gp = F(un,pn), (27)
Gy = —F(up,pp), (28)

where F(p, 1) = a0n00nt, for v, € H2(Q)NVR(Q), and the adjoint variables pn,pp € V()
respectively satisfy the following adjoint problems:

div(eVpy) +b-Vpy + pydivb = 0 in €,
pn = 0 onT, (29)
oOnpN +pNb-n = uy —f on¥;
div(eVpp) +b-Vpp + ppdivb = 0 in §,
pp = 0 on T, (30)
pp = Opup—g onX.

Before we prove the above proposition, let us shortly discuss the variational formulation of
the adjoint systems (29) and (30) in the following remark.

Remark 3.6. For ¢,v € Vp(Q), we let ap be a bilinear form on Vp(Q) x Vp(Q) defined as
follows:

ap(go,w):/QGVQD-dex—/Q(b-Vgp)wdaz—/ngdivb@bdx—l—/zgo(b-n)wds

:/UV@'Vi/Jd{E-I-/(b'Vi[))gOd.T:a(i/J,(p),
Q Q
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where the bilinear form a is given by (9). The equivalence is a consequence of the following

identity which holds for b € WH* (D) and o, € H'(Q):

/ eYb-nds = / div (pyb) dx = / [(ppdivb + b - V()] dx
o0 Q Q (31)
= /Q [y divb+ (b- V) + (b - V)| dz.

The variational formulation of (29) can be expressed as follows:

Find pn € V() such that ap(pn, ) = / (un — f)ds, for allp € Vp(Q2). (32)
)

Meanwhile, the variational formulation of (30) can be stated as follows:
Find pp € Vr(Q), pp = Onup — g on X, such that ap(pp, ) =0, for all p € Vx(Q), (33)

where Vs () == {o € HY(Q) | ¢ =0 on Z}.

The conditions of Q being Cb' and f € H3/?(X) are sufficient to ensure that problem
(29) has a unique weak solution within Vp(€2). Similarly, when these conditions are met,
Onup — g € H/2(X), thereby guaranteeing the existence of a weak solution for (30) in Vi (Q).
However, it is important to mention that their validity depends on specific constraints imposed
on b and o. In this case, the existence of unique weak solutions for (32) and (33) can be
inferred from the Lax-Milgram lemma. It could be shown that py € H?(Q) N Vp(Q) given that
Qe Ch'and (f,g) € H¥?(X) x HY/?(X). However, pp ¢ H?*(Q)NVp(Q), unless Q € C>! and
(f,9) € HY2(X) x H¥2(%).

3.3.1 Proof of Proposition 1 via material derivative

Let 2 be an admissible domain and 8 € ®. By these regularity assumptions, it can easily
verified that the map ¢ — J;(Qy), i € {D, N}, is differentiable around a neighborhood of 0.
In fact, this follows from the fact that [t — &] € C*(I,C(Q)) and [t — up, [t — uni] €
CHI,HY(Q) N Vr(Q)). So, J; is shape differentiable for i € {D, N}. On the one hand, this

implies that we can apply Hadamard’s boundary differentiation formula (cf. | , Thm. 4.3,
p. 486] or | , ]) to Jp(€) and Jn(§2) and obtain
47 (Q)[6] = / (un — flinds  and  dJy(Q)[6] = / (0Outp — §)Oniip ds,
b b

respectively. Here, iy := un(2)[0] and @p := 4p(2)[0] denote the material derivatives of the
states.

To demonstrate the desired results, we will utilize the variational problem associated with
(29) and (30), as well as (3) and (2), employing an appropriate selection of test functions.
Initially, this approach will be applied to the Neumann case; subsequently, we will deduce the
solution for the Dirichlet problem. We mention that we will omit - in uy and py and simply
refer to these variables as u and p, respectively, for easier notation.

To start, let us put ¢ = p € V() into the variational formulation of uy (17), giving us:

/aViL-Vpdx—i—/ (b-Vi)pdx = a(i,p) = l(u;p),
Q Q
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where [(u;p) is given by (18). Meanwhile, if we set ¢» = @ € Vp(Q2) in (32), we get
/ oVp - Vidx —l—/ (b-Vi)pdx = ap(p, i) = / (un — f)uds. (34)
Q Q by

We deduce that,
dJD(Q)[O] =J1+ Jo,

where

le—/(aA+VU-0)VuN-Vdeac and JQZ—/
Q

[(CTb + DbO) - Vuy| py da.
Q

To further simplify the sum of J; and Ja, it will be beneficial to establish certain formulas
utilizing the curl operator Vx in R?, as defined in (20). We will start by presenting alternative
expressions for J; and Jy in the following lemma. By combining these two newly derived
expressions, we can arrive at an expression for dJp(£2)[0] on the unknown boundary T'.

Lemma 3.7. Forb e Wh*®(D) 0 € ©, and (u,p) € [Vr(Q) N H*(Q)]2, we have

. /Vx(aVuxO)-Vpdx:() and /Vx(anxB)-Vudsz;
Q Q

/ V(oVp)0 - Vudx + / oV2ul - Vpdx + / 0(oVp-Vu)dr = / 0OnpOnub, ds;
Q Q Q r

o J1=-— / div (oVu) 0 - Vpdr — / div (oVp) 0 - Vudzr + / 0OnpOnuby, ds.
Q Q r

o Jo= —/ V x (b x8)-Vupdr — / divb(6 - Vu)pdz.
Q Q
Proof. The first and second formulas are consequence of Lemma 3.3 (cf. (24) and see Ap-

pendix B). We will use these formulas to simplify .J;. Knowing that A = 61— D@ — (D) T, we
first expand J; as follows:

Ji = —/ d(ocVu - Vp)dx +/ DO(oVu - Vp)dx + / DO (oVu - Vp)dx
Q Q Q
- / (Vo -0)(Vu-Vp)dx.
Q

Now, using (20) with ¢ = cVu and ¥ =V for the first identity and ¢ = cVp and ¥ =V for
the second one, we obtain

V x (6Vu x ) = §cVu — div (6Vu) 0 + V(cVu)0 — DO(cVu),
V x (6Vp x 0) = 6cVp —div(cVp) O + V(cVp)0 — DO(cVp).

Therefore, by taking the scalar product with Vp in the first equation and with Vu in the
second one, we get

V x (6Vu x 0)-Vp=doVu-Vp—div(eVu)0-Vp+ V(eVu)0 - Vp— DO(cVu) - Vp,
V x (6Vpx80)-Vu=206cVp-Vu—div(ocVp)O8 - -Vu+ V(sVp)0 - Vu— DO(cVp) - Vu.
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By integrating over € and applying the first formula in Lemma 3.7 and (24) for v = p, we
obtain

0= / doVu - Vpdx — / div (cVu) 0 - Vpdx + / oV?ub - Vpdx
Q Q Q
(35)
- / DO(oVu) - Vpdx + / (Vo -6)(Vu- Vp)dez,
Q Q

while the second equation becomes

0= / 00Vp - Vudx — / div (cVp) 0 - Vudx —I—/ V(oVp)0 - Vudx
- / DO (cVu - Vp) dz.
Q

By summing (35) and (36), and then using the second formula of the lemma, we obtain a new
expression for Ji:

Ji = —/ div (cVu) 0 - Vpdz — / div (oVp) 0 - Vudz + / 0OnpOnuby, ds.
Q Q r

Finally, let us obtain an equivalent expression for the integral J,. Knowing that C' =
61— (DO)T, we have

Jo = —/Q (CTb-Vu+Db0-Vu>pd:U

= / o(b-Vu)pdx + / DO(b - Vu)pdx — / Db(6 - Vu)pdzx.
Q Q Q
Now, utilizing (24) with ¢ = b and 1 = 6, we obtain
V x (b x 8) = éb — divb@ + Db — DOb,
from which it easily follows that
V x (bx8) -Vup=4d(b-Vu)p—divb(8 - Vu)p+ Db(0 - Vu)p — DO(b - Vu)p.

By integrating over €2, we deduce the desired expression. This completes the proof of the
lemma. O

Now, to finish the proof of Proposition 1, we simply need to utilize the identities established
in the previous lemma. Indeed, by Lemma 3.7 together with the fact that div (cVu) =b-Vu
in Q, dJp(2)[0] equates to

J+Jo=— / div (oVu) 0 - Vpdr — / div (oVp) 0 - Vudzr + / 0O0npOnub, ds
Q Q T

—/Vx(b><0)-Vupdx—/divb(0‘Vu)pda:.
Q Q

At this point, we reconsider the variational formulation of the adjoint system (29) with ¢ =
0 - Vu, to get

— /Q div (cVp) 0 - Vudx — /Qdiv b(0 - Vu)pdr = /Q (b-Vp)(0-Vu)dx.
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Then, evidently, after a rearrangement of the integrals
Ji1+ Jo = / [(b-Vp)(@- -Vu)— (b-Vu)(@- -Vp)—V x (b x8) Vup|dx + / 0OnpOnuby, ds.
Q T

However, it can be demonstrated that the first integral actually vanishes, i.e.,
/ [(b-Vp)(@- -Vu)— (b-Vu)(@- -Vp)—V x (bx80)-Vup|dx =0, (37)
Q

(see Appendix B), leading us to the desired result dJp(Q)[0] = J; + Jo = fr 0OnuNOnpNOy ds.

3.3.2 Proof of Proposition 1 via shape derivative of state

Let Q € C?! be an admissible domain and 8 € @ NC?!(D)?. Clearly, .J; is shape differentiable
for all i € {D, N}. By Hadamard’s boundary differentiation formula, one obtains

0Ip(Q)[6] = / (un — fudy ds,

where uy = un(Q)[0] — 0 - Vuy satisfy equation (19). Multiplying (19) by p = py and then
integrating over (), we get

—/ div (aVu')pdx + / b-Vu'pdr =0
Q Q
Applying Green’s formula while noting that d,u’ = 0 on ¥ and p = 0 on I', we obtain
—/ oVu' - Vpdr = / (b-Vu')pda. (38)
Q Q

Let us now multiply (29) by v’ = u/y and then integrate over € to obtain

/ div (o Vp) v’ dz + / [(b- Vp)u' + pdivbu] dz = 0.

Q Q

Employing Green’s formula and then utilizing identity (38) after, we get the following equation
after some rearrangements

/ [pu/ divb + (b Vp)u' + (b - Vu')p| dz + / gOnpu’ ds = 0. (39)
Q o0

Hence, with p = py = 0 on I, we obtain from (39) and (31) (putting ¢ = v’ and ¢ = p) the

equation

/ (pb -1+ cOup)u’ ds = — / oOnpt’ ds.
) r

However, we know that pb - n + c0yp = v — f on X form (29) and v/ = —0ub, on T' from
(19). Thus, we deduce that

dJp()[0] :/Z(u— fiu'ds = /Faanpanuen ds,

as desired.
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4 Numerical Experiments

To implement the proposed shape methods numerically, we will utilize a conventional shape-
gradient-based descent technique combined with a finite element method (FEM) based on our
previous work | |. Before moving forward, we emphasize that identifying w is the same
as identifying € since Q@ = D \ w. Therefore, defining w also means defining €2, and vice versa.

4.1 Conventional numerical algorithm

To compute the kth approximation QF, we carry out the following procedures:

1. Initilization Fix a number p > 0 and choose an initial shape Q.

2. Iteration For k =0,1,2,..., do the following:

2.1 Solve the state and adjoint state systems on the current domain QF.

2.2 Compute the vector 8% in QF according to the following problem: Find a vector
6 € V5(Q)¢ which solves the variational equation

/(VG:VQ0+0~<p)da::—/Gn-cpds, Vo € V()4
Q r

where G denotes the kernel of the shape gradient.

2.3 Compute the step size using the formula t* = ,uJ(Qk)/|0k %l(ﬂk)d.

2.4 Update the current domain by setting Q.1 = (id +tF6%)QF.

3. Stop Test Repeat the Iteration until convergence.

The algorithm above generates a sequence of approximations to the exact inclusion w*, start-
ing from an initial guess and employing domain variation techniques in shape optimization
[ ]. In Step 2.2, a Riesz representation of the shape gradient G is computed as part
of an extension-regularization strategy aimed at suppressing rapid oscillations along the free
boundary. This stabilizes the approximation process and prevents premature termination. As
a result, we obtain a Sobolev gradient representation 8 € V() of the deformation vector in the
normal direction —Gn, yielding a smoothed and preconditioned extension of —Gn throughout
the entire domain 2. This, in turn, allows for the deformation of the discretized computational
domain by adjusting the positions of movable mesh nodes—modifying not only the boundary
interface but also the interior nodes of the domain. Further details on discrete gradient flows
for shape optimization problems can be found in | .

We emphasize that the domains are discretized using Delaunay triangulation. In our ap-
proach, the mesh nodal points serve as the design variables to approximate the exact inclusion
solution. Alternatively, a parametrization method coupled with an adaptive technique can also
be applied. Interested readers are referred to | | for an application of this approach to
related work, specifically in the context of obstacle detection in fluid flow.

In Step 2.3, u > 0 serves as a scaling factor, adjusted downwards to prevent the formation
of inverted triangles in the mesh after the update. The determination of this step size follows
an Armijo-Goldstein-like criterion for the shape optimization approach, as detailed in | ,
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p. 281] where the step size is further reduced to avoid reversed triangles after the mesh update.
Essentially, the step size is dependent on the mesh size of the triangulation. Additionally,
convergence is reached when a finite number of iterations is completed.

In the subsequent numerical experiments, we will first analyze the case where ¢ =
constant > 0, followed by the case o(x) = og(z)I for x € D (see subsections 4.2, 4.4, and
4.5). Here, 0y is a scalar function and I is the identity matrix. Afterwards, we will examine a
case where ¢ is a more general matrix; see subsection 4.6.

4.2 Numerical examples in 2D

For the first set of numerical examples in two spatial dimensions, we make the following broad
assumptions: the domain D is the unit circle centered at the origin, o(x) = 1.1 and b(z) =
(1.0 + 0.5 sin (arctan(xa/x1)), 1.0 + 0.5 cos (arctan(zz /1)) ", where z = (x1,22) € D C R2.
Additionally, the data is synthetically constructed. Specifically, we consider the Neumann
boundary condition g(x) = e*'. We then compute the trace of the state solution u of (3)
to extract the measurement f = u on the accessible boundary 9. To avoid inverse crimes
(see [ , P- 154]) in generating the measurements, we construct the synthetic data using a
different numerical scheme. This involves employing a larger number of discretization points
and applying P2 finite element basis functions in the FREEFEM++ code | |, compared
to the inversion process. In the inversion procedure, all variational problems are solved using
P1 finite elements, and we discretize the domain with a uniform mesh size of A = 0.03.

We shall test our proposed identification procedure by considering the following exact
geometries for the unknown boundary I'*:

0.6 + 0.54 cost + 0.06 sin 2t

—0.25 + 12075 ; cost
X __ Tk . . COS .
Case 1: I" =17 := 005+ 06 054cost +0.06sin2e vt € [0,2m) s
. Sin
1+ 0.75cost

Case 2: ['* =I'3, where '} is the boundary of the domain w* = (—0.55,0.55)% \ [0, 0.55)2.

For the forward problem, the exterior boundary is discretized using NJ,, = 500 points in both

cases. In Case 1, the exact interior boundary is discretized with N}, = 700 points, while
in Case 2, we use N;, = 900 points. For the inversion procedure, the exterior and interior

boundaries are discretized with N, = 120 and N;,; = 100 points, respectively, in all cases.

The numerical algorithm terminates after IV iterations. In the numerical experiments, N
is chosen to be large enough that the cost value has already saturated. For the 2D cases, we
set N = 200 iterations for Case 1 and N = 600 iterations for Case 2°, and we set u = 0.5. For
all the 3D numerical experiments considered below, we use N = 600.

We will also test our algorithm with noisy data, where the noise level § is expressed as a
percentage. Specifically, the manufactured solution u}, (i.e., the exact solution of the forward
problem for a given input f) is corrupted by adding Gaussian noise (denoted as g.n.) with mean
zero and standard deviation 0.5. The noisy solution is then given by u$, = (1+6§ x g.n.)u},, and
we define g|y := 6nu5D. At this juncture, it is important to note that least-squares formulations

3The algorithm could run for extended periods, and the stopping criterion could be enhanced. However, this
straightforward termination condition already yields satisfactory results based on our experience.
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of the boundary identification problem are ill-posed. In simpler terms, this means that even
small changes in the measurements can lead to significant differences in the identified unknown
boundaries. Moreover, the presence of noise can destabilize the reconstruction, as it introduces
irregularities along the boundary after some iterations in the procedure. To ensure the smooth
evolution of the free boundary during each iteration, regularization techniques are typically
incorporated alongside the extension-regularization method applied to the deformation field. A
common approach involves penalizing the perimeter (or surface area in three dimensions) of the
free boundary through a term like n fF 1ds, where 1 > 0 is a small regularization parameter. In
all cases where this perimeter penalization is used, we set = 0.001, unless otherwise specified.

In our numerical tests, we will also examine the effect of perimeter regularization, as well
as the effect of adaptive mesh refinement. The mesh refinement is performed using the built-in
adaptmesh function in FreeFEM++4-. Although mesh refinement is not a regularization method
in the classical sense—since it does not improve the well-posedness of the inverse problem—
it plays a crucial practical role in maintaining mesh quality during the shape optimization
process. In this context, it may be viewed as a form of mesh regularization, since repeated
deformations can lead to element distortion, especially in the presence of high levels of noise,
such as overly thin or elongated triangles, which may compromise numerical stability. This
interpretation aligns with the idea that Delaunay triangulation itself can be seen as a form of
regularization by projection onto a finite-dimensional space.

We focus on the reconstruction using the Dirichlet-data tracking approach given by Equa-
tion (6) since the Neumann-data tracking approach (7) is less stable from our experience; see
[ J-

The numerical results for the test scenarios are shown in Figure 1 and Figure 2. These
figures present the identified inclusion with and without noise (6 = 0%, 10%, 15%). The thick
black line outlines the object’s surface, while the red line indicates the exact inclusion geome-
try. Black dotted lines represent initial guesses, and other lines show identification results at
different noise levels.

Our shape optimization method achieves reasonable reconstructions, especially in noise-
free cases. However, it accurately locates the inclusion but cannot capture its exact shape,
particularly in concave regions, as expected. This limitation, consistent with prior findings,
persists even in less regular cases, such as those violating C'!! regularity assumptions | ,

|. The cost histories in the figures confirm higher computed costs with measurement
noise.

To evaluate the impact of employing perimeter regularization and adaptive mesh refine-
ment, we conduct further tests focusing on reconstructing I'5. The summarized results, pre-
sented in Figure 3, compare scenarios with and without regularization—that is, with perimeter
penalization applied using 7 = 0.001. The graph also includes reconstructions with perimeter
regularization and adaptive mesh refinement at each iteration. Although some improvements
are observed with perimeter regularization (which also helps prevent overlapping of nodes after
deformation; see Figure 3), these improvements are not substantial, even when combined with
adaptive remeshing. We believe this is due to the ill-posedness of the problem, which is made
worse by the high noise level in the measurements and possibly by the non-smoothness of the
exact inclusion, characterized by a re-entrant corner. We note that, because of this re-entrant
corner, adaptive mesh refinement is a useful tool to improve the accuracy of the solutions,
especially since the mesh deformation vector clearly depends on the mesh quality. Addition-
ally, while there are differences in the reconstructed shapes, the variations in cost histories
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Figure 1: Reconstruction of I'j in the absence and presence of noise (6 = 0%, 10%, 30%). The
plot on the right shows the cost value histories for each case.
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Figure 2: Reconstruction of I’y in the absence and presence of noise (6 = 0%, 10%, 30%). The
plot on the right shows the cost value histories for each case.
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are minimal. Despite the difficulty the method has in detecting sharp inclusion corners, the
reconstructed shapes are fairly accurate representations of the actual inclusion geometry, even
in the presence of significant noise.

100 =« w/o regularization (wor)
rrrrr w/ regularization (wr)
—e=— w/ adaptive remeshing (war)

cost values
g

0 25 50 75 100 125 150 175 200
iteration

Figure 3: Reconstruction of I'j with noisy data (6 = 30%) with perimeter regularization and
with adaptive mesh refinement. The plot on the right shows the cost value histories for each
case.

Finally, for the last set of numerical examples for 2D case, we set ¢ = 2 +
0.5sin(0.57z) cos(0.57y), g(t) = et ¢ € [0,27), and 8 = A = 0.0001. The results are
shown in Figures 4 and 5 using the conventional shape optimization method of tracking the
Dirichlet-data in L? sense with perimeter regularization imposed for reconstruction with noisy
data. Notice from the plots that in the absence of noise, we obtain fair reconstructions of the
obstacles, indicating the unknown shapes have concavities. As expected, however, the recon-
struction is much less accurate at the presence of noise, and it is difficult to indentify correctly
the concave parts of the obstacles.

cost values

0 100 200 300 400 500 600
iteration

Figure 4: Reconstruction of I'f with 6 = 0%, 10%, 30% using (6) with perimeter regularization
but without adaptive mesh refinement. The right plot shows the histories of cost values for
each noise levels.

4.3 Alternating direction method of multipliers
To improve detection in the case of measurements with a high level of noise, we propose an

application of the Alternating Direction Method of Multipliers (ADMM) in the context of
shape optimization, originally introduced in | | for the cavity identification problem

20



0 100 200 300 400 500 600
iteration

Figure 5: Reconstruction of Iy with 6 = 0%, 10%, 30% using (6) with perimeter regularization
but without adaptive mesh refinement. The right plot shows the histories of cost values for
each noise levels.

governed by a simple Laplace equation. The proposed method is based on the introduction of
an auxiliary variable into the cost functions provided in (6) and (7). Since the new minimization
formulation we will develop essentially involves the same modifications as applied to (6) and
(7), we shall focus solely on tracking the Dirichlet data. We will then proceed to solve the
resulting minimization problem via an alternating direction method of multipliers or ADMM
developed in | |. Hence, the following discussion will be based on [ ]-

Hereinafter, we will denote J := Jp, and as before, Q € C%*! is an admissible domain and
for later use, we assume that @ € ®©NC%! (D)% and g € H3/%(X); see Remark 3.5. Now, to start,
we reformulate our original shape inverse problem (5) into the following shape optimization
problem with inequality constraints.

Problem 4.1. Let a and b, b > a, be given fized constants. Find the shape w* in the space of
admissible set

Owi={weA|la<uny <b a.e inQ where uy solves problem (3)}

such that )
w* = argmin J(Q) := arg min {2/ luny — f]? ds} ) (40)
)

w€Oqq w€Oquq

A comment on the choise of a and b is necessary. To choose suitable values for a and b,
omne can apply the maximum principle in Sobolev spaces | , Thm. 8.1, p. 179] in the case
where the data f is prescribed, one can set b = supy, f. On the other hand, because v = 0 on
I, then a straightforward choice is to take a = 0. These choices of a and b will be used later
in our numerical experiements.

We highlight that identifying w is equivalent to identifying €, given that Q = D\ @. Thus,
whenever we define w, we are simultaneously defining €2, and vice versa. To directly incorporate
the inequality constraint in the cost function, we will introduce the auxiliary variable v which
satisfies v = uy a.e. in Q and consider the set £ defined as follows

E={(w,v) € Ogqg x L*(Q) | uy =v ace. in Q}.
Then, we can rewrite (40) as follows

(w*,v*) = argmin {J(Q) + Ux(v)}, (41)
(wyw)e€
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where the set K is the closed convex non-empty set of L?(2) defined by
K:{UEL2(Q)\a<v<b a.e. in Q},

while Ug is the indicator functional of the set IC; that is, Ux(v) = 0 if v € K, otherwise,
Uk (v) = oo if v € L?(Q) \ K.

To apply ADMM to the control model (41), we need to define the augmented Lagrangian
functional first. This is possible since the minimum of problem (41) is the saddle point of the
following augmented Lagrangian functional

L[g(w,v;)\):J(Q)+U;¢(U)+g/Q|uN—v]2d:n+/Q)\(uN—v)dm, (42)

where A is the Lagrange multiplier and 8 > 0 is a penalty parameter. In this work, as in
[ ], we consider a fixed value for the penalty parameter 3. While it is possible to
develop an optimization scheme for S within our main algorithm using bilevel optimization
[ |, we have opted to keep f fixed to simplify our discussion. This choice consistently
yields good results, as we will demonstrate further below.

Now, to find a saddle point of the Lagrangian functional Lg, we will implement an approxi-
mation procedure based on ADMM. Specifically, starting with initial values v%, \° € L?(Q), we
will iteratively compute the optimizer of L for k = 1,2,... by solving the following sequence
of minimization problems:

WM = argmin Lg(w, v*; \F); (SP1)
wWEOyq

oF 1 = argmin L (w1 vy AF); (SP2)
veL?(Q)

AL = A 4 Blulft — oM, (SP3)

where uff =y (QFFY).

Now, utilizing Lg given in (42), we can outline the ADMM scheme in Algorithm 1.

Algorithm 1 ADMM algorithm for the solution of problem (40).

1. Input Fix 8, a, and b, and define the Cauchy pair (f, g).
2. Initialization Choose an initial shape wg. Also, set the initial values v° and A°.

3. Iteration For k =1,2,..., compute v*, \F using equations (SP1)-(SP3) through sequen-
tial computations:

(0%, A} SPY - k1 G2 k1 P k1

4. Stop Test Repeat Iteration until convergence.

In the following two subsections, we will outline the resolution of (SP1) and (SP2).
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4.3.1 Solution of w-subproblem (SP1)

We first look for the solution of the first w-subproblem (SP1) in which we need to minimize
Lg with respect to w. The w-subproblem (SP1) is given as follows

wk“:argmin{J(Q)—i—UK(vk)—i—g/ \uN—vk|2dx+/)\k(uN—vk)dx}.
Q Q

wEOad

Let us consider the following shape functional

YR(Q) := Lg(w,v™; \F) = J(Q) + g/ lun — o*|? da +/ Mo (uy —vF) de,
Q Q

1
where J(§2) = 2/ lux — f|* dz and uy solves problem (3) over Q = D\ @.
Q
Obviously, resolving the w-subproblem (SP1) necessitates the shape derivative of Y*. Fol-

lowing the computations outlined in subsection 3.3.2, the shape derivative of Y* at €, in the
direction of the vector field 8 € ® N C*!(D)?, can be formally computed as follows:

dyk(ﬂ)[o]:/2(uN—f)u’Nderﬂ/Q(uN—v’“)uwdHg/ﬂdiv ((UN—U’“)Q") dz

—i—/Q)\ku’Nd:c—&—/QdiV (Ak(uN—Uk)e) dx

:/Z(uN—f)u'Nderﬁ/Q(UN—Uk)“/Ndﬂ?+g/r(”k)29nds
—i—/Q)\ku'Ndx—/F)\kvk@nd&

where u/y solves (19). In (43), we have used the fact that uy =0 on I and @ =0 on X.

(43)

We point out that Equation (43) is difficult to handle since we cannot find explicitly the
direction 6. In fact, the computed expression with the shape derivative uy’ is not useful
for practical applications, especially in the numerical realization of the proposed shape opti-
mization problem via an iterative procedure. This is because the implementation requires the
solution of (19) for each velocity field 0, at every iteration. To get around this difficulty, we
apply the adjoint method as in subsection 3.3.2. For this purpose, we will introduce another
variable w — in order to eliminate from the gradient expression the shape derivative v’y — which
solves the following adjoint problem

div(cVw) +b-Vw+w divh = Bluy —ov¥) +A\F in Q,

w = 0 on I, (44)
oOhw+wb-n = —(uny — f) on X.

This leads us to the following expression for the shape derivative of Y*:

dYk(Q)[G] = / Hfn.-0ds = / <—08nw8nuN + é(vk)2 — )\kvk> n-0ds, (45)
T r 2

In practice, the computed shape derivative —Hn is not directly used in numerical procedures
as a descent direction because it can cause boundary oscillations during the approximation
process, leading to algorithmic instabilities. To mitigate this problem, we use the Sobolev-
gradient method | | (refer to the algorithm in subsection 4.1), which we will discuss next.
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4.3.2 Extension and regularization of the deformation field

The shape gradient of Y, similar to J, is only supported on I' and may lack the neces-
sary smoothness for numerical implementation, especially when using finite element methods
(FEMs). To improve the regularity of the descent direction H (omitting k for simplicity) and
extend its definition across the entire domain €2, we will utilize its H' Riesz representative of
H as done in subsection 4.1. We can then formulate a Sobolev gradient-based descent (SGBD)
algorithm laid out in Algorithm 2 to solve (SP1).

Algorithm 2 SGBD algorithm for w-subproblem (SP1)

1. Input Fix 3, a, b, and € and set A\¥, u, QF = QF wk =¥ oF =k, Also, set m = 0.

m
2. Iteration For m =1,2,.. .,

2.1 solve (3) and (44) over the current domain 2 = QF :
2.2 set 8% = 0 where 0 € V5 (Q)%, Q = QF | solves the variational equation

/Q(ve Ve +6-¢)d /Hn pds, Vo€ Hj ()7

2.3 for some scalar t* = pJ*(QF )/HOkHH1 Qk )i, Set QF o= {a+th0k (2) |z € QF ).

3. Stop test Repeat Iteration until convergence; i.e., while ||dY*(QF )[0% ]| > ¢ do Iteration

4. Output QF+1 = Qk

In Step 2.3 of Algorithm 2, we initialize the step size t* using the formula t© =
uJ(QO)/HHOHHl(QO)d, where p = 0.5. We maintain this step size in later iterations but ad-
just it to prevent inverted triangles (or tetrahedrons) within the mesh after each update.
Alternatively, we could employ a backtracking procedure, starting with the initial step size
th = MJ(Qk)/\|0k\\H1(Qk)d (where p > 0 is sufficiently small), based on a line search method for
shape optimization as in | , p. 281]. However, the previously mentioned step size choice
is more effective for reconstructing the unknown obstacle.

4.3.3 Solution of the v-subproblem (SP2)

Now we turn our attention to the resolution of v-subproblem (SP2) by minimizing Lg with
respect to v. That is, we solve the v-subproblem (SP2) given by

okt = arg min {J(Qkﬂ) + Uk ( ﬂ / \ukﬂ — v[z dz +/ )\k(uﬁ;rl — ) da;}.
veEL?(Q) Q

Applying the projection method, we obtain
+1 _ P]C( k+1 +)\k/5)

where Pi(¢) := max(a, min(b,¢)), for all ¢ € L*(Q) is the projection operator onto the
admissible set K.
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4.3.4 ADMM-SGBD algorithm

Finally, based on the discussions above, we can now propose a modification of Algorithm 1 for
the numerical solution of the constrained shape optimal control problem (40) with an inequality
constraint subject to (3). More precisely, Algorithm 1 can be specified as a nested iterative
ADMM-SGBD scheme for the optimal control problem (41) following the instructions given in
Algorithm 3.

Algorithm 3 ADMM-SGBD

1. Initialization Specify (f,g), and choose w®, A\, 3, a, b, v°, p, and ¢.
2. Iteration For Kk =10,...,N,

2.1 compute u¥; solution of the state (3) associated to w*;
2.2 compute w” solution of the adjoint state (44);

2.3 update w**! by the gradient-descent method in Algorithm 2;
2.4 update vF*1 as v+ = max (a, min (uﬁ,Jrl + M8, b));

2.5 set AL =\ 4 gt — k1),

3. Stop test Repeat Iteration until convergence.

Remark 4.2. The techniques and algorithms described earlier can be readily adapted for
scenarios involving noisy data. When considering the addition of a reqularization term, whether
the data is affected by noise or not (such as through perimeter or volume regularization), these
terms are integrated into the Lagrangian functional. This modification entails including the
corresponding shape derivatives in (43).

4.4 Numerical experiments in 2D via ADMM with space-dependent diffu-
sion coefficient

We now demonstrate the effectiveness of the proposed ADMM scheme and its advantage over
the conventional algorithm discussed in subsection 4.1. To do so, we first replicate the numeri-
cal experiments detailed in subsection 4.2 using noisy data with a noise level of 6 = 30% where
o = 1.1, then after that we consider the same test case in the latter part of subsection 4.2
where the diffusion coefficient o is non-constant. The results of the reconstruction using Algo-
rithm 3 without any additional regularization term in the Lagrangian functional are depicted
in Figures 6, showcasing two different initial obstacle guesses. The reconstructions notably
outperform those shown in Figures 2 and 3, exhibiting increased accuracy and reduced oscil-
lations compared to the conventional approach. Additionally, Figures 6 present the histories
of the cost functions and gradient norms for further insight.

For the non-constant case of o, the results are illustrated in Figure 7. When compared with
Figures 4 and 5, which depict results from the conventional shape optimization method, the
improvement in this case appears to be minimal. We suspect that the choice of cost function
is one of the main reasons behind this issue. A more suitable Lagrangian functional, denoted
by Lg, should be constructed to explicitly incorporate the diffusion coefficient into the cost
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Figure 6: Reconstruction of I' with noisy data (§ = 30%) and T° = B(0,0.9) using ADMM
without regularization and without adaptive mesh refinement.

function. To address this problem, it would be interesting to explore how a Kohn—Vogelius-
type cost functional | | performs in this context. Incorporating the diffusion coefficient
into the Lagrangian corresponding to the ADMM formulation could potentially improve the
reconstruction.

Figure 7: Reconstruction of I'] (left, also note the difference in initial guesses) and I’ (right)
via ADMM both with perimeter regularization and without adaptive mesh refinement.

4.5 Numerical experiments in 3D via ADMM with space-dependent diffu-
sion coefficient

Let us now examine test cases in three spatial dimensions to further evaluate our algorithm.
The domain D is the unit sphere centered at the origin, o(z) = 1.1 and b(z) = (1.0 +
0.5 sin (arctan(zy /1)), 1.0 4 0.5 cos (arctan(xa/x1)),1.5) T, # = (21,29, 23) € D C R3. Again,
the data is synthetically constructed and we set g(z) = exp(z? + 23), © = (w1, z2,73) € dD.
On the other hand, the computational setup remains largely the same as in the 2D case, with
only a few adjustments. Specifically, we set N = 600, A\’ = 0.001, a = 0.5minu(Q \ &*),
b=15maxu(Q\w*), " =1, =10"% and w’ = B(0,0.8).

For the exact obstacle, we analyze two shapes: a dumbbell shape and a star shape, setting
8 = 0.1 in the ADMM scheme. In the forward problem, the exact domain is discretized with
minimum and maximum mesh sizes k). = 0.05 and A}, = 0.1 (see, e.g., the first row of plots
in Figure 8), using tetrahedrons with a maximum volume of 0.001. For the inversion process,

the domain (Q \ @)Y is discretized with a coarse mesh, having hyin = 0.15 and hpayx = 0.2,
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using tetrahedrons with a volume of 0.005. When dealing with noisy data, we combine the
ADMM and the conventional shape optimization (SO) schemes with surface penalization (cf.
[RHAT24]), using n = 0.003, to reduce excessive irregularities on the surfaces of the obstacles;
see [RA18].

The figures, from Figure 8 to Figure 11, show the numerical results including both exact
measurements and data affected by noise. The key observations align with those from the
2D experiments. Notably, the ADMM results are more accurate than those from SO, as
ADMM effectively reconstructs the exact obstacle even with high noise levels in the data.
Additionally, it is observed that smaller obstacles are harder to reconstruct accurately, as
shown in Figure 10 and Figure 11. Nevertheless, ADMM detects the concavities of obstacles
more effectively than SO, demonstrating a significant advantage. To provide more insights on
these methods, Figure 12 displays the plots showing the histories of cost values and gradient
norms for the test cases considered. From the plots, it is evident that the cost values for SO are
consistently lower compared to those for ADMM. This is primarily due to the additional term
in the objective functional of the ADMM formulation. Furthermore, the increase in cost values
for ADMM can be attributed to the last integral term appearing in the objective functional,
which is not always positive. We also considered cases where ¢ is non-constant. However, as
in the 2D case, the improvement is minimal.

Figure 8: Exact geometry of a dumb-bell shape obstacle (top/first row) and reconstructed
shapes obtained via SO (middle/second row) and ADMM (bottom/third row) with exact data.
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Figure 9: Reconstructed shapes obtained via SO (top row) and ADMM (bottom row) with
noisy data at a 30% noise level.

Figure 10: Exact geometry of a star-shape obstacle (top/first row) and reconstructed shapes
obtained via SO (middle/second row) and ADMM (bottom/third row) with exact data.
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Figure 11: Reconstructed shapes obtained via SO (top

noisy data at a 30% noise level.
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4.6 Numerical experiments in 3D via ADMM with space-dependent diffu-
sion matrix

Finally, we explore a broader scenario where instead of a diffusion coefficient, a diffusion matrix
dependent on space is utilized. We comment here that the expression for the shape derivative
remains unchanged; however, assumptions in (A) need to be modified accordingly for technical
reasons and the specific details of the calculation differ. For instance, it should be noted that
00nu should be computed as (6Vu) - n. These differences are omitted here, as the underlying
argument closely follows that of Section 3.

The computational setup to solve the present case mirrors the previous subsection, ex-
cept for o(z) = (0i;(x))ij € L®°(D)**3, 1 < 4,5 < d, where 055 = 0if i # j, o131 = 2 —
0.5 cos (arctan(za/x1)), 022 = 2+ 0.5sin (arctan(xz/x1)), and o33 = 2 + 0.5sin (7)) sin (7x2).
Furthermore, we assume that the data is corrupted with § = 30% noise.

The figures presented in Figure 13 and Figure 14 depict the numerical results of the current
experiment. As expected, even in the general case, ADMM exhibits superior accuracy over
SO, successfully reconstructing unknown obstacles amidst significant data noise. Remarkably,
as evident in the plots shown in Figure 13 and Figure 14, ADMM further distinguishes itself
by accurately detecting the concave features of these obstacles even under considerable noise
levels, thereby emphasizing its pronounced superiority over SO.

Figure 13: Reconstructed shapes obtained via SO (top row) and ADMM (bottom row) with
noisy data at a 30% noise level.

5 Conclusion

In this paper, we investigated a shape inverse problem for the advection—diffusion equation with
spatially varying coefficients. Within a shape optimization framework, we aimed to reconstruct
an unknown obstacle from boundary measurements. We considered two objective functions, Jp
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Figure 14: Reconstructed shapes obtained via SO (top row) and ADMM (top row) with noisy
data at a 30% noise level.

and Jy, established their differentiability, and derived the corresponding shape gradients using
the adjoint method. Numerical reconstructions were carried out using the alternating direction
method of multipliers (ADMM) combined with a Sobolev gradient descent approach in a finite
element setting. The results demonstrated accurate reconstructions of various obstacle shapes,
even in the presence of noise. In particular, ADMM improved the detection of concavities,
especially in cases with constant diffusion and spatially varying advection.
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A Differentiability of the state variables

In these proofs, we streamline notation by omitting the subscript 5. Furthermore, we introduce
a generic constant ¢ > 0, which remains independent of ¢ and may assume different values in
varying contexts. Lemma A.1 shows the continuity and coercivity of a’. Lemma A.2 describes
the solution in the transformed perturbed domain while Lemma A.3 establishes that ! is of
class C! in a neighborhood of 0. Subsequently, by applying the implicit function theorem, we
demonstrate the existence of the material derivative.
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Lemma A.l. Given the assumptions in (A), assume that |b| is sufficiently small with
b o Ty = b’ and 0 oTy = o'. Then, the map a' : I x Vr(Q) x Vr(2) = R given by

(o) — [ d'AVe Vide+ [ b CTpuds
Q )
is a continuous and coercive bilinear form on Vp(2) x Vp(Q) which satisfies

a' (¢, 0) = cllell; )

for some positive constant ¢ := c¢(Q2) that is independent of t.

Proof. Assume (A) and that !bt|oo is sufficiently small — to be specified later in the proof.
Then, the following estimate holds

|a' (@, v)| = /UtAtvw'Vl/)dx—F/bt-Cthm/)dx
Q Q

< esup (oo [Ael o + 0| o 1Ce o) Nty 11y

< cllelhvi@ 19l »

which shows the continuity of the given map. On the other hand, for the coercivity of a!, we
use the boundedness of A; given in (14) from which we obtain

(c1 = DIEP < (A~ D€ < (2 - DI

Then, we have the following estimate

at(so,¢)=/0tvs0-vsodw+/
Q

ot (AtI)V<,0~chd1:+/ CIbl - Vopdr
Q Q

2 2
> cop (141 = 1) [l9lli ) — ‘bt‘oostlel? Ctl oo 1V (0
2
> (ccrst = o] sup il ) el
S

for some constant ¢ > 0. So, for sufficiently small ‘bt‘oo, more specifically, if ‘bt‘oo is such that

bt] col
 super [Cilo

then
2
a'(p,9) 2 ¢ ”SDHVF(Q) )

for some positive constant ¢ := ¢(2) that is independent of ¢. O

Lemma A.2. For any v € Vp(Q), the function u' € Vi(Q) solves the equation

at Ut = S.
(ut ) /E g d (46)
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Proof. Let us = u(§2) the solution of problem (3). Then, we have
/ oVuy - Vipy day + / b - Vui)s doy = / g ds, Y € VF(Q),
Q¢ Qy %

where ¢y = 0 on T and V(u;) o Ty = (DT;)~ TVl (see, e.g., [ , Eq. (71)]) with u* € Vp(Q)
and g;o Ty = g = g € HY/?(X) and boT; = b’ and 0o T; = ¢*. By the change of variable, the
transported function u'(z) = (u(Q¢) o T3)(z), = € , solves the following variational equation

/ ot AVl - Vi da + / b’ - O\ Vuly dr = / gt ds, Vip € VR(Q), (47)
Q Q b

as desired. ]

Lemma A.3. The solution t — u® of (46) is C! in a neighborhood of 0.

Proof. To prove the claim, we will apply the implicit function theorem (IFT). Upon careful
examination of (46), it can be verified that u' — u represents the unique element in Vp(Q)
satisfying the variational equation

/ ot AV (ut —u) - Vipdr + / b’ - C,V(u' — u)y dx
Q Q
= / gy ds — / o' AV - Vi da —/ b' - C;Vup dx, Vi € Vr(Q),
» Q Q

Using the duality pairing (-, -) between Vp(€2) and its dual space V'(€2), we can define a function
F:IxVp(Q) — V'(Q) by

o) = |

ot ANV (o +u) - Vipda + / b’ CyV (¢ + u)y dx — / g ds
Q Q P

:at(wu,w)—/zgwds, (0.0 € Vi (9).

Above, it suffices to assume relaxed regularities for the data and the domain to establish the
boundedness of the map F through a duality pairing argument. Because in (15) the maps
[t = Ay], [t = Cy], [t = ¢'], and [t = b'] are C! in a neighborhood of 0, then clearly F is C?.
Then, taking ¢ = u® —u € Vi (Q2), we have

(Ftut )0 = |

ot AVl - Vi da + / b’ - C,Vulyp dx — / g ds
Q Q >

=a'(u', ) — / gds =0, Vi e Vr(Q).
b

The next step is to show that there exists a unique function k, a mapping ¢ +— u! — u from a

neighborhood of 0 to Vi (£2) such that F (¢, k(t)) = 0. To accomplish the task, let us note that

u! — u solves uniquely F(¢,u’ —u) = 0 in Vp(Q2). In addition, we see that

(F(0,9),9) = (F(0,0),9) = (DpF(0,0)0,4) = a’(¢ +u,¥) — a'(u,¥)) = a’(, ).

By Riesz’ representation theorem, with V() being a Hilbert space, we obtain
<D90]:(07 0)(107 7/)> = d<,0‘7:(07 0)((707 TIZ)) = at((‘p7 TIZ))

36



Using Lemma A.1, we deduce via Lax-Milgram lemma that d,F(0,0) is an isomorphism from
V(Q) to V/(Q), and we conclude by IFT that the map k given by [t — u! —u] is C! in a
neighborhood of 0.

To finish the proof, we will demonstrate that (17) actually holds. For this purpose, let
us denote by @ € V() the derivative of the map [t — u' — u] € CY([—¢,e]; V1 (Q)), € > 0
sufficiently small, as ¢ — 0. Differentiating the equation F(¢,u’ — u) = 0 with respect to t,
leads to

ai,) = 1059) = (DLF(0,0)i0 ¥} + (5 F(0,01,6) =0, ¥ € Vr(®),

where [ is given by (18). O

B Proof of key identities

Here we provide proofs to the key identities used in this study.

We start with the proof of identity (24).

Proof of identity (24). Let @ = (61,---,04)" and ¢ = o(z), * € R?, be differentiable. For
notational convenience, we write 8; := 9/dx;. For example, cVu = (¢01u,...,00;4u)’. Now,
by expansion, we have

V(oVu) = (00;(9u) + dj00iu), . = oV?u + (9j00;u) (1<i,j<d).

1, 1,57

Additionally, let us note that

d d d d
(@-a@iu)m 0 -Vv= Z Z 0;00;ubj0;v = Z 0io0(Vu - Vv)b; = (Z 81-091-) (Vu - Vo)
i=1 i=1

i=1 j=1
= (Vo -0)(Vu-Vv)
Thus, we have
V(oVu)8 - Vv = oV?u - Vo + (@U@iu)ij 6-Vu
= oVl - Vv + (Vo - 0)(Vu - V).
O

Proof of the first identity in Lemma 3.7. Because div (V x ¢) = 0 for all ¢ € V(Q) and u =
p=0onTI while @ € © (i.e., 8 = 0 on X), then the application of integration-by-parts clearly
yields

/Vx (aVuxB)-Vpdx:—/div(Vx (cVu x 0)) pdz
Q Q

+ V x (cVu x 0) - pnds
o0

=0.

The same holds when v and p are interchanged. O
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Proof of the second identity in Lemma 3.7. Let (u,p) € [Vr(2) N H%(Q)]? and @ € ©. Then,
by straightforward computations, we have

/ (cVp-Vu)b, ds + / 0-V(oVp-Vu)dr
r Q

—/Q(S(an -Vu)dr = —
0 - [VT(UV]))VU + VQU(O'VP)} dx

:/(JVp-Vu)Gnds+/
T Q

—/ (oVp-Vu)b, ds + / V(eVp)0 - Vudx + / oV?u - Vpdz.
r Q Q

Because u = p = 0 on I, then it immediately follows that

/ V(oVp)0 - Vudx + / oVu - Vpdx + / 0(oVp-Vu)dr = / 0OnpOnuby, ds
Q Q r
O

Proof of identity (37). Let us reconsider (31) with ¢ = p € Vp(Q), v = Vu -0, u € Vp(Q)
Then, in particular, p =0 on I' and & = 0 on X, and we get

9cO and F=be Whe(Q)

/ [p(Vu-0)divb+ (b-Vp)(Vu-80)+ (b-V(Vu-0))p|de = /émp(Vu -0)(b-n)ds =0,

/ [p(Vu-b)d+ (0 -Vp)(Vu-b)+ (0 -V(Vu-b))p|de = / p(Vu-b)(@ -n)ds=0
Q o9

Subtracting the second equation from the first one, we obtain the following sequence of equal-

ities

/Q [(b-Vp)(@- -Vu)—(b-Vu)(0-Vp)|dx

:/p(Vu-b)éd:c—/ p(Vu-60)divbdzr +
Q Q
Vu-0)divbdz + | [Db(0-Vu)p— DO(b - Vu)p]dz,

:/Qp(Vu-b)édx—/Q ( A
:/QVx(bXO).Vupdx,

where the second equation line follows from the fact that V?u is symmetric

/9 V(Vu-b)p—b-V(Vu-0)p|dx
Q
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