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Abstract

We revisit the problem of identifying an unknown portion of a boundary subject to a
Robin condition, based on a pair of Cauchy data on the accessible part of the boundary.
It is known that a single measurement may correspond to infinitely many admissible do-
mains. Nonetheless, numerical strategies based on shape optimization have been shown to
yield reasonable reconstructions of the unknown boundary. In this study, we propose a
new application of the coupled complex boundary method to address this class of inverse
boundary identification problems. The overdetermined problem is reformulated as a com-
plex boundary value problem with a complex Robin condition that couples the Cauchy data
on the accessible boundary. The reconstruction is achieved by minimizing a cost functional
constructed from the imaginary part of the complex-valued solution. To improve stability
with respect to noisy data and initialization, we augment the formulation with inequality
constraints through prior admissible bounds on the state, leading to a constrained shape op-
timization problem. The shape derivative of the complex state and the corresponding shape
gradient of the cost functional are derived, and the resulting problem is solved using an
alternating direction method of multipliers (ADMM) framework. The proposed approach
is implemented using the finite element method and validated through various numerical
experiments.

Keywords: Inverse boundary identification, Robin boundary condition, Shape optimiza-
tion, CCBM (coupled complex boundary method), ADMM (Alternating Direction Method
of Multipliers)

1 Introduction

This study considers the classical problem of identifying a cavity inside a conducting body.
The domain {2 is assumed to be doubly connected, with an accessible exterior boundary X
and an interior boundary I', which do not intersect (i.e., X’ N I" = (), to be identified from a
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single boundary measurement of a harmonic function v on ¥. On the inaccessible boundary I,
the function u satisfies a homogeneous Robin condition. Given a Cauchy pair (f,g) on X, we
consider the following overdetermined boundary value problem:

—Au=01in 02, u=f, Opu =g on X, Ontt +au=0on T, (1)

where « is a fixed non-negative Lipschitz function satisfying a(x) > ag > 0 for all z € I', and
n denotes the outward unit normal to df2. In the inverse problem framework, the objective is
to determine the unknown boundary I" from the prescribed Cauchy data (f,g) on X.

Problem 1. Given Dirichlet data f and corresponding Neumann data g := Oqu on X, where u
satisfies
—Au =0 in (2, u=f on X, Ontt +au=0 on I, (2)

determine the unknown interior boundary I.

In Problem 1, the choices @« = 0 and o = oo correspond, respectively, to homogeneous
Neumann and homogeneous Dirichlet boundary conditions imposed on I". When a(x) € (0, 00)
for x € I', the boundary condition is of homogeneous Robin type. According to Newton’s
cooling law, this condition describes uniform environmental interactions (thermal or electro-
static), which are taken to vanish in the present setting for simplicity. In the literature, the
parameter associated with the Robin condition is sometimes called the impedance or the ad-
mittance. Although these quantities differ physically, being reciprocals of one another, they are
mathematically interchangeable because the Robin condition may equivalently be expressed as
a '0yu +u = 0. For clarity of presentation, the analysis in this work is restricted to the case
of a strictly positive constant «, while the methodology can also be adapted to more general
settings.

The primary goal of this work is to enhance the identification of concave or non-convex
portions of the cavity enclosed by I" (see Figure 1 for an illustration) by employing a nonstandard
shape optimization strategy (Subsection 2.2) for the associated inverse problem.

proposed
method

poor improved
reconstruction reconstruction

Figure 1: illustration of enhanced concavity detection.

Problem 1 arises in a broad class of inverse boundary value problems, including the iden-
tification of an inaccessible portion of the boundary from thermal or electrostatic measure-
ments collected on an accessible subset ) C 9f2. In the electrostatic setting, the state vari-
able u denotes the electric potential in a conducting domain (2, while measurements are re-
stricted to Y. For simplicity, the conductivity in (1) and (2) is assumed to be scalar, homo-
geneous, and normalized to unity. The inverse problem is to reconstruct the unknown bound-
ary component I" from the Cauchy data (u,dyu) prescribed on X. Related formulations and
physical motivations may be found in [APRO03, AS07, CJ99, CKO07, FLO4, RA18], whereas
analytical derivations and qualitative properties of the governing equations are discussed in
[F107, Ing97, K595, KSVI6]. For numerical methods addressing the reconstruction of I" from
boundary measurements, assuming that the impedance coefficient « is known a priori, we refer
to [AR25, CK07, CKS10, KR05, Loh87, Run08, FLM19, FZ09].



Identifiability in the inverse Robin problem has been extensively studied. Local uniqueness
of I' can hold for specific domains [[M04], but in general, for a fixed constant «, a single Cauchy
pair on X may correspond to infinitely many domains, making I" or « indeterminate [C1K07].
Two linearly independent Cauchy pairs, with one positive, guarantee uniqueness of both I" and
a [Bac09, PP09], and stability results for two measurements are available [Sin10].

For homogeneous Dirichlet or Neumann conditions, a single Cauchy pair uniquely determines
the missing boundary [CK07, Thm. 2.3]. In particular, for Neumann data on I", the harmonic
conjugate of u ensures uniqueness if f is non-constant [CK07, Rem. 2.4].

Reconstructing the unknown boundary I" from boundary measurements is an ill-posed in-
verse problem. Existing studies [AR25, RA 18, CDK13] indicate that, even when the Robin coef-
ficient « is known, recovering concave portions of the boundary can be particularly challenging.
Classical shape optimization methods, typically based on boundary mismatch or energy-gap
functionals [AR25, RA18, CDK13, Fan22], may exhibit reduced sensitivity to concave features,
which can affect the accuracy of the reconstruction, especially with respect to the depth of the
concavity.

In this work, we employ a non-standard shape optimization framework based on the coupled
complex boundary method (CCBM), first proposed in [CGHZ14] for inverse source problems.
Since its introduction, CCBM has been extended to various inverse and shape reconstruction
problems, including inverse conductivity [GCH17], parameter identification for elliptic equations
[ZCG20], geometric inverse source problems [Afr22, ANN22], Bernoulli free boundary problems
[Rab23], free surface flows [RN24], inverse Cauchy problems for the Stokes system [OCNN22],
obstacle reconstruction in viscous fluids [RAN25], tumor localization [Rab25], source recov-
ery in time-fractional PDEs [HPN25], bioluminescence tomography [WGGT26], and metal-
semiconductor contact reconstruction [AHHR26]. These works demonstrate that CCBM pro-
vides an effective and flexible framework for shape identification problems, both theoretically
and computationally.

The present work is motivated by the difficulty of accurately reconstructing concave or
nonconvex portions of an unknown Robin boundary from limited boundary measurements.
Numerical investigations in [AR24, AR25] considered this geometric inverse problem within
classical shape optimization frameworks: the single-measurement setting was studied in [AR24],
while [AR25] demonstrated that the use of multiple measurements can significantly improve the
recovery of such features. These studies also indicate that least-squares and Kohn—Vogelius-
type formulations may suffer from deterioration in reconstruction quality near concave regions,
particularly in the single-measurement case. In contrast, the CCBM framework leads to a more
regular and structurally stable state system, thereby providing a favorable setting for variational
analysis and numerical approximation. However, to the best of our knowledge, the recovery of
Robin boundaries has not yet been investigated within the CCBM framework. Previous studies
have also demonstrated that CCBM-based methods yield reconstruction quality comparable to,
and in certain settings more robust than, Kohn—Vogelius-type approaches for free boundary and
surface identification problems; see, e.g., [Rab23, RN24].

In the present work, however, we focus on the more challenging single-measurement set-
ting. Motivated by the aforementioned difficulties in recovering concave boundary features, we
incorporate an inequality constraint into the CCBM-based shape optimization formulation in
order to improve the reconstruction of such regions. The resulting constrained problem is solved
using the alternating direction method of multipliers (ADMM), following ideas introduced in
[RHAT24] and further developed in [CAR25a, CAR26] for related inverse problems with ho-
mogeneous Dirichlet boundary conditions. In contrast, the present study considers a Robin
boundary condition on the unknown interface, which is known to yield a substantially more
challenging reconstruction problem [AR25].

The remainder of this paper is organized as follows. In Section 2, we introduce the problem
setting (equation 9) and the associated shape optimization formulation (equation 9). Section 3



is devoted to the shape sensitivity analysis and the derivation of the corresponding shape deriva-
tives (see Prop. 3 and Remark 3.1). In Section 4, we discuss the numerical approximation and
implementation of the proposed approach within the CCBM framework. Numerical examples
are presented to illustrate the difficulty of accurately recovering concave regions, even for rel-
atively large values of the Robin coefficient (see Figure 2). In Section 5, we introduce the
inequality-constrained formulation (Problem 3) and present the corresponding ADMM-based
algorithm (Algorithm 3) together with numerical results, with particular emphasis on the case
of unit Robin coefficient. Finally, Section 6 summarizes the main findings and concludes the

paper.

2 Problem setting and shape optimization formulation

2.1 The main problem

Let D be a C'!' smooth, open, bounded planar set', and let d, > 0 be fixed. Define the
admissible class of subdomains

A:={w € D | w is connected, of class Cbl) dist(w,dD) > do, and D\ @ is connected }. (3)

We denote 2 := D\ w, X = 0D, and I' := dw. We say that (2 is admissible if 2 = D \ @ for
some w € A. With a slight abuse of notation, we also write {2 € A.
The main problem is then to

find w € A and u satisfying the overdetermined system (1). (4)

We assume f € H3/?(X) with f # 0, and let g € H/?(%) denote the corresponding Neumann
measurement, namely

g:AZ(f) :811”)

where u is the solution of (2).

Remark 1. The above reqularity assumptions are stronger than necessary. In fact, it is suf-
ficient to assume that X is Lipschitz, f € HY?(X), and g € HY/2(X). The higher regularity
is adopted only to streamline the presentation and proofs, ensure that the shape derivative of
the state variable belongs to H(£2), and permit a boundary integral representation of the shape
gradient, which is convenient for both analysis and computation.

2.2 Shape optimization setting

We present the CCBM formulation of (1) and its shape optimization reformulation (9), based
on a least-squares fitting of the imaginary part of the complex PDE solution.
The approach begins by recasting (1) as the complex system

—Au =0 in £2, Onu +ipu=g—+ipf on X, Onu+au=0on T, (5)

with i = y/—1, for some fixed constant p > 0. The introduction of the free parameter p is not
strictly required in the CCBM formulation. In the majority of existing works [Rab23, RN24,
RAN25, Rab25, CAR26], the choice p = 1 is sufficient for shape identification. However, select-
ing values of p different from unity may improve the reconstruction results; see, for instance,
[AHHR26]. For simplicity, we present the formulation with p = 1 and reintroduce p in the
numerical experiments.

!The extension to three dimensions is straightforward; we restrict to two dimensions for simplicity of presen-
tation.



Before presenting the weak form of the complex PDE system (5) and its well-posedness, we
first introduce some function space notations.

Let H™(£2) = W™2(£2) be the standard real Sobolev space with inner product (-, )y, and
norm || - ||gm(p). The complex space H™(£2) has inner product (u,v))m,e = (u,V)m,0? and

norm [[v|ym (o) = v/ (v, v))m,@. Similarly, Q = L*(2),Q =L*(), S = L*(X), and S = L*(X).

We define the sesquilinear form a and linear form I on H!(£2) by

a(u,v) :/ Vu‘Vvdx—H'/ uvds—i—a/ uvds, 1(v) :/ gvds+i/ fods, wu,veHY(ND).
2 z r z z
The variational formulation of (5) is then:
find u € HY(£2) such that a(u,v) = I(v), Yo € HY(2). (6)

Existence and uniqueness of the solution follow from the complex Lax-Milgram lemma
[DLIS, p. 376] (see also [SS11, Lem. 2.1.51, p. 40]):

Lemma 2.1. For given f € HY/?*(X) and g € (HY?(X)), there exists a unique weak solution
u € HY(2) of (6).

Writing u = uj + tuse, the real and imaginary parts satisfy

— Auy =0 in 12, Onu1 = uz +gon X, Ont1 +auy =0 on I (7)
— Aug =0 in {2, Ontus = —uq + f on X, OpUs +aus =0 on I. (8)

To reformulate the original setting in terms of shape optimization, observe that if uo = 0 in (2,
then continuity and harmonicity imply us = 0 on X and I', and by Green’s formula, Oyus = 0
on Y. Hence, (£2,u1) solves the original problem (1). Conversely, any solution (£2,u) of (1)
satisfies (7) and (8). Therefore, the inverse shape problem is equivalent to the following:

Problem 2. Find w € A such that
up=0 in2=D\w,
where u = uj + iug solves the well-posed complex PDE system (5).

To solve Problem 2, we consider the problem

nf, {J(rz) -5/ \uQPdm}, (9)

where ug = S{u} and u solves (5), with A defined in (3).

Since X' is fixed, only I" is perturbed; hence, Lipschitz regularity of X' suffices to derive shape
derivatives in distributed form. To obtain a boundary integral form of the shape derivative of the
functional in (9), in accordance with the Hadamard—Zolésio structure theorem [DZ11, Thm. 3.6,
p. 479], we require higher regularity assumptions on the data and on the annular domain (2
(recall Remark 1 and (3)).

The minimization problem (9) is solved numerically using a gradient-based method combined
with the finite element method (FEM), requiring the computation of the shape derivative of
the cost functional. This derivative will be derived in the next section using shape calculus
[DZ11, HP18, MS76, Sim80, SZ92].

3 Shape sensitivity analysis

For completeness, we briefly recall some preliminary concepts related to shape derivatives from
shape calculus; see [DZ11, HP18, 5792].

2(~, Ym0 is the real Sobolev inner product extended componentwise.



3.1 Some elements of Shape Calculus

Let Dy, €@ D be an open set with a C*° boundary, such that {x € D | d(z,0D) > d./2} C

Dy, C {x € D | d(z,0D) > do/3}. Let § € C*1(D;R%), k € N, be a smooth vector field with

compact support in Dy, and let ©F denote the set of all such admissible deformations. We

denote the normal component by 6,, :== (§,n) = # - n, and let Id be the identity matrix in R%.
For small ty > 0, define the perturbation map

T, =1d+t0, tel:=[0,ty), 60¢c6F

so that 2, = T;(2), Iy = Ty(I'), and X} = X for all ¢ since supp(0) C 2g, .

Set

Ar = (DT, )DL, By=j|(DT) " 'nl,  ji=det DT; >0,

with bounds 0 < b1 < By < bg and 0 < b3|€|? < Al - € < byl€]? for all € € RY,

We assume that the interval I is sufficiently small so that, for all ¢ € I, the mappings

[t j] € CYI,C(RQ)), [t— A)eCYI,C(2)™Y), [t By e CHI,C(02)) (10)
are well defined and possess the stated regularity.

Att=0, jo=1, Ay =1d, By = 1, with derivatives

d d d

ajt|0 =div#, &Atlo = (dive)Id—D6 — (D0) =: A, %Bt o = divr 6. (11)

Let u; be the state defined on (2;. The material derivative of u in the direction 6 is defined
as .
= lim v - u’ where u! := u; o Tj.
£\0
For a given 6 € ©!, the Eulerian semiderivative of F(§2) in the direction of  is defined as
F() — F(£2
dF(£2)[0] := lim Fl2) = F(2)
t\O t

If dF(§2)[0] exists for all § € ©! and the map 0 + dF(§2)[f] is linear and continuous on
©1!, then F is said to be shape differentiable at (2, and dF(£2)[f] is called the shape derivative.
Moreover, under suitable regularity assumptions, the shape derivative admits the boundary
representation

dF(2)0] = | Gn-0ds,
o
and G is called the shape gradient of J at 2 [DZ11, Def. 3.4, p. 479].

3.2 Computation of the shape gradient

In this section, we compute the shape derivative of J (Proposition 3.1) using the rearrangement
method [IKP08]. This approach derives the shape gradient via the material derivative of the
state without requiring its explicit form (cf. [Rab23]) and only assumes Holder, rather than C*,
continuity of ¢ + u! near 0.

Hereinafter, we fix k = 1 in ©%, and 2 and 6 are always assumed admissible; that is, 2 =
D\w with w € A and # € ©!, without further notice, and this will usually be omitted for brevity.
Moreover, for economy of space, we adopt, for any complex-valued functions ¢, € H(£2), the
following notations:?

Ur(p, ) = (Vrpr - Vipe — Vigs - Viht) + (@2 — ar)(¥1 @2 — Y2 ¢1);
(o, 0) = (Vrer - Vit + Vigs - Vi) — (0 — ar)(p1 91 + g2 1b2).

The main result of this subsection is as follows:

3Here V1 denotes the tangential gradient operator on I'. An intrinsic definition can be found, for instance,
in [DZ11, Chap. 5, Sec. 5.1, p. 492].



Proposition 3.1. The functional J is shape differentiable, and its shape derivative in the
direction 0 is given by

dJ(Q)[G]:/FGl(u,p)n-Gds ::/F(;]u2\2+\11p(u,p)>n-9ds. (12)

Here, k denotes the mean curvature of I', uw = uj + iug is the unique solution to (5), and
p = p1 + ip2 is the unique solution of the adjoint system

—Ap=wuy in 12, Onp—ip=0 on X, Onp+ap=0 onl. (13)

The weak formulation of (13) reads as follows:

find p € HY(£2) such that / Vp-Vgodx—i/ pgpds—l—oz/ ppds :/ uspdr, Yo € HY(1).
0 z r 19 (14)
The existence and uniqueness of a solution to (14) is again a consequence of the Lax—Milgram
lemma. Note that, given the regularity assumptions on the data and the domain, the state and
adjoint solutions enjoy higher regularity; that is, it can be shown that u € H?(£2) and, similarly,
p € H3(0).
The proof of Proposition 3.1 relies on the following lemmas, which follow from standard
arguments (see, e.g., [Rab23]) and are therefore omitted.

Lemma 3.2. The sesquilinear form a; defined on H'(£2) x H1(2) by
a¢(u, v) ::/ AVu - Vodz +z’/ uods + a/ Buuwds, Vu,v € H'($2),
Q by r

is bounded and coercive on HY(2) x HY() fort e I.

t

Lemma 3.3. The function u' = u} + iul, uniquely solves in HI(Q) the equation

ar(ut,v) = 1(v), Yo HY (). (15)
Lemma 3.4. The solution u' of (15) is (uniformly) bounded in the neighborhood of 0 and
lle* = ulllyr ) = O®

Proof. Tt is clear that, with v = ! in (15) and by Lemma 3.2, muthl(Q) is bounded for all

t € I. Meanwhile, the variational equation a;(u?,v) —a(u,v) = 0, for all v € H(£2), is equivalent
to
a(u’ —u,v) = —/ (A — 1)V - Vo dx — a/ (B; — Du'tds, Yve HY(RQ). (16)
n r
By taking v = u! — u above, and then applying the continuity of the maps given in (10), it can
be shown without difficulty that the following limit holds

1 t 2 o
}%;\Hu - U‘HHl(Q) =0,

which verifies the assertion. O

Remark 2. Note that, by dividing both sides of (16) by t, and then letting t \, 0, one recovers
the equation (in variational form) satisfied by the material derivative @ of the state variable u.

Finally, to complete our preparations, we recall the following identity (see, e.g., [DZ11])
which is needed to write the shape derivative of .J in terms of a boundary integral. The H?(£2)
regularity of u, which holds true since {2 is assumed to be of class C™! and € ©!, will again
be used subsequently without further notice.



Lemma 3.5. The state solution u of (5) and the adjoint solution p to (13) satisfy the following
identity

/ AVu - Vpdr = —/ ugf - Vudzr + a/ (u(@- VD) +Dp(8-Vu))ds + / (Vp - Vu)b, ds.
19 19 r r (a7)
Now we prove Proposition 3.1 as follows.
Proof of Proposition 3.1. The proof proceeds in two steps: first, we derive an expression for the
shape derivative of J involving domain and boundary integrals, and then we express the whole

expression in terms of just a boundary integral.
Step 1. We consider the difference

K@) = 3(2) = 5 [ Gi=Dlub da+ 5 [ (b = sl do = 1(0) + ()

1
and then look at the limit of n (I1(t) + I2(t)) as t \, 0.
For the limit of I (¢)/t as t N\, 0, we have

1
1) 1
t 2

/ divb|ug|? drx = I; ast — 0. (18)
2

Meanwhile, to get the limit of I5(t)/t, let us consider

1

/ |u§—u2|2dx+/ ug(ub — ug) dx = Ioy (t) + Iaa(t).
0 0

I(t) = 5

Using Lemma 3.4, we see that I2;(t)/t — 0 as t \, 0. On the other hand, to get the limit of
Ipo(t)/t as t N\, 0, we make use of (14) with ¢ = u’ — u and (16) with v = p which are given as
follows:

/Vp V(u —u)dm—z/EpMds+aApW—Mds:/ng(ut—u)dx

— /'UQ u _u x:a(ut—u’p) :—/ (At—Id)Vuthd:C—Oz/ (Bt_l)utﬁds
] r

After dividing the latter equation by ¢ and taking the imaginary part, we obtain the following
identity:

i VA G L e O A G A A
N 07 r

Thus, using (11), we get

Ias(t
22t() —>%{—/ AVu-Vpda:—a/dineupds} =1, ast—0. (19)
0 r
Putting (18) and (19) together, we get an expression for the shape derivative of J
1
dJ()0 =L+ 1, = 2/ div 0|ug|* dz + {/ —AVu - Vpdr — a/ divFHupds} .
0 0 I

Step 2. We simplify the above shape derivative by expressing it solely as a boundary integral
over I'. First, we recall a version of the tangential Green’s formula,* which is valid, for instance,
when I" € CY! and for a function ¢ € W21(D), given as follows

/ (Vo -0+ ¢pdivp0)ds = / (On® + ¢K) Oy, ds, (20)
r r

1A proof of this formula can be found in [MS76].



where k = divy n denotes the mean curvature of I'.
Taking ¢ = up in equation (20), it can be verified that

a/ ®(Vu-0)+u(Vp-0)ds+ a/ updivp 0 ds = / (=202 + ak) upby, ds.
r r r

In addition, we have the following identities

1 1
/ div 0|us|? dx——/ uQQ-VuzdaH-/ |ua|?0,, ds,
2Jn 19 2Jr

/ (VD - Vu)b, ds = / (V1P - Vru+ oup)b, ds.
r r

Now, using the above identities together with (17), we get
_ 1 2 o~ 2 o = _
L+ = 5 |ug|“0y, ds + \s{(a QK )up Vpp-Vpu} 0, ds.
r r

Simplifying the second integral above gives the desired expression for the shape gradient G
given in (12). This proves the proposition. O

We record an alternative expression of the shape derivative in the following remark.

Remark 3. Consider the adjoint variable p = p1 + ip2 defined as the unique solution to
—Ap = iug in {2, Onp —ip =20 on X, Onp+ap=0onl. (21)

This choice of adjoint yields the alternative boundary representation

dJ(Q)[Q]:/FGQn-Hds ::/F@uﬁ—xy}(u,p))n-ads, (22)

with u = uy + iuy denoting the unique solution to (5).
The next conclusion can be drawn easily from (12) and (13).

Corollary 3.6 (Necessary condition). Let the domain 2* be such that u = u({2*) satisfies
equation (1), i.e., there holds ug = 0 in £2* or equivalently, u(£2*)|x = f and Ophu(2%)|x = g.
Then, 2* is a stationary solution of (9). That is, it fulfills the necessary optimality condition

dJ(2*)[0) =0, forall € O (23)

Proof. By the assumption that ug = 0 on 2%, we find that p = p(£2*) on 2*. Thus, it follows
that G = 0 on X*, which implies d.J(£2*)[f] = 0 for any 6 € ©'. O

Remark 4. We note that solutions of the necessary condition (23) might exist such that the
state does not satisfy equation uo = 0 in 2*. However, only in the case of exact matching of
boundary data a stationary domain 2* is a global minimum because J(£2*) = 0.

4 Numerical approximation

The proposed shape optimization approach for (1) is implemented using a Sobolev gradient-
based finite element method, following our previous work [AR25, CAR25a, CAR25b]. For
clarity, we briefly summarize the numerical approach.

A natural descent direction for J is §# = —Gn with G € L*(I'), G # 0. However, this
can lead to unstable reconstructions and poor mesh quality. To mitigate this, we employ an



H'-Riesz representation of the shape gradient [DMNV07, Aze20], seeking 6 € Hbo(())d such
that

ﬁ/ VG:chdx—i—(l—B)/Vp@:Vp(pds:—/Gn-cpds, VQOEH%"O(.Q)d, (24)
I7; r r

where 8 € (0, 1] is a regularization parameter. This construction smoothly extends the boundary
deformation field —Gn into {2, while the tangential term improves mesh regularity and sup-
presses spurious oscillations along the evolving free boundary [Neu97]. In particular, for nonzero
values of 3, the resulting boundary evolution is observed to be significantly smoother, especially
near highly curved or concave regions. In this sense, the proposed deformation strategy yields an
implicit regularization effect similar to perimeter penalization techniques commonly employed
in shape optimization, such as the addition of a term of the form

nPer(082) = 77/ 1ds, n > 0.
of2
Although such perimeter regularization may also be incorporated into the objective functional
(for instance, in the form J(§2) + nPer(02)), the numerical experiments presented in this work
suggest that the proposed smoothing mechanism already provides adequate stabilization for the
reconstruction problems under consideration (Remark 5).
The kth domain approximation 2% is computed as follows:

1. Initialization: select an initial shape £2°.
2. Iteration (k=0,1,2,...,M):

2.1. Solve the state and adjoint systems on §2¥.

2.2. Compute the update vector 6% and step size tF = p.J(2%)/|0% 12L11(Qk)d (see [RA20]),

with ¢ = 2 and reduced if necessary to avoid mesh inversion.
2.3. Update the domain: £2¥+1 = (id + tkg%) 2.

3. Stop Test: Repeat Iteration until convergence (i.e., terminate after M = 200 iterations).

Remark 5. The presented iterative scheme naturally extends to handle noisy data. In the
experiments that follow, we demonstrate that it is sufficient to achieve accurate reconstructions
under moderate noise. Although regularization terms—such as perimeter penalization—can be
incorporated, they do not appear necessary in our case.

All computations were performed in FREEFEM++ [Hecl2] on a MacBook Pro with Apple M1
chip and 16GB RAM.

To test robustness against noise, we define v’ = (1 + d g.n.)u*, where u* is the exact
solution for input g and “g.n.” is Gaussian noise with zero mean and standard deviation 0.5.
The corresponding noisy measurement is then g|y = Ot

)

4.1 Numerical examples and discussion

We set @ = 100, take f = 1 on X, and consider a circular domain of unit radius. Four cavity
shapes are examined: E = ellipse, K = kite, S = square, and L. = L-block. Figures 2-6 present
the reconstruction and field approximation results. In all cases, unless otherwise stated, p =1
in (5). The exterior boundary X is shown as a solid (black or blue) line, the exact interior
boundary I'* as a solid magenta line, and the initial guess I' = C(xo,0,7) as a black dotted
circle (Figure 2 only), where C(zg, yo, ) is a circle of center (zg, y9) and radius r. Reconstructed
shapes for noise levels § = 0, 0.03, 0.06, and 0.09 are plotted with dashed curves of distinct
colors.
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Figure 2 illustrates the effect of the parameter S by comparing reconstructions for f = 0
and 8 = 0.8. In the noise-free case, the reconstructions closely match the exact shapes. As the
noise level increases, the method remains stable, with mild smoothing near corners, particularly
for S and L. Larger values of 5 suppress oscillations and improve stability, consistent with
its regularizing effect. However, increasing 8 promotes convexity in the reconstructed shapes,
which is advantageous for convex cavities but may be detrimental for non-convex geometries.

Figure 3 illustrates the convergence of the gradient-based updates in terms of the cost
functional and gradient norm. Although not shown for all cases, convergence is faster for
smooth geometries (E and K) and slower for non-smooth ones (S and L), which violate the
regularity assumptions on the unknown boundary I'. In our experiments, larger values of 3
yield smoother convergence histories.

Figure 4 shows the distribution of the real and imaginary parts of the state solution (5)
on the cavity boundary at the final iterate k = 200 for the elliptical cavity. The real compo-
nent converges to a stable distribution, while the imaginary component tends to zero almost
everywhere.

Figures 5 and 6 illustrate the evolution of the real and imaginary parts of the state and
adjoint solutions on the cavity boundary at selected iterations k = 0,50,200. The imaginary
component remains small but nonzero in all cases, reflecting numerical effects while preserving
physical consistency.

Moreover, Figure 6 indicates that both components of the adjoint variable decrease toward
small magnitudes as the optimization proceeds. This behavior is consistent with the first-
order necessary optimality condition in Corollary 3.6, up to discretization and noise effects, and
indicates that the adjoint solution approaches zero near optimality.

In summary, the method demonstrates stable performance and satisfactory reconstruction
accuracy across varying regularization and noise levels for the given magnitude of the Robin
coefficient «, with better results observed for convex geometries. The accuracy is reduced in the
nonconvex case, particularly in the presence of nonsmooth features. The decay of the adjoint
field and the small imaginary component of the state solution are consistent with the theoretical
optimality conditions (Corollary 3.6).

—
"

—_—
5=

~- 6=0
6=0.03

. o 52006
»\5Anog
/

Figure 2:  Comparison of results for different regularization parameters (8 = 0,0.8) across
various tests (columns: E = ellipse, K = kite, S = square, L = L-block) with radius = 0.3 for
the initial guess and different noise levels (6 = 0,0.03,0.06,0.09).
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Figure 3: Cost function and gradient norm evolution for the Ellipse (E) and L-block (L) cases.

k=200 k=200 k=200

0.00 0.01 0.02 0.03 0.04 0.05 0.06 —-0.04 —-0.02 0.00 0.02 0.04
Value (Real Part) Value (Imaginary Part)

Figure 4: Real and imaginary parts of the state solution at k£ = 200: the first two panels
correspond to the real part and the last two to the imaginary part; in each pair, 5 = 0 (left)
and 8 = 0.8 (right), with I'Y = C(0,0,0.3).

5 Shape reconstruction with an inequality constraint

As shown in the previous sections, the inverse boundary identification problem can be refor-
mulated as the minimization problem (9), which yields reasonable reconstructions in practice.
Nevertheless, the problem remains inherently ill-posed and sensitive to noise. In the numer-
ical experiments presented thus far, the prescribed Robin coefficient is relatively large (e.g.,
a = 100), which empirically leads to more stable reconstructions. From a PDE perspective,
such values correspond to stronger boundary interactions, closer to a Dirichlet-type condition,
thereby providing better control of the solution. For smaller values of «, on the other hand, the
boundary condition approaches a Neumann-type regime, resulting in weaker boundary interac-
tions and a more severely ill-posed inverse problem. Consequently, the reconstruction quality
deteriorates, particularly in accurately resolving the depth of concavities. This behavior reflects
a fundamental difficulty of the problem and is not specific to the CCBM formulation, but is
also observed in more classical approaches, such as least-squares tracking of boundary data and
the Kohn—Vogelius formulation [AR25].

To overcome this difficulty, we augment the CCBM shape optimization problem with an
inequality constraint and solve the resulting constrained problem (Problem 3) using an Alter-
nating Direction Method of Multipliers (ADMM) strategy. Within this framework, the ADMM
approach enhances the stability of the reconstruction while preserving the original CCBM for-
mulation and the shape sensitivity analysis developed in Section 3. In particular, the method
enforces a physically motivated constraint on the real part of the state variable through a
variable splitting technique, without introducing additional geometric regularization terms.

Problem 3. Let a and b be given fized constants with b > a. Find the shape w* in the space of
admissible set

U={weA|a<R{u} <b a.e in (2 whereu solves (5)}
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Figure 5:  Evolution of the real and imaginary parts of the state solution for 8 = 0.8 at
k = 0,50,200, with ' = C(0,0,0.3).

such that

1
w* = argmin J({2) := arg min { / (S{u})? dx} . (25)
wel wel 2 (9}
Note that identifying w is equivalent to identifying (2, since {2 = D \ @ and defining one
automatically determines the other. With a slight abuse of notation, we also write

2" = argmin J(£2),
neu
identifying 2 = D \ @ for w € U. Throughout this section, we assume that {2 € U and consider
admissible deformation fields § € ©! without further notice.

5.1 ADMM in shape optimization setting

Our immediate goal is to reformulate Problem 3 into a form amenable to an ADMM-based
numerical solution in the spirit of [CAR26] (see also [RHA 724, CAR25a]). To this end, we first
provide additional motivation for the introduction of the inequality constraint. Observe from
(9) that although the boundary data is incorporated through the state equation, it is propagated
into the domain via an elliptic PDE, which inherently smooths the data. As a consequence, fine
geometric features of the cavity, such as nonconvex regions and concavities, may be partially
obscured, leading to a loss of reconstruction accuracy. In particular, the optimization relies on
a mismatch functional that reflects the data only indirectly, without enforcing the bounds on
the state variable within the domain.
The imposed bounds
a<R{u} <b ae in {2 (26)
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Figure 6: Evolution of the real and imaginary parts of the adjoint solution for g = 0.8 at
k = 0,50,200, with I'° = C(0,0,0.3).

provide additional physically motivated information on the state variable, which can be justified,
for instance, by maximum principle arguments for mixed Dirichlet—-Robin problems (see, e.g.,
[Chi97]). By explicitly enforcing these constraints, the reconstruction is guided not only by
the governing PDE (5), but also by admissible ranges of the state, thereby improving stability
with respect to noisy data and enhancing sensitivity to geometric features. To incorporate the
constraints efficiently, we introduce an auxiliary variable to decouple the inequality constraint
(26) from the state equation, allowing for a more flexible treatment within the optimization
procedure. This leads to an equivalent constrained formulation in which the real part of the
state variable is handled separately through a projection onto a suitable admissible set. We
begin by defining a closed convex subset of L?(£2) that encodes the imposed bounds, which will
play a central role in the subsequent ADMM construction.
Let a < b be fixed real constants. Define the admissible convex set

K= {UEL2(Q); a<v<bae. in 2}, (27)

and the indicator functional Uk of K; that is, Ux(v) = 0 if v € K, and Ux(v) = oo if v €
L2(2)\ K.

Introducing an auxiliary variable v associated with the real part u; of the complex state
solution to (5), we consider the constrained shape optimization problem

(w*,v*) = argmin {J(2) + Ux(v)}, (28)

(w,v)e€

where the admissible set £ is defined by

£ = {(w,v) ceU x LA(2) | ui(2) = v ae. in 2, u solves (5) in Q}

14



For a given penalty parameter v > 0° and a Lagrange multiplier A € L?({2), we introduce
the functional

T, (2,v,\) = / (%|u1 — v+ Muy — v)) dz,
(9]
and the augmented Lagrangian

Ly(w,v;A) = J(02) + Uk (v) + T4 (2,0, M), (29)

where u; = u;(£2) denotes the real part of the solution of (5) in the annular domain (2.
Starting from an initial guess (w’,v%, A?), the ADMM iterations proceed as follows:

WM = argmin L (w, v®; \F), (SP1)
weld
oF 1 = argmin L, (WFH v AF), (SP2)
veL2(£2)
)\k+1 — )\k + ,y(u’f-f-l o Uk+1>7 (SPS)

where uf 1 ==y (2%+1), and k € NU {0}.

Remark 6. o The shape subproblem (SP1) is solved using the same shape derivative, adjoint
formulation, and Sobolev gradient method as in the unconstrained case; only an additional
quadratic term appears in the objective functional.

o The auziliary variable update (SP2) admits the explicit solution given by the projection
formula (39), corresponding to the projection of u’f“ + X¥/y onto the admissible set K.

o The proposed ADMM scheme does not require the explicit computation of the material
derivative of the state variable.

A concise description of the complete ADMM procedure is summarized in Algorithm 1.

Algorithm 1 ADMM algorithm for the solution of problem (25).

1. Input. Fix v, a, and b, and define the Cauchy pair (f, g).

2. Initialization. Choose an initial shape w® and set the initial values v® and A°.

3. Iteration. For k = 0,1,2,..., compute (w**1 vF+1 N\F+1) using equations (SP1)-(SP3)
through the following sequential steps:

U (SPY - k1 BPD g Py pyr

4. Stopping criterion. Repeat Iteration until convergence.

The resolution of subproblems (SP1) and (SP2) is presented in the following two subsections.

5.2 Solution of the w-subproblem (SP1)

We first consider the solution of the w-subproblem (SP1), which consists in minimizing the
augmented Lagrangian L. with respect to the shape variable w. The w-subproblem reads

Wkl = arg min {J(Q) + UIC(Uk) + T(Q’Ukv )‘k;V)} :
weld

5This free parameter can, in principle, be optimized via a bilevel optimization approach; however, we fix it
here to simplify the discussion, as this choice is already effective for our purposes.
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Since the indicator function Uk (v¥) does not depend on the shape variable w, it does not con-
tribute to the shape derivative and can be omitted in its computation. We therefore introduce,
for k € NU {0}, the following shape functional:

VE(02) = J(02) + T (2,07, \F;9).
For ease of writing in the subsequent discussion, we denote
1
Yk(02) = / O (u, v, \¥) dz == / (\u2|2 + llul —oF2 + Mo (uy — ’Uk)> dx.
0 o\ 2 2
To solve (SP1) numerically, it is necessary to compute the shape derivative of the functional
YF($2).

Proposition 5.1. For all k € NU {0}, the functional Y*(§2) is shape differentiable, and its
shape derivative at 2 € U in the direction § € ©! admits a boundary representation

k _ k S
4y (9)[6] _/FGand ,

with shape gradient
Gy =~V (u,q) + & (u,0F, AF), (30)

where k = divpn is the mean curvature of I', u = uy + tug € HQ(Q) is the unique solution of
the state problem (5), and the adjoint state q = q1 + iqa € H*(§2) is the unique solution of

— Ag = y(up — %) + N +iuy in 2, Ong —iq =0 on X, Ong+ag=0onlI. (31)

Expression (30) can be obtained similarly to the proof of Proposition 3.1, so we omit it.

The following remarks summarize alternative boundary representations of the shape deriva-
tive associated with different adjoint formulations (and all other quantities are as defined in
Proposition 5.1.).

Remark 7. An alternative expression for the shape derivative can be obtained by considering
a different adjoint system. More precisely, letting w = w1 + iwo be the unique weak solution of
the adjoint system

—Aw:i('y(ul—vk)—f—)\k)—uz in §2, Onw —iw =0 on X, Onw~+aw =0 on I', (32)
the corresponding shape gradient becomes
GE = @ (u, v", \F) + U p(u, w). (33)

Remark 8. Alternatively, the adjoint system can be split into two components associated with
the real and imaginary parts of the state. The corresponding shape gradient is then given by

GRy = G+ Jfur = oM+ A (= o) — Wh(u, ), (34)
where G1 = G1(u,p) is given by (12) while A = A1 + iAg is the unique weak solution to
—AA = y(uy — )+ \F in 0, OnA —iA =0 on X, OnA+aA =0 onI. (35)

Remark 9. Another expression for the shape gradient that is associated with the results stated
in Remark 3 is given by

Gho = Ga+ Giy — G, (36)
where G2 = Ga(u,p) is given by (22).
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Inspection of (34) and (36) reveals a natural decoupling into two contributions: one term
independent of the adjoint variable A, and another that does not depend on p. This structural
feature provides a clear rationale for introducing partial shape gradients, in which only selected
components of the full shape gradient are retained to define the deformation field in the mesh
update.

More precisely, one may restrict attention to the following expressions:

Gy = 1+ g = o+ N (= o), (37)
Gy = Ga + g — o + Xy — o). (38)

A related strategy was employed in [HIKX"09] for the exterior Bernoulli free boundary prob-
lem. However, we emphasize that the present inverse geometry problem is severely ill-posed,
in contrast to the Bernoulli case, which is only mildly ill-posed. In this context, the use of
partial shape gradients may degrade the quality of the descent direction and, consequently, the
reconstruction, unless suitable stabilization mechanisms are incorporated.

The idea of selecting only certain components of the shape gradient within gradient-based
algorithms has also been explored in [CAR26]; see also [R1X25]. Accordingly, within the CCBM-
ADMM framework, one may consider the following six choices for the normal velocity of the
free boundary in the boundary deformation:

Gfn, 1€ {qw, A1, A2 1,42},
where the expressions Gf’, for | = q,w, A1, A2,1,42, are given respectively by (30), (33), (34),
(36), (37), and (38).
5.3 Extension and regularization of the deformation field

The numerical implementation of the normal velocity an, I € {q,w,A1,A2, 41,42}, in mesh
deformation requires computing its H' Riesz representative to obtain a smooth deformation
field over the computational mesh (see Section 4), thereby defining nodal velocities both on
the boundary and in the interior. This construction naturally leads to the SGBD algorithm in
Algorithm 2 for solving (SP1).

5.4 Solution of the v-subproblem (SP2)

We next solve the v-subproblem (SP2) by minimizing L., given by (29) with respect to v, that
is,

Rt — argmin{J(QkH) + UIC(U) + ’7/ ‘ullﬂ-i-l _ 1)|2 dr +/ )\k(ullc—i-l — 1)) dl‘}
veL2(02) 2 Jo 2

Applying the projection method, we obtain
/\k
o = P (u’f“ + > : (39)
Yy

where Pi(p) := max(a, min(b, p)) for all ¢ € L?(§2) is the projection operator onto the admis-
sible set K.

5.5 ADMM-SGBD algorithm

Finally, building upon the preceding discussion, we propose a modification of Algorithm 1 for
the numerical solution of the constrained shape optimization problem (25), incorporating an
inequality constraint governed by (7). More specifically, Algorithm 1 is refined into a nested
ADMM-SGBD scheme tailored to the problem (28), as described in Algorithm 3.
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Algorithm 2 SGBD algorithm for the w-subproblem (SP1)

1. Input: Fix B, i, v, a, b, and €. Set A* and initialize Q]g = 0"
2. Iteration: For m =0,1,2,...,

2.1 Solve the state system and the associated adjoint system(s) on £ ;

2.2 Compute the descent direction % from (24), with G replaced by one of G’;, Gk,
Glf\l, Glf\g, Gé“l, or ng, depending on the chosen shape gradient;

2.3 Set th = MJk(an)/HanHHl(Q%)d and update
Oy = {a+ 1468 (2) | = € 28 ).
3. Stop test: Repeat Iteration until
ldY " (25) [0 < e

4. Output: QM1 =0k .

Algorithm 3 ADMM-SGBD

1. Initialization: Given (f,g), fix N € N and parameters v, a, b, u, 8, €. Choose initial
guesses w”, v, and Y.

2. Iteration: For k=0,..., N,

2.1 Update w**! by solving the w-subproblem with data (v, \¥) using Algorithm 2;

2.2 Compute u**1 by solving (6) on 281 where 2Ft1 = D\ @', and set vt =
R{u(2M1)};

2.3 Update v**1 by projection:
vF ! = max (a, min(uf T+ M/, b));

2.4 Update the multiplier:
)\k+1 — )\k +,y(u]1€+1 o ,Uk+1).

?

3. Stop test: Repeat Iteration until convergence.

5.6 Numerical tests and discussion for ADMM

We test the proposed numerical method given by Algorithm 3, focusing on the effect of the
weight parameter p > 0 in the CCBM formulation of the state (5). The parameter p appears
only in the weak form of the complex state system (5) and does not enter explicitly in the
expressions of the shape gradients. The test problem is essentially the same as in Subsection 4.1,
except that we set @ = 1 and examine the influence of the Dirichlet data f =1 and f = f; ==
cosarctan(xa/xy) for (x1,x2) € D, where D = C(0,0, 1) denotes the unit circle. In all tests,
we set 4 = 0.9 in (24), and v = 0.001, A° = 0.001, and v° = 1 in Algorithm 3. For simplicity,
we take a = mingeo« u*(z) and b = max,eco+ u*(z) in the inequality constraint defining the
admissible set IC in (27). Lastly, the iteration stops after N = 1000 iterations.

We first examine the effect of using different deformation fields, as discussed in subsection 5.2.
In particular, we compare (30), which involves a single adjoint problem (denoted ADMM-joint
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or ADMMj), with (34), which requires two adjoint problems (denoted ADMM-split or ADMMs).
The reconstructions for f = 1 are displayed in Figure 7, while the corresponding histories of the
cost functional, gradient norm, and Hausdorff distance are shown in Figure 8. Both approaches
yield nearly identical reconstructions and exhibit very similar convergence behavior across all
metrics, suggesting that the additional adjoint solve in the split formulation does not provide a
significant advantage for the present test case.

We next investigate the influence of the parameter p. For small values such as p = 1, the
method exhibits limited sensitivity to the nonconvex part of the geometry and does not clearly
recover the cavity concavity. As p increases, the reconstructions improve qualitatively, and for
p = 5, aslight indentation becomes visible in the corresponding region. This indicates that larger
values of p enhance the sensitivity of the reconstruction to finer geometric features. Nevertheless,
accurately recovering the depth and sharpness of the concavity remains difficult even for larger
p, reflecting the inherent ill-posedness of the inverse problem. Overall, the numerical results
suggest that the CCBM formulation may provide improved qualitative reconstruction properties
relative to the classical approaches numerically investigated in [AR25, Figs. 1-2].

To further assess the observed limitation, we repeat the experiment with the alternative
Dirichlet data f = cosarctan(za/z1). The resulting reconstructions are shown in Figure 9,
with the corresponding histories in Figure 10. In this case, the reconstructions are noticeably
improved, particularly in capturing the concave features. This improvement is consistent with
the observed decrease in both the cost and the Hausdorff distance. Nevertheless, the difference
between the joint and split approaches remains negligible, as both methods exhibit almost
identical behavior.

The numerical results indicate that the choice of prescribed Dirichlet data has a significant
impact on reconstruction quality, with more informative inputs leading to improved recovery
of geometric features, particularly concavity. The weight parameter p also plays a crucial role:
small values yield limited sensitivity, while larger values enhance the reconstruction, although
accurate recovery of concavity depth remains challenging. In contrast, the use of a single adjoint
formulation or its split counterpart produces nearly identical reconstructions and convergence
histories, suggesting that the additional computational cost of the split approach does not
provide a clear benefit in this setting.

(a=1,p=1) (a=1,p=2) (a=1,p=5) (a=1,p=10)

T —_—

—

R
*- ADMM:-joint
—o— ADMM:split

—

R
- ADMM-joint
—o— ADMM:split

- ADMM-joint
—o— ADMM:split

*- ADMM-joint
—o— ADMM:split

Figure 7: Comparison of the ADMM-based reconstruction using (30) and (34), tested with
different values of p = 1,2, 5,10 under exact measurements with f = 1.

We now compare the proposed ADMM-CCBM method with split adjoint to the standard
CCBM approach, adopting the prescribed Dirichlet data f = f; = cosarctan(xs/z1) through-
out, unless otherwise stated.

Figures 11 and 12 illustrate the influence of the initial guess and the penalty parameter p on
the reconstruction obtained with CCBM and ADMM-CCBM (hereafter referred to as ADMM).

For p = 10, Figure 11 suggests that ADMM exhibits weaker sensitivity to the choice of initial
guess compared to CCBM, indicating improved robustness with respect to initialization. In
particular, ADMM consistently recovers shapes that are qualitatively closer to the target across
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Figure 8: Corresponding histories of values for the cost, gradient norm, and Hausdorff distances
for Figure 7.
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Figure 9: Comparison of the ADMM-based reconstruction using (30) and (34), tested with
different values of p = 1,2, 5,10 under exact measurements with f = cosarctan(zy/x1).
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Figure 10: Corresponding histories of values for the cost, gradient norm, and Hausdorff dis-
tances for Figure 9.

the different initializations considered. In contrast, while CCBM can yield good reconstructions
for favorable initial guesses (e.g., I'’ = (C(0,0,0.4)), its performance deteriorates when the
initial geometry is either poorly located or mismatched in size.

Figure 12 further highlights the role of p. Within the tested range p = 2,5, 10, increasing p
appears to improve the stability of the reconstructions produced by ADMM with respect to the
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initial configuration. For smaller values of p, however, this effect is less pronounced, and the
reconstruction quality may degrade. We emphasize that this trend is empirical and restricted
to the values of p considered; larger values of p do not necessarily lead to further improvement;
this behavior was also observed in additional numerical experiments not reported here.

Across both figures, CCBM appears comparatively less responsive to variations in p and
the initialization. In several instances, the iterates stagnate away from the target configuration,
which is consistent with convergence to suboptimal stationary points. This behavior persists
despite the use of a backtracking strategy, suggesting that the underlying optimization landscape
remains challenging for the present adjoint formulation.

Overall, ADMM appears less sensitive to the choice of initial guess than CCBM, yielding
stable reconstructions even for unfavorable initial guesses under exact measurements.

Figure 12: Reconstructions with varying p = 2,5,10 under exact measurements.

We now turn to the more realistic setting of noisy data to assess the robustness of the
proposed ADMM framework. The measurements are perturbed with relative noise levels § =
0.005 and 6 = 0.01.

Figure 13 reports reconstructions corresponding to three choices of Dirichlet input f. The
numerical results indicate a pronounced dependence of the reconstruction quality on the selected
excitation, particularly in the recovery of concave portions of the cavity boundary, a behavior
already observed in the multiple-measurement framework studied in [AR25]. For f = fi, the
method captures the overall geometry of the cavity, although concave regions remain smoothed
and the reconstructed boundary exhibits a slight displacement that becomes more noticeable
as 0 increases. For the oscillatory input f = f = sin(0.17x;) sin(0.17x2), the reconstruction
improves locally, suggesting enhanced sensitivity to higher-frequency geometric features, de-
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spite the presence of minor distortions. The combined excitation f = f; + fo yields the most
accurate reconstructions for both noise levels considered. These observations are consistent
with the behavior obtained in the noise-free regime and in the ADMM comparison tests, where
richer boundary excitations lead to improved identifiability properties. At the same time, the
progressive deterioration as ¢ increases further reflects the mildly ill-posed character of the
reconstruction problem.

(a=1,6=0.005,p=>5) (a=1,6=0.005,p=>5) (a=1,6=0.005, p=>5)

(a=1,6=0.01,p=05) (=1,6=0.01,p=5) (=1,6=0.01,p=5)

Figure 13: Reconstructions under noisy measurements with low noise levels 6 = 0.005 (top
row) and 6 = 0.01 (bottom row). The prescribed Dirichlet data are f = cosarctan(za/z1)
(left column), f = sin(0.17z1)sin (0.17rz2) (middle column), and f = cosarctan(ze/x1) +
sin (0.17zq) sin (0.17x2) (right column).

In Figure 14, we examine the effect of p for the L-shaped cavity. For p = 5, the reconstruc-
tions are overly smooth and exhibit a visible bias near the reentrant corner. Increasing to p = 10
improves geometric fidelity, particularly along flat edges and corners. For p = 20, the improve-
ment is marginal, and slight boundary oscillations appear in some cases. This behavior reflects
the role of p in the ADMM splitting: small values lead to weak enforcement of the auxiliary
constraint, while large values increase sensitivity to noise. An intermediate choice of p provides
a reasonable compromise, consistent with the trends observed in the ADMM comparison.

Figure 15 illustrates the effect of imposing the inequality constraint through the admissible
set (27) with a = mingco+ f(§) and b = maxgcor f(§). The constraint stabilizes the recon-
struction across different initializations and suppresses spurious oscillations induced by noise.
In particular, the recovered shapes remain geometrically consistent, even in the presence of
perturbations. However, the constraint introduces a mild bias, with reduced resolution near
the reentrant corner. This reflects a trade-off between stability and accuracy, which is typical
for constrained inverse problems. Compared with the unconstrained CCBM formulation, the
constrained ADMM approach yields more stable reconstructions under noise, at the cost of
slightly reduced sharpness.
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(a=1,=0.005, p=5) (=1,0=0.005, p=10) (=1,0=0.005, p=20)

(=1,6=0.01,p=10) (a=1,6=0.01, p=20)

Figure 14: Reconstructions under noisy measurements with low noise levels 6 = 0.005 (top
row) and 6 = 0.01 (bottom row) for an L-shape cavity under the prescribed Dirichlet data
f = cosarctan(za/x1) + sin (0.17zq ) sin (0.17x2).

(a=1,6=0.005,p=5) (a=1,0=0.005, p=5) (a=1,6=0.005,p=5) (a=1,0=0.005, p=5)

—_—

_—3

Figure 15: Reconstructions under noisy measurements with noise level § = 0.005 for an L-shape
cavity under the prescribed Dirichlet data f = cosarctan(za/z1)+sin (0.17zq) sin (0.17z2) with

a = mingeo~ f(§) and b = maxecox f(§).
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The evolution of the iterates shown in Figure 16 indicates a stable and progressive deforma-
tion toward the reconstructed shape. The algorithm first recovers the main geometric features
and subsequently refines finer boundary details. No pronounced oscillatory behavior or nu-
merical instabilities are observed, despite the presence of noise in the data. This behavior is
consistent with the splitting structure of ADMM and further illustrates the stabilizing role of
the admissible set IC together with the extension-regularization procedure (24).

Finally, to complete our numerical investigations, we consider the reconstruction of a cavity
containing multiple concave regions, in contrast to the previous examples which involved only a
single concavity. In this experiment, we choose the Dirichlet input f = 1.0+ cos(arctan(za/x1)).
The corresponding reconstructions are displayed in Figure 17. The results indicate that the
proposed ADMM-based formulation provides improved qualitative recovery compared with the
conventional CCBM approach, particularly in the reconstruction of the concave portions of the
boundary.

Moreover, the inclusion of the spatially varying term cos(arctan(xy/z1)) in the input data
highlights the importance of the choice of excitation. In particular, compared with the related
numerical experiment reported in [AR25], where the constant input f = 1 was employed,
the present choice leads to a noticeably clearer identification of the concave regions. This
observation suggests that appropriately chosen nonconstant boundary excitations may improve
reconstruction quality, even in the single-measurement setting.

Overall, the numerical results indicate that the proposed ADMM framework yields stable
reconstructions under low noise levels. The reconstruction quality depends significantly on the
choice of Dirichlet input, with spatially varying excitations generally producing improved re-
sults. The penalty parameter p plays an important role in balancing constraint enforcement
and sensitivity to noise. Furthermore, the imposed inequality constraint suppresses oscillatory
behavior and enhances stability, although at the expense of a slight reduction in boundary
resolution. Taken together, these observations support the effectiveness of the proposed ap-
proach for noisy inverse shape reconstruction problems involving homogeneous Robin boundary
conditions.

ADMM (a=1, p=>5,5=0.005) ADMM (a=1,p=5,5=0.005)

Figure 16: Shape evolution of two of the reconstructed shapes in Figure 15 under ADMM.

6 Summary and concluding remarks

We studied the inverse problem of reconstructing an unknown boundary portion subject to a
homogeneous Robin condition from a single pair of Cauchy data prescribed on the accessible
boundary. The reconstruction was formulated as a shape optimization problem based on a
complex-valued state equation, with descent directions computed from the associated shape
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(=1,6=0.002, p=10) (e=1,6=0.005,p=05) (a=1,6=0.01,p=05)

Figure 17:  Reconstructions with multiple concave regions under different noise levels § =
0.002, 0.005, 0.01.

derivative and Sobolev gradient.

The problem remains severely ill-posed, particularly in the single-measurement setting. The
numerical experiments show that the proposed approach recovers the main geometric features of
the inclusion, while fine-scale details deteriorate under noise and depend strongly on the choice
of boundary data.

To improve stability, we introduced an ADMM-based formulation with an auxiliary variable
subject to an inequality constraint. Compared with the standard CCBM approach, the ADMM
scheme exhibits improved robustness with respect to noise and initialization. In particular, the
splitting strategy and admissibility constraint reduce spurious oscillations and tend to produce
more coherent reconstructions, especially in the noisy regime.

The numerical results also indicate that the penalty parameter and constraint set must be
chosen carefully. Weak enforcement may lead to diffused reconstructions, whereas excessive
penalization can amplify noise or reduce resolution. In addition, the reconstruction quality
depends significantly on the prescribed Dirichlet data, with combined excitations yielding im-
proved results.

Overall, the results indicate that the proposed ADMM-CCBM framework provides a com-
paratively more stable and robust approach than the standard CCBM formulation for noisy
inverse shape reconstruction problems with homogeneous Robin conditions. These findings are
consistent with previous works [RHA 24, CAR25a, CAR26] supporting the use of inequality
constraints in ADMM-based shape reconstruction methods. Future work includes the incor-
poration of multiple measurements, adaptive parameter selection strategies, and additional
regularization techniques to further improve stability and reconstruction accuracy.
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