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ON THE WELL-POSEDNESS OF A HELE-SHAW-LIKE SYSTEM
RESULTING FROM AN INVERSE GEOMETRY PROBLEM
FORMULATED THROUGH A SHAPE OPTIMIZATION SETTING

Jurius FERGY TIONGSON RABAGO*® AND MASATO KIMURA

Abstract. The purpose of this study is twofold. First, we revisit a shape optimization reformulation
of a prototypical shape inverse problem and briefly propose a simple yet efficient numerical approach for
solving the corresponding minimization problem. Second, we examine the existence, uniqueness, and
continuous dependence of a classical solution to a Hele-Shaw-like system, which is derived from the
continuous setting of a numerical discretization of the shape optimization reformulation for the shape
inverse problem. The analysis is based on the methods developed by G. I. Bizhanova and V. A. Solon-
nikov in “On Free Boundary Problems for Second Order Parabolic Equations” (Algebra Anal. 12 (6)
(2000) 98-139), and by V. A. Solonnikov in “Lectures on Evolution Free Boundary Problems: Classical
Solutions” (Lect. Notes Math., Springer, 2003, pp. 123-175).
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1. INTRODUCTION
1.1. A Hele—Shaw-like system

In this study, we examine a Hele-Shaw-like system that arises from a shape optimization reformulation of an
inverse geometry problem. We prove the existence, uniqueness, and continuous dependence of a classical solution
to the quasi-stationary moving boundary problem derived from the discretized version of the optimization
algorithm used to solve the shape optimization problem. The inverse problem occurs in contexts such as non-
destructive testing to identify inclusions or voids in solids. The available information or data are collected from a
part of the solid’s surface (geometrical boundary), with the goal of determining the inclusion within the interior
of the solid.

Let T be a positive number and ¢ € [0, T]. Let Q(¢) C R%, where d € 2,3, be a bounded annular domain with
a sufficiently smooth boundary 9€(¢) = I'(¢) U X, consisting of two non-intersecting parts: a fixed boundary ¥
and a free boundary I'(t). We assume that ¥ lies outside the surface T'(t), and denote by v(t) the unit normal
vector to I'(t) directed inward the domain Q(¢); that is, it goes in the same direction with the outward unit
normal vector to X. The main problem we consider here is the following: given a pair of positive-valued functions
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f=f(z,t) and g = g(x,t) defined on X, for ¢ > 0, and an initial geometry ', of the moving boundary, we seek
to find a surface I'(t) and two functions up = up(z,t) and un = un(x,t) satisfying the following system of
partial differential equations (PDEs):

—Aup(z,t) =0, x e Qt), te]0,T],
up(z,t) = f(x,t), xeX, tel0,T],
up(x,t) =0, zel(t), tel0,T],
—Aun(z,t) =0, zeQt), te]l0,T],
(,%uN(a:,t) = g(x,t), reY, te][0,T], (1.1)
un(z,t) =0, xz el (t), te][0,T],
Vol(z,t) = —gy (up(z,t) —un(z,t)), xel(t), te[0,T],
ro)=r.,

where 0/0v = 9/0v(t) is the inward normal derivative operator on I'(t) while V,,(x,t) represents the velocity
of movement of I'(t) in the direction of the normal v(t) for all ¢ > 0. As alluded above, the problem originates
from a reformulation of a shape inverse problem into a shape optimization setting. Shape optimization is a well-
established technique extensively applied in engineering sciences for addressing shape identification problems.
The modern mathematical theory of shape optimization was laid in monographs [1-3].

Motivation and review of related work. As far as we are concerned, shape inverse problems are typically solved
numerically from an optimization perspective through shape optimization settings; see, for example, [4, 5] and
the references therein. The model problem from which the Hele-Shaw-like system (1.1) was derived is a specific
case of the more general conductivity reconstruction problem. This type of problem is known to be severely
ill-posed in the sense of Hadamard [4]. Nevertheless, it has been widely studied in literature, both theoretically
and numerically; see, e.g., [4, 6-13] and references therein. For instance, the existence and uniqueness of the
solution to the problem based on boundary measurement data have been studied by several authors.; see, e.g.,
[8-10, 13]. Aside from these aforementioned investigations, shape optimization reformulations of shape inverse
problems, in general, are hardly examined from a different theoretical and numerical point of view. The main
purpose of this investigation, therefore, is to carry out a rigorous analysis of the existence, uniqueness, and
continuous dependence on the data of the classical solution of (1.1) in short-time horizon. We assert that,
to our knowledge, little to no work has been done on the well-posedness of the shape optimization problem
from which (1.1) is derived, especially in the direction of our current study. We believe that the system (1.1)
itself, originating from a shape optimization context, which in turn was derived from a shape inverse problem, is
novel. Therefore, the analysis conducted in this work, inspired by the work of Bizhanova and Solonnikov [14] and
Solonnikov [15], offers a new perspective. We emphasize, however, that Escher and Simonett demonstrated the
existence and uniqueness of classical solutions for the multidimensional expanding Hele-Shaw problem in [16].
In their study, the problem is formulated over the exterior boundary component, while the interior component
remains fixed. It is also worth mentioning that geometric flows related to shape optimization problems similar
to Bernoulli-type free boundary problems are explored by Cardaliaguet and Ley in [17]. The evolution process
examined in their work involves a combination of curvature and Hele-Shaw type nonlocal terms. They introduce
the concept of generalized set solutions, drawing heavily from viscosity solutions (see, e.g., [18] or [19], Chap. 2,
p. 69), which diverges from our current focus. The main result in [17] is the inclusion preservation principle
for generalized solutions, which guarantees the existence, uniqueness, and stability of the flow. In addition, the
study examines the asymptotic behavior, establishing that the solutions converge to a generalized Bernoulli
exterior free-boundary problem. Meanwhile, from geometric analysis perspective, Plotnikov and Sokolowski [20]
recently provided a comprehensive review of existing results in shape optimization emphasizing the theory of
gradient flows for objective functions and their regularizations. For the sake of simplicity, their mathematical
exposition is confined to two spatial dimensions, and they illustrate their findings through a model problem,
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leading to an initial result concerning convergence in shape optimization. In an earlier work [21], Plotnikov and
Sokolowski rigorously established the well-posedness of the Cauchy problem arising from a penalized gradient
flow and conducted an in-depth examination of the case involving the Kohn-Vogelius cost functional.

Remark 1.1. The analysis conducted in this investigation can be applied to a class of shape optimization
problems. Specifically, the same methodology presented in the subsequent sections can be utilized to prove
the well-posedness of (1.1), where the normal velocity of the boundary of the evolving domain is given by
Va(z,t) = —G(x,u(x)) for x € T'(t) and t > 0. Here, G can be the exact shape gradient of a cost functional such
as (1.3) and is assumed to be positive for all x € Q(t), for all ¢ > 0. Additionally, this approach is applicable
to other quasi-stationary moving boundary problems that arise from the discretization of numerical shape
optimization schemes used to solve the shape optimal control reformulation of the inverse geometry problem,
such as L? tracking of boundary data, under appropriate assumptions on the kernel of the shape gradient of
the associated cost functional.

In the next subsection, we will explore the derivation of system (1.1) and its connection to a shape optimization
problem to provide further context and motivation.

1.2. Derivation of the system

Consider a bounded (simply connected) domain D with boundary ¥ := 9D and assume the existence of a
simply connected open set w such that w C D, composed of a material with a constant conductivity that is
essentially different from the constant conductivity of the material in the annular subregion Q := D \ @w. We are
interested in determining the shape and location of the inclusion from the knowledge of the Cauchy data of the
electrical potential u on the boundary X. In other words, through the concept of non-destructive testing and
evaluation, we want to identify the inclusion given that the pair of boundary data f = “’z and g = (Vu - ”)‘2
is known, where v is the outward unit normal to . As alluded in the previous section, the problem under
consideration is a special case of the general conductivity reconstruction problem and has been extensively
studied in the literature, particularly in the context of inverse problems.

Various numerical techniques can solve the inverse problem, including applying shape optimization methods
as demonstrated by Roche and Sokotowski in [5], and by Eppler and Harbrecht in [4]. The former study utilized
first-order shape optimization algorithms to analyze and numerically address the proposed shape optimization
formulation. On the other hand, [4] investigated second-order methods related to the previous study, developed
and applied by the same authors in their prior work. Here, we introduce an alternative numerical approach
closely aligned with the shape optimization techniques employed in these references. Notably, our method does
not directly require knowledge of the exact shape gradient typically used in shape optimization procedures.
Nonetheless, our approach can be seen as stemming from the specific shape optimization formulation in [4, 5].
In essence, our method simplifies the gradient-based optimization procedure outlined in [5]. In fact, we will
choose a suitable descent direction that improves descent speed for the relevant shape optimization problem. It
is important to highlight in advance that our method operates as a Lagrangian-type numerical scheme, utilizing
finite element methods. This is in contrast to the approaches used in [4, 5] which rely on the concepts of
boundary integral equations.

To further explain the idea about our method, we first review the shape optimization formulation proposed in
[5] and [4] for the model problem introduced previously; see Figure 1 for a conceptual model. To determine the
inclusion w bounded by I', we apply the concept of nondestructive testing and evaluation, a well-known technique
used in engineering and related sciences to evaluate the properties of a material without causing damage. That is,
we identify w by measuring, for a given current distribution g € H~1/2(%), the voltage distribution f € H'/?(X)
at the boundary ¥.. This means that we are seeking to find a connected domain 2 := D \ @ and an associated
harmonic function v which satisfies the overdetermined boundary value problem:

—Au =01n §, u=0onT, u=f and Vu-v=gonX. (1.2)
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D

FI1GURE 1. Conceptual model

Equation (1.2) admits a solution only when the true inclusion (cavity or void)! w is considered.
We recall in the following theorem a key result about identifiability for this inverse problem. It guarantees
the uniqueness of the inclusion w and consequently, the potential u from a pair of boundary data (f, g) # (0,0).

Theorem 1.2 ([10]). The Cauchy pair (f,g) # (0,0) uniquely determine I' and u satisfying (1.2).

In the context of thermal imaging, the Dirichlet data f represent a prescribed surface heat, and correspond-
ingly, g stands for the surface heat flux of the material. This perspective reinterprets the state variable u as
the internal thermal distribution within the material. It is important to note that the homogeneous Dirichlet
boundary condition applied to the unknown shape I" models a perfectly conducting inclusion. Note that when
the Dirichlet data on the surface ¥ is positive, the solution u to (1.2) is also positive due to the maximum prin-
ciple and unique continuation property [22]. This implies that the outgoing flux Vu - v on ¥ is positive, while
on I', the outgoing flux is negative. Moreover, because u takes homogeneous Dirichlet data on the surface I' of
the unknown inclusion, we have the identity |Vu| = —Vu - v on T'. For a non-conducting inclusion, a Neumann
boundary condition governs the problem. Additionally, if the conductivity of the inclusion differs from that of
the surrounding material or object €2, an inverse transmission problem arises.

Roche and Sokolowski in [5] proposed a shape optimization reformulation of (1.2) as follows:

8uD

J(Q) = /Q IV (up — ux)[* dz = /Z (g - ay> (ux — f)ds — inf, (1.3)

subject to the underlying well-posed state problems
—Aup =0 1in Q, up = f on X, up =0 on T, (1.4)
—Auny =0 in Q, Vun-v=g on?, uxy =0 onT. '

In (1.3), the infimum has to be taken over all domains containing an inclusion with sufficiently regular boundary.
The existence of optimal solutions with respect to the shape optimization problem (1.3) was established in [5].

Remark 1.3. 1. The proof of the existence of an optimal solution to (1.3) over some set of admissible
domains is based on properties of harmonic functions in R? and uses the same arguments as those given
by Sverak [23] for a slightly different shape optimization problem.In particular, the method cannot be
directly applied in R? for d > 3.

% . . . . . . . .
‘While the terms inclusion, cavity, and void are related and commonly used in various contexts, such as materials science,

geology, and engineering, we have used them interchangeably in this discussion.
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2. To establish an existence result in dimension d = 3, we need to assume that the family of admissible

domains, say U,q, meets the following compactness criterion (see, e.g., [2], Chap. 2).
Given any sequence {2, }nen C Uaq, there exists a subsequence {Q,, }ren = {D \ Wn, fren, such that
the sequence of compacts {wy, }ren converges in the Hausdorff metric to the compact w. Moreover, the
associated sequence of metric projections P, : H} (D) — H}(Q,) converges strongly to the metric projec-
tion P : H}(D) — H (D \ @). For such a family of admissible domains, there is a solution to the shape
identification problem in R3. The hypothesis generally requires some form of uniform regularity for the
boundaries I', such as the cone condition or more intricate conditions related to capacity (refer to [1, 2]).
For further details, see Henrot, Horn, and Sokolowski [24] for an overview of stability results for the Dirich-
let problem, and Bucur and Zolésio [25] for an approach to existence problems. Additionally, [2] provides
more discussion on the existence of optimal shapes in shape optimization problems. For a recent related
result on the existence issue related to Problem (1.3), see [26].

3. For technical purposes, in order to establish the existence optimal solution, we require that any admissible
inclusion or obstacle w € D satisfies the condition that there exists a constant dy > 0 such that d(x,0D) >
dp, for all z € w. This condition is assumed without further notice throughout the paper. We emphasize
that such a requirement is also needed for computing the shape derivatives of the states u and the cost
function J with respect to w (see, e.g., [26]).

The equivalence between (1.2) and (1.3) issues from the first-order necessary condition of a minimizer of the
shape functional J(); that is?,

I -9 d
dJ(Q)[V] = gl\fl%f = 527 (%)

= / Gv -Vds,
e=0 r

where

8uD 2 8UN 2 6UD 3uN 3UD 8UN 4oy

G_(au) <81/)_<81/+8V><8V 8u>_'GG’
has to hold for all sufficiently smooth perturbation fields V. Here, (). stands for a perturbation of €2 along V
that vanishes on the known surface . Obviously, by the calculus of variations, the above statement implies the
necessary condition Vuy - v = Vup - v on I'. For details on how to compute dJ(2)[V], and for more discussion

on shape optimization methods in general, we refer readers to [1] and [3].

To resolve the minimization problem (1.3), a typical approach is to utilize the kernel of the shape deriva-
tive dJ(2)[V], the so-called shape gradient (see, e.g., [1], Thm. 3.6, p. 479-480), in a gradient-based descent
algorithm. For example, for a smooth boundary 02 and sufficiently regular states up and uy, one can take

0 #V = —Gr € L*(I')%. This implies that, by formal expansion, and ¢ > 0 sufficiently small, the following
inequality holds

d
J()=J(Q)+t £J(QE) +0(t?) = J(Q) +t/ Gv-Vds+ O(t?)
e=0 r
=J(Q) - t/ IV[>ds + O(?) < J(Q).
r
Hence, in practice, opting for the descent direction V = —G is straightforward. However, there are cases where
one can deviate from this choice. For instance, if f > 0, we can choose V = —G v, which still provides a descent

direction for J. Indeed, in such a case, G* > 0 on I'. Hence, it is evident that when V = —G~v, the following

2Here, the representation of the shape gradient is non-conventional. We must note that v denotes the inward unit normal to I'

and 0/0v is the inward normal derivative on T'.
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NQQ:JGD+ﬁAG+GUdes+O@%:JGD—tAéﬁJVFds+0@ﬂ<JKU (1.5)
>0

A naive idea to numerically solve (1.2) then involves an iterative procedure that minimizes the cost functional
J. For simplicity, let At > 0 be a fixed number. Given an initial shape 'y, for all k = 1,2, ..., denote the free
boundary at iteration k as I'y. Then, the update at iteration k + 1 is given by T'y11 = {x + AtV (x) | z € Tk},
for k = 0,1,.... Accordingly, the main steps for computing the kth free boundary I'y using J wia a naive
gradient-based descent method is given in Algorithm 1.4.

Algorithm 1.4. Boundary variation algorithm:

— Initialization Fix a number At > 0 and choose an initial shape I',.

— lteration For k =0,1,...
1. Solve the corresponding variational formulations of (1.4) on €.
2. Define Vn,k = V’U,DJC Vg — VUN’k * VE on Fk.
3. Set Ty1 = {z + AtVy(z) |z € Ty}

— Stop Test Repeat Iteration until convergence.

The identification of the unknown boundary I' in (1.2) according to Algorithm 1.4 describes a similar evolu-
tionary equation for the Hele-Shaw-like system (1.1) (see, e.g., [27-29] for the classical Hele-Shaw flow problem)
in discrete setting. Indeed, let 7' > 0 be a given final time of interest (this can be interpreted as the condition
for Stop Test in Algorithm 1.4), Ny be a fixed positive integer, and set the time discretization step-size as
At := T/Nrp. For each time-step index k = 0,1,---, Ny, we let ¢, = kAt and denote the time-discretized
domain and free boundary by Q &~ Q(kAt) and T'y ~ I'(kAt), respectively, and the associated time-discretized
functions as up x ~ up(-, kAt) and un x ~ un(-, kAt). Then, given an initial free boundary I's, Algorithm 1.4
reduces to solving the moving boundary value problem

—A’LLDJc =0 in Qk,
upk = f on %,
up,k = 0 on Fk,
—A’LLNJC =0 in Qk, (16)
Vung, Vg =g on X,
UN,k = 0 on Fk,
Vn,k = — (VUDJc Vg — VUNk . I/k) on Fk.,
r(0) = T..

Notice that the discrete system (1.6) is clearly the time-discretized version of system (1.1) with f = f(z) and
g=g(z), z €X.

1.3. Extended-regularized normal flows for shape identifications

In various studies, it has been observed that directly using V = —Gv can lead to unwanted oscillations on the
boundary, which may cause numerical instabilities, especially in finite element methods. To address this issue,
one typically employs a Sobolev gradient method in numerical optimization (see [30], Chap. 11), combined with
perimeter or surface area penalization. A typical approach includes the traction method [31] or the H' gradient
method [32], both widely used smoothing techniques in shape optimization problems [33]. On the other hand,
it is worth noting that treating inverse geometry problems as shape optimization problems presents significant
challenges due to their inherent ill-posed nature [4]. These problems are prone to instability and are frequently
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stabilized through numerical regularization techniques [34]. For example, in a related work [35], the authors
stabilized their shape optimization algorithm, similar to (1.2), by employing perimeter regularization.

Following the discussed idea, Algorithm 1.4 can be modified to formulate a more stable numerical shape
optimization algorithm to solve (1.2). Given an initial shape 2y and denoting the domain shape at iteration k
as g, the update at iteration k + 1 is Q41 = {& + AtVi(z) | © € Qi }, where At > 0 is a sufficiently small
step size and V, is the descent deformation field at iteration k. The main steps for computing € through
formulation (1.3) via a gradient-based descent method in Hilbert space can then be summarized in the following
optimization algorithm.

Algorithm 1.5. Domain variation algorithm:

— Initialization Fix a number At > 0 and choose an initial shape €.

— Iteration For k =0,1,...
1. Solve the corresponding variational formulations of (1.4) on €.
2. Compute Vi € V(Q)? by solving the variational equation

a(Vka('P) = / ékyk : LPdS, VLP € V(Qk)da
T

where V() := {¢ € H*(Q%) | ¢ = 0 on X} and a is a bounded and coercive bilinear form on V' (£2;,)<.

3. Set Qpy1 = {z + AtVy(z) | © € Qi }.
— Stop Test Repeat Iteration until convergence.

In Step 2 of Iteration, we can take G as either exactly G or G~, depending on the sign of f and g. Meanwhile,
for the Stop Test, we simply terminate the algorithm after a finite number of iterations.

As emphasized in previous subsections, our main intent in this exposition is to prove the existence and
uniqueness of classical solution to (1.1). Before delving with this problem, however, we first exhibit a numerical
example in two spatial dimensions illustrating the feasibility of the proposed optimization algorithm with the
choice of preconditioned descent vector field V obtained through the vector G~ v. Here, we define a(p, ) :=
(V, Vb)a, for ¢, € V(Q). Hereon, we shall refer to our algorithm as quasi-stationary Stefan type-scheme
or QSSTS as it also provides a kind of a comoving mesh method [36, 37] for (1.1).

Example 1.6. Using Algorithm 1.53, we reconstruct various cavity shapes (see Fig. 2) under the following
setup. The specimen under investigation is a circular disk with a unit radius, centered at the origin. For the
input data, we set f = 1 on X, while synthetic data is used for extra boundary measurements on the outer part of
Y. To avoid “inverse crimes” (see [38], p. 179), the synthetic data is generated using a different numerical scheme,
employing a larger number of discretization points and P2 finite element basis functions in the FreeFem++
code [39]. In the inversion procedure, all variational problems are solved using P1 finite elements with coarse
meshes.

We contrast the traditional shape optimization approach (utilizing G = G) with the proposed method
(employing G = G7). The geometry of the initial free boundary T's is a circle centered at the origin with a
radius of 0.9. The experimental findings, outlined in Figure 2, indicate a clear advantage of the proposed method
(QSSTS) over the conventional shape optimization method (SO). The QSSTS method not only achieves faster
identification of the shape and location of the unknown inclusion, but also does so with greater accuracy in gen-
eral. From these numerical results, one can expect that the proposed method will exhibit the same advantages
over traditional shape optimization approaches, even when extended to more complex geometries and higher
dimensions.

3Here, we used a non-uniform time step size to clearly highlight the potential of taking G = G~ . In fact, we determine the step
size using a backtracking line search procedure, calculated as Aty = cJ(Qk)/\Vk\?_Ilmk) at each time step, where ¢ > 0 is a scaling
factor. This factor is adjusted to prevent reversed triangles within the mesh after updating (see [40], p. 281).
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FIGURE 2. Identification results for various cavity shapes (top row), histories of Hausdorff
distances (middle row), and residuums (bottom row). In the history plots, the red lines represent
the conventional shape optimization approach (SO), while the blue lines indicate the values
obtained using the QSSTS approach.
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Example 1.7. We also evaluate the performance of the proposed QSSTS approach compared to the classical SO
method in three dimensions. The results, shown in Figure 3, illustrate the identification of cubic and dumbbell-
shaped cavities inside a unit ball using these methods, where in all cases we choose a ball of radius 0.8 as
the initial guess for the reconstruction procedure. The main observation is that both methods produce almost
identical reconstructions of the exact cavities. However, a clear difference is seen in their convergence speeds: the
QSSTS method converges significantly faster than the SO method, as expected and consistent with the results
observed in the two-dimensional case. It should be noted, however, that the reconstruction in the concave regions
of the cavities is less accurate, likely because these regions are farther from the measurement surface. In relation
to this, a recent numerical study has proposed improving the identification of such concavities by coupling the
standard SO method with the alternating direction method of multipliers (ADMM); see [44]. We expect that
combining QSSTS with ADMM could lead to a more robust and accurate reconstruction scheme, which we
leave as a subject for future work.

The rest of the paper is organized as follows. In Section 2, we establish several auxiliary results related to
a diffeomorphic mapping between a reference domain and its perturbation. In Section 3, we present the main
result of the paper (see Thm. 3.2), which addresses the local-in-time solvability of system (1.1) by employing
techniques developed by Solonnikov in [15]. The remaining sections sequentially outline the key steps in proving
the main result. Section 4 details the transformation of the original problem onto a fixed domain. In Section 5,
we establish the regularity of solutions on the fixed domain. Section 6 addresses the nonlinear problem with
respect to a parameter. This is followed by an analysis of the linearized problem in Section 7. The proof of the
main result, as stated in Theorem 3.2, is completed in Section 8. Finally, a summary of the work and some final
remarks are given in Section 9.

This work also includes several appendices that provide preliminary analyses of the well-posedness of (1.1)
in the case of axisymmetric domains (see Appendices A and B), demonstrations of transformations and
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gradient norms.

computations of key equations and identities (Appendices C and D) utilized in the paper, and detailed proofs
of auxiliary lemmas used in the proof of the main result (Appendix E).

2. AUXILIARY RESULTS

To state clearly our main result, we start by fixing some notations and prove some preliminary results in
this section. Throughout the paper, for & € NU {0}, C*(Q) denotes the usual space of all functions having
continuous and bounded derivatives in Q up to kth order while, with a € (0,1), C*T%(Q) is the Banach space
of all functions u € C*(Q) for which the norm*

k+a k k+a
uly ™ = July) + [u)

is finite, where

k

k j j (0) 0 0

e =3[, WY =max Dl |ul§) = [u]y) = suplul,
=0 |Bl=3 Q
and
(k4a) _ 8, 1(a) (a)_ lu(z) — u(y)|
U = max|D"u]q ’, Ul = sup ————x—.
[ulgy |m:k[ lo [ulg I S e
r#x’

Given a bounded simply connected domain D C R? with boundary 0D = X, we define the set of admissible
geometries (the boundary of inclusions) as follows:

A%t = {I' =0w|Q C D, wis asimply connected bounded domain and dw € C2+°‘} .

TSee also the norms issued at the beginning of Section 3 (cf. notations in [49, 66]).
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For I' € A%t we introduce the notation Q(T) to denote an annular domain in R? with boundary 9Q(T') = TUX.
Accordingly, given f € C?T%(¥) and T' € A***, we denote by up(T") the unique solution of

up € C2+a (W)v

—AUD =0 in Q(F), (2 1)
up = f on X, '
up =0 on I'.

Similarly, given g € C'**(X) and I € A*T* we denote by ux(I') the unique solution of

ux € C*(Q(T)),

—AUN =0 in Q(F),
Oun _ on 5 (2.2)
o ’
uny =0 on .

Hereinafter, unless otherwise stated, we assume I' € A%+,
For technical purposes and for economy of space, we need to introduce a notion of quasi-normal vector on I'.

Definition 2.1. We say that a vector field N is quasi-normal on I' € A?T% inheriting the regularity of T, if

N € C*(T;R%), N = 0 near ¥, and
(2.3)

it is such that |N(&)| =1 and N(&) - v(§;T) > 0, for all £ € T

The assumption that N vanishes near ¥ is necessary to keep the exterior boundary X fixed.
We let I, := [—&0, 0] and fix a constant g9 = £o(I', N) > 0 such that the map

X:TxI, — ' CRY, X(&p) — £+ pN(¢) C D,
is a C?*t2_diffeomorphism, where
= {X(&7r) =&+ rN(§) | (§7) €T x I},

for € > 0. In fact, we have the following proposition.

Proposition 2.2. There exists a constant g > 0 such that
X € Diffec*™ (I’ x 1.,,;T%°), T := X(I'x I,,).

Proof. Let ¢ € By := B1(R*™!) (i.e., By denotes the unit ball in R?~1). For all { € T', there exists an open set
B(&) C R? containing & and a mapping ¢ € Diffeo® ®(B;,T N B(&)) such that

T:ByxL.—RY  Y(or):=X(p(0),r) = ¢lo) + rN(¢(0)).

We shall first prove that the determinant of the Jacobian of the map Y is non-zero for all (9,7) € By x I..
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We let N be a smooth extension of N in a tubular neighborhood of I' and define N(g,7) = | + rVFN(g@(g)).
By straightforward computations, we get

R> 5 v/ Y(or)= (V) T(e,r) 9 Y(o,7))

(e,r)

|
=
—
©
<
~
—
=
—
)
©
<
~—
©
S
~—
=
S~—
=
L
—
©
<
~
Z
S
~—
=
S~—
S~—"
~—

For £ := ¢(p), we claim that

N!0, )N(&)] - v(€) > 0.

Indeed, since N is a quasi-normal vector on I', there exists a constant ¢ > 0 such that N(§) - v(§) > ¢ > 0, for
all £ € I'. Noting that

N~ —I=N"'1-N)=rN"'V/N,

we can choose g < 1 where

1
= 1 1 h—
€1 cmln{ ’2||N_1 II H}

so that

[NT! (o, 7)N(E)] - v(€) = [NT' (1 = N) (2, ))N(E)] - (&) + N(€) - v(€)

>e—|INT -1 > 3,

where ||| is the usual entry-wise matrix norm.
We next prove that the map X is injective. For this purpose, we show that

if ,€ €T and X (¢, p) = X (£, f), then (£, p) = (&, ).

Again, we note that for each ¢ € T', there exists an open set B(¢) C RY containing &. Meanwhile, since T' is
compact, there exists a finite collection of open covers {Oj}jj‘il, M € N, such that I' = Uj\il O,. For each
j=1,...,M, welet {; € I and define, for each open set B(¢;) 3 §;, the set O; =T N B(E;) 3 &;. Clearly, for
& # &, there exists 79 > 0 such that

inf i — &l =19 >0. 2.4
et o €& — &l =ro (2.4)
IIRIISY

By the previous argument, it suffices to prove that

if£,€ el and X(&,p) = X(E,p), then £ = €.
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Let us assume that &, € I’ x I, X(&p) = X(EN, p), and & # €. The latter condition implies that there exist
i,j €{1,...,M}, with i # j, such that £ € O; \ O; and £ € O; \ O;. Now, we let

=inf{€ — €| &€ el and {&,6} ¢ O;, forall j=1,..., M}.

Meanwhile, we have

0#¢&—E&=pN(€) = pIN() = (p— PN(E) + H(N() — N(£)).

Hence,
- ~ . - N(z) - N
€ E<lp—pl+Lolole —&  where Lo := sup N =NWI,
z,y€l lz =y
zEy
Since |p| < €9, we get
(1—eoLo)é — & < |p—pl < 2.
From (2.4), we deduce that
~ 250
T < < ———.
0T {@@}szo Si—&lsE=8s 1o coLo
RIS
Taking g¢ < 7'70’ we arrive at a contradiction unless rg = 0. Thus, £ = §~ .

2+ roLg
For the sake of being specific, we choose

. 70 . 1
60:Cm1n{m,51}, 61:len{l,2HN_1V}_N_H}

to conclude the proof. O

Remark 2.3 (Extensions of the normal vector). In the previous proof, it suffices to assume that N is C1te,
This is guaranteed because I' € A%+ implies that v € C'T®, and therefore, we can create a C'T® extension
of v in D D T'. More specifically, there exists an e,-neighborhood of T’ (e, > &9), say N<(I') D X (T x I,),
such that N € C'Te(Ne+(I); RY). Additionally, we see that the distance function d(-,T) € C2t*(N=(I)),
where d(z,T) := + dist(z, T"). Consequently, for any 2 € N+ (I'), we can define N(z) := N(&(z)), where £(z) =

z —d(z,T)Vd(z,T). Furthermore, for later use, we emphasme that we can create another extension of N which

is C2+e_ That is, for (£, p) € T x I.,, we can define N(X (I" x I.,)) := N(¢) such that N|F = N. These extensions
are assumed to vanish near X.

For fixed real numbers a and b, where b > a, the scalar-valued function p belongs to the Banach space
R p) (D, N) == {p: T x [a,b] = Loy | p € C%([a,b]; C*F(D)) N CH([a, b]; CTH (D)) } - (2.5)
We introduce the set

Ro(T,N) = {p € C**(1) | |o(&)| < (I N), V& € T}
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For p € Ry(I',N), it can be shown that
S(p) :={X(&p) | € €T} is a C?*T boundary.
In fact, S(p) € A%T%, as claimed in the following proposition.

Proposition 2.4. There exists €1 := &1(I', N) € (0,50(T, N)] such that S(p) € A*** holds for p € Ri(T,N),
where

Ri(I,N) :={p € Ro(T,N) | [p(§)] < €1, [Vrp(§) < &1, for all § €T}

To prove the proposition, we need the next lemma.

Lemma 2.5. Letk € N, a € [0,1), and Q C R? be an open bounded set with C*+ boundary. Let ¢ € C’é”a(ﬂ)
and consider p(x) = x + ¢(z), v € Q. Assume that max, g HVTgé(a:)H < 1. Then, det(V'p) >0 and ¢ €
Diffeok+a(Q, Q); i.e., the map ¢ : Q — Q is a C*¥r-diffeomorphism.

See Appendix E.1 for the proof.

Proof of Proposition 2.4. Let g := go(I',N). The map X : ' x I, — ' is a C?T-diffeomorphism. We choose
and fix € > g9, with |¢ — g| sufficiently small, such that the map X : T'x I. — I'* ¢ D C R? is a C?*o-
diffeomorphism. Consequently, X~ : ¢ — ' x I, is also a C2+2-diffeomorphism; i.e., X = = (£(z), #(z)) where
£ e C?t(I=,T) and # € C? (I, I.). We consider n € C§°(R) with 0 < 7(s) < 1, such that 7(s) = 1 for |s| < o
and suppn C (—¢,¢).

Let us define ® as follows:

@1::{x if 2 € D\T*,
z +n(F(2)p(¢(x))N({(z)) if z €T*.

Clearly, ® € C?T%(D;R%). We claim that ® € Diffeo? (©,9). Indeed, this follows from Lemma 2.5. We only
need to verify that the norm of the Jacobian of its perturbation — given that |p(§)| < €1, |Vrp(§)| < &1, for all

¢ € T' — has magnitude less than one. To facilitate the proof, let us write G(z) := n(#(2))N(¢(z)) and define
O(z) =z + ¢(x), where

D)
—~
-
=
7825

0 if € D\T*,
(x)) ifzele=.

From the definition of ¢, we have

VT () = 0 if z € D\ T,
VTG(2)p¢(z) + G(2) V] p(E(x) V] E(x) if w € T=.

Computing its norm, while noting that [p(§)]| < &1 and |Vrp(€)| < &1, for all £ € T, we get

IVT 6@ < lloll [V 7G| +1G(@)| [VE p(é(@)]| | V1@

<a [;rgg |V7G(@)] + max (1G(@)| V] émM <1

This proves the proposition. O
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For p € R4 (T, N), we define the moving boundary

Mp,[a,8) = |J S(p() x {t}, (2.6)

t€la,b]
with normal velocity V;,(t) = V,,(,t) € C°(S(p(t))), where
Va(@,t) = pie(§N(E) - v(2:S(p(1), & =E+p(&H)N(E) € S(p(t), £l
We define the set of moving boundaries as
Mo (T,N) := {M(p, [a,b]) C R* x R | 3p € R, (T, N) such that (2.6) is satisfied } .

Now, we consider the quasi-stationary moving boundary problem stated as follows:

Problem 2.6. For given I's € A%, f € C?*%(%), and g € C'**(%), find T > 0 and M = Uy, T() x {t}
such that

(2.7)

where up(I'(¢)) and un(T'(t)) are defined by (2.1) and (2.2), respectively.
We formally define the solution of Problem 2.6 as follows.

Definition 2.7. We say M = Uy, I'(t) x {t} C R? x R a solution of Problem 2.6, if for I'(0) = I',, there

exists a collection of closed intervals {I;}7_; such that J;_, Ir = [0,T], and for each k, there exists t; € I,
I'y, € A2t and quasi-normal Ny on I';, such that

./\/l‘[k € My, (T, Ny), where ./\/l‘[k = U I(t) x {t},

tely

is a solution of

Va(t) = f% [up(T'(t)) —un(T'(t))] on I'(t), fort € I, for each k =1,...,n,

where up(I'(¢)) and un(I'(t)) are defined by (2.1) and (2.2), respectively.

We note that the definition of V,, does not depends on the choice of 'y, and Ny.

Before we proceed further, we ask the following question in view of Definition 2.7: suppose Mg 1) is a solution
to (1.1), then is it true that My, ) is also a solution to (1.1) for t, € [0,T]? The next lemma answers this
question affirmatively.

Lemma 2.8. Let I' € At N be a quasi-normal vector on T,

M = U D(t) x {t} € M, (T, N),

a<t<h
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t. € [a,b], and N, be quasi-normal onT'(t.). Then, there exists a T > 0 such that, with I, := [a,b]N[t. — T, t. +7],
we have

M|, € M (T(t.),N,). (2.8)

Proof. We start by noting that there exist €, > 0 such that
X, € Diffeo®™® (I'(t,) x I, X.(T'(t.) x I..)), Xi(z,r) :=z + rN,(z),
where
(z,r) € D(ts) x L, I.:=1., NJa,bl, I, = [—ex,e4].
We claim the following:
There exists a 7 > 0 such that T'(t) C Xu(T(t) X Lix), for t € L := Lo N [t — 7, ts + 7).
For (y,t) € I x I.,, we define
(@ (y, 1), iy, 1) o= X1 (X (y, (1)),
and for (z,t) € T'(ty) X L., we set
pl,t) = pu(a( )7 (@), 1),

where z,(-,t) : ' — I'(¢,). Hence, by construction

X(y, p(y,1)) = Xu(z, p(=,1)) e=a.(y,t)

Now, to validate (2.8), we need to show that
p € CO(Ly; C?T(T(t,)) N CL(Lhw; CHH(T(1)). (2.9)
This follows directly from the following assumptions:

(y,t) e x L, T x I, CT x [a,b],
p € COL; C* (1) N CH(L; CHH (1)),
X € C* (I x I,),

(z,t) € T(ty) X L CT(ts) X L,

as well as from the regularities of the following mappings:

[(y,1) = X(y, p(y,1)] € C°(L; C*F(T;RY)) N CH (L; O (T3 RY)),
X, € Diffeo® ™(T(t,) x L, X, (D(t,) x L..,)),
pu € COL; C*T4(T)) N CH (L; CTH(I)),
2. € C*H(I;T(t)),
z; e CF(D(t,);T).

In view of Definition 2.7, the composition of these mappings leads to (2.9). O

By Lemma 2.8, we can state an equivalent definition of the solution to Problem 2.6, given as follows:
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Definition 2.9. We say M = (J,,r I'(t) x {t} C R? x R is a solution to Problem 2.6 if, for all ¢, € [0,T],
there exist a < b and 7 > 0 such that [t. — 7,t. + 7] N[0,T] C [a,b] C [0,T], and there exists a quasi-normal
vector N, on I'(¢,) such that

Miap) € Mg (D(ti), Na), where M, p) := U L(t) x {t},

a<t<h

and up(I'(¢t)) and un(I'(t)), defined by (2.1) and (2.2), solve (2.7).

Remark 2.10. The definition of the solution to Problem 2.6 given in Definition 2.9 is indeed equivalent to
Definition 2.7. To see this, we note that, for all ¢ € [0,T], there exists 7(¢) > 0 such that [t — 7(¢),t + 7(¢)] N
[0,T] C [a,b] C [0,T], and there exists a quasi-normal vector N on I'(¢) such that

M[GJ)] € M[a,b] (F(t)a N)a
and up(T'(t)) and ux(T'(¢)), defined by (2.1) and (2.2), solve (2.7). Now, we observe that

t—7@),t+7()N(0,T) forte (0,T),
0 #£ O(t) =< [0,7(0)) for t =0,
(t—7(t),T] fort="T.

Note that O is open in [0, 7] and ¢y ) O(t) = [0, T].

3. MAIN RESULTS

Our main objective is to demonstrate the (local-in-time) solvability of system (1.1) by applying the techniques
outlined by Solonnikov in [15]. Specifically, we refer to the proofs of [15], Theorems 1.1 and 3.1, and also to [41]
for a related application of this method.

Notations. Let | be a nonnegative real number. We denote by C°([0,T]; C*(Q)) the space of continuous
functions with respect to

(z,t) € {(z,t) |t €]0,T],z € Q}
with the finite norm

W)
gax ful )l

where

l
Julgy = lullgwm @ = luly gy Z max| D7u(a)| + [uky
<

. |Dju x) — Du())|
[ulg = [u [z]z[z]sz—z:;“fg2 lz— &1

For example, |u|%)) is the maximum norm of u(z), i.e., \u%o) = max, g |u(z)|. Also, in a more familiar notation,
Ul = ||ull oh.o ) Where I = k+a, k = [I] € NU{0}, @ = [I] -1 € (0, 1); see [42], equations (4.5)~(4.6), p. 53.
The spaces C°([0, T); CH(X)) and C°([0, T]; CY(T')) are introduced in a similar manner. Here, C!:\=l1 .= C* for
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integer [ = k € N. Throughout the paper, we use ¢ as a general positive constant, meaning it can vary in value
depending on the context.

Let a and b be fixed real numbers such that b > a, k € NU {0}, and « € (0,1). For functions ¢ = ¢(§,t) €
C%([a, b]; C**+(Q)), the norm
(k+a)
o

max [¢(-,7)

a<T<h ’

will appear many times in the paper (especially from Section 7 onwards and in Appendix E.3). So, for economy
of space, we introduce the following notation

k+ k+ — =
ety = max [, DIET, Ze{@RrD)
For nested maximum norms, we write
|<P|;<;[a,b] = argfébmaax |‘P(77')| ) =€ {ﬁa F7 E}

Additionally, for functions u = u(¢,t), v = v(€,t) € C%a,b]; CF(2)), = € {Q,T,%}, we introduce the
following specially defined norms

k+ k+ k+
[, o) | = EF) o ETe) =

|(k+a)
E;la,b] " 17IE;[a,b] E '

)| ete) .
=ifod] = J25%, G I+ amax ol 7)

For a pair of functions with subscripts -p and -N, we simply write

k+ao k+a
lep nI€T20 = e, e IS0

especially when such a norm appears many times in a sequence of arguments. Moreover, and specifically for the
boundary data f € C°([0,T]; C?T*(X)) and g € C°([0,T]); C*+* (X)), [a,b] C [0,T], we simply write

(2+c) . (2+a) . (+a) — (2+a)
I Ty = ma FCIE + max oG DIE L 9l = I 9IS

Additionally, for k € N and p € C°([a, b]; C***(Z)) N C*([a, b]; CF~1+*(Z)) and = € {Q, T}, we introduce the
norm notation

(e (bta) d (k—1+a)
« «
lollz; fa,5) = max, lp(, )|z + max ——p(,7)| :
and another special notation
(k) (k) d (k—14a)
Pl a0y = argggb\p(ﬁ)\g + max 2P0 T) )

Finally, for any pair of well-defined functions ¢p and ¢, we will extensively use the following special notations
for convenience:

@DN = ¢p — N and OND = N — ¥D-

For example, we write upn = up — un and upn(T') = up(T') — un(T).
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To prepare for later discussions involving the differentiability of certain linear and bounded operators (see
Lem. 4.3), we introduce the following function spaces. The space B(X,)) denotes the set of linear and contin-
uous (bounded) operators between two normed vector spaces X and Y. We also consider the space C¥(U, V),
consisting of real analytic functions from a Banach space U into V, understood in the sense of Fréchet or Gateaux
differentiability.

Prior to stating the primary result we seek to establish in this study, we observe that, in the original inverse
geometry problem setup, f and g are solely space-dependent. However, for the remainder of the discussion,
otherwise specified, we shall assume that these functions are also (pseudo-)time-dependent. Specifically, we let
f=f(z,t) and g = g(z,t), where z € Q(t) and ¢ € [0, T}, in (1.1), and assume that they are both positive-valued.

We consider the following conditions, which are essential for the analytical framework underlying the proof
of the well-posedness of (1.1):

Assumption 3.1. e For some « € (0,1),
S, =T, ec?™,  feC%0,T];C*™(%)), f>0, geC°0,T];C""*(%)), g >0,

such that

% (U,DN(FO)) > 0, (Al)
where up and uy respectively solves (2.1) and (2.2) in Q(T,).
e There exists a t** € (0, 7] such that
6 *k
5 (UDN(F(t))) >0, forte [O,t ]

It is necessary to comment on the key assumptions above, taking into account both its technical and practical
implications. The positivity of the difference between the normal derivatives, as expressed in (A1), is not only
an essential requirement for proving the well-posedness of system (1.1) (see comment at the bottom of page 584
in [43]), but also plays a crucial role in the reconstruction procedure, and can, in fact, be ensured in practical
computations. This condition is satisfied when the initial guess in the algorithm is chosen sufficiently large to
fully enclose the exact cavity — a choice that is both natural and effective in numerical implementations, at least
in simple settings (see, e.g., [44]). Appendix A further illustrates this point in the setting of axially symmetric
domains through a detailed comparison of normal derivatives.

Our main theorem is formulated as follows.

Theorem 3.2. Let Assumption 3.1 be satisfied. Then, there exists a unique solution T'(t), up(z,t), and un(x,t)
to (1.1) defined on some small time-interval I* = [0,t*], where t* < T. The free surface T'(t) is described by the
equation

v=E+pE NE), €T, (3.1)

where £ is the local coordinate on the surface I' and N is a smooth vector field on T' such that N - v, > v, >
0, where v, is the unit normal vector to the surface T' directed inward the domain Q(T'). The function p €
CO(I*; C**t*(T")) has extra smoothness with respect to the variable t; namely, p, € C°(I*; C1+*(T)). Meanwhile,

the functions up(z,t) and un(x,t) are defined in Q(t) fort € I* and both belong to the space CO(I*; C*T*(Q(t))).
Moreover, the following estimate hold

24 24 24+
lupnllg o + ol o < el (F IS oy < el 9l (3.2)

for some constant ¢ > 0, for allt € I*.
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Given the short-time existence of solution to (1.1), we can also prove the uniqueness of short-time solution
to the system.

Theorem 3.3. A solution of Problem 2.6 is unique.

Proof. If there exist two solutions M; := [JT(¢) x {t}, i = 1,2, to Problem 2.6, then we need to show that
Mi = Ms. We prove the assertion wia a contradiction. Let us assume that M; # Masy. Then, there exists
t, €[0,T) and a sequence {t;}7°, € (t«,T] such that

Ml’[o,t*] = M2’[O,t*]’

T>t >ty >--->t,, where lim t; =1t,, and (3.3)

k—o0

Tl(ty) #T2(tg), fork=1,2,....

Since I'(t,) := I''(t.) = I'%(t,) satisfies the condition in Theorem 3.2, there exists t.. € (., T] such that there
is a unique I'(t) for ¢ € [t«, t.s]. However, this contradicts the last two lines in (3.3). Thus, M; and M> have to
be the same solution to Problem 2.6. O

Before we proceed, we provide additional comments on condition (A1) (cf. (A3)). To this end, we first consider
the following lemma.

Lemma 3.4. Let Q C R?, of class C’j, be an open bounded connected set with non-intersecting boundaries T’
and . Assume that v € C?(Q) N CY(Q) N CL(E) and

ov

—Av=0 1inQ, v=0 onT, —
v

>0 onX.
Then,
v>0 in Q.

Proof. The proof proceeds by contradiction and uses the maximum principle [45], Chap. 6.4, p. 344. We start

by observing that v # constant in 2; otherwise, v = 0 in 2 because v = 0 on I', and so a—v = 0 on X, which
v

contradicts the assumption. We suppose that

infv < 0.

Q
Then, by the maximum principle,

0 > inf v = minv = minv.
Q Q by
That is,
there exists xg € ¥ such that v(z¢) = mzinv = minw.
Q

Because v = 0 on I', we deduce that

5(%‘0) <0, To € 2.
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ov
This is a contradiction to our assumption that Y > 0 on X. Therefore, infg v > 0, and thus v > 0 in €2, proving
v

the lemma. |

Using Lemma 3.4, we will prove in the next proposition that there exists a suitable choice of ', such that
condition (A1) holds. In fact, we will use the same idea as in Appendices A.1 and A.2, which compares the
normal derivatives on the free boundary of concentric circles and spheres.

Proposition 3.5. Let Q = D\ @ C R?, of class C*T%, be an open bounded connected set with non-intersecting
boundaries Ow =T € A**® and ¥ = OD. Assume that Ow* = I'* € A*** is the exact interior boundary that
satisfies (1.2) and w strictly contains @* (i.e., T lies entirely in the interior of Q" = D\ @"). Let f € C*To(%)
and g € CYT2(X). Then, the functions up(T') and un(T) satisfying (2.1) and (2.2), respectively, satisfy the
following condition

up >uy in .

Consequently,
0 ( )>0 r
— (up—u on T
oy \Up N

Proof. Let the assumptions of the proposition be satisified. Let us denote by (Q*,u*(2%)), Q* = D\ w*, Q* is
of class C?T% u* € C?T(Q) N C%T(Q), the exact solution pair of the free boundary problem (1.2) with the
corresponding exact interior boundary I'* = dw* € A2t We note the following observation

Au* = Aup = Auxy =0 in Q,
uw*=up >0 on X,

(3.4)
up=un =0 onT,
u* >0 onl.
Let us define
vp = —up + u* and VN = —un + u¥.
Then, from (3.4), we have the following
Avp =Avp =0 in €,
vp=0 on2,
0 3.5
% = on X, (35)
vpp=ovny=u*>0 onl.
We deduce from (3.5) that
) Ovp
vp >0 in Q and 2 < 0 onX. (3.6)
v

Now, we define

v=wvN —vp = (—ux +u*) — (—up + u*) = up — un.
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Hence, we have

—Av=0 1in Q, v=0 onl, ?>0 on 3.
v

Therefore, by Lemma 3.4, we get

up —uxy =v >0 in Q.

Consequently, when I' € A2 lies entirely in the interior of O =D \ @, we get

d
a(uD—UN)>O on T,

which concludes the proof. O

Theorem 3.2 follows from an auxiliary result (see Thm. 4.4) which we issue in the next section.

4. PROBLEM TRANSFORMATION ONTO A FIXED DOMAIN

To carry out our analysis, we first need to transform system (1.1) into a problem over a fixed domain via the
change of variables to be described below. Such technique has been used in many studies (see, e.g., [15]) and can
be achieved by a special mapping — a modification of the well-known Hanzawa transform — of the pseudo-time
dependent domain Q(t) onto the fixed domain Q. The target equation is given by (4.7), and the main result we
want to state here is emphasized in Theorem 4.4.

From this point forward, we assume that Assumption 3.1 holds and that N is a quasi-normal vector on T"
(see Def. 2.1). Also, for some technical purposes, we assume there is a constant v, > 0 such that

N(g)'uo(€)>lj*>07 gera (AQ)

where v, denotes the unit inward normal vector to I'. This requirement will be made clear in Section 6.
Given a constant £, > 0, it was shown in [15], Sect. 3, p. 134 that the tubular strip

Se, ={E+N(EA | [N <&o,6 €T}
contains some neighborhood of I" where the equation x = £ + N(§)A determines some functions £(x) and A(x)
of class C*** (see the proof of Prop. 2.4). For sufficiently small t > 0, the free boundary I'(t) is contained in
S.. (cf. Prop. 2.4) and can be described by the equation A = p(&,t). Accordingly, for
p € Ro(I,N) := {p € C***(I'R) | ||pll, <o}
we define

S(p) = {r e R |z =€+ N(€)p(€), £€T} (4.1)

We introduce the admissible set of hypersurfaces consisting of d — 1 dimensional C?T® manifold embedded in
R? as follows

H.,(D,N) = {S(p) | p € Ro(T,N)}.

The following definition introduces a family of admissible moving surfaces (or moving boundaries).
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Definition 4.1. We say that a moving surface (or moving boundary) M is admissible, and we write M €
Mio,7)(T,N), if and only if

M = U [(t) x {t} CR? x R,

0<t<T
I'(t) = S(p(t)) € H. (T,N), for all ¢t € [0,T],
P S R[O,T] (].—U:N-)7

where Rjo 7)(I,N) is the set given in (2.5) with g9 = &,.

For every function p € Ry 1)(T', N), we put into correspondence its extension
ply,t) := Ep(y, 1), (4.2)
where F is a linear and bounded map
E: Ryyq(F,N) = C%([0, T}; C*F(Q)) n C*([0, T]; € () (4.3)
satisfying

24« 24«
1EpIEH) < elpll ),
Q; [0,t] :(0,¢]

for some constant ¢ > 0. Such an extension of p from I' x [0, T to  x [0, 7] can be constructed in different ways.
In this investigation, we assume that p = p(y,t) := Ep(y,t) satisfies the following boundary value problem:

7A[) = 07 Yy € Qv t > 07 ﬁ|yer‘ =P [)|y€2 = 07 (44)

where the latter condition is essential because X is fixed. Using this extension allows for a more straightforward
development of later arguments. Throughout the remainder of our discussion, we assume without further mention
that p satisfies (4.4).

To meet certain technical requirements, we extend the vector field N (retaining the same notation) to the
domain S, by defining N(z) = N({(z)). We then further extend it to the domain QU S, , where Q = Q(0),
ensuring that the regularity N € C?**(QU S.,) is preserved (cf. Rem. 2.3).

Let us introduce the change of variables y = Y (x,t) under which (¢), ¢ > 0, is transformed to  and define
the inverse transform Y =1 : Q — Q(¢) as follows:

Yoy ) =2 eQt), ==y+Ny)iyt), (4.5)

for y € 2 and t > 0. The given map is bijective, as stated in the following lemma.

Lemma 4.2. Let Z(y) =y + N(y)p(y), y € Q, such that Z =|yexy and Z|yEF =y + N(y)p(y). Then, for

sufficiently small |p| > 0, the map Z : Q — Q(p), where Q(p) is the annular domain bounded by ¥ and S(p) is
bijective.

Proof. See Appendix E.2. O
To transform the Hele-Shaw-like system (1.1) onto a fixed domain, we make a few additional preparations.
The Jacobi matrix J = (Jgm)km (k,m =1,...,d) of the transform Y ~! has entries
dp | ONg .

Jim = (DY Yy, t))kem = Okm + Np—— + ——p.
k (Dy (Y, )k km + kaym-i-aymp
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Correspondingly, we denote by JE™ the entries of the inverse matrix 7t e,

-1

= () = (DY (@ k) = (DY T (5 )km)

which is the Jacobi matrix of the transform Y (z,t). Denoting J~ ' = (J7!)T, the operator V, := (dy,, ..., 0%,),
Oy, = 0/0xk, k=1,...,d, takes the form

d
STV (zym@), m=td Wy () (16)

=1 Oy Oy1 0yq

The following relation between the inward unit normal vectors v, to ' and v(t) to T'(t) (¢f. [15], p. 135 or see
[1], Thm. 4.4, p. 488) holds:

7T, I Tu,
= v(t) =

v(t)o Y1 = =
®) A 17 T

oY.

Applying the above change of variables and identities, we can pass from the ¢-dependent system (1.1) to the
problem in the given fixed domain € with respect to the three unknown functions Up(y,t) = up (Y ~*(y,t), 1),
Ux(y,t) = un(Y ~Y(y,t),t), and p(y,t), y € 2. More precisely, given the harmonic function j satisfying (4.4),
we have the following transformation of (1.1) using the map Y : Q(t) — Q, where Y (x,t) =y € Q, for t > 0:

d
02Up k@J oUp
ZAmp + Z m =0, yeQ, t>0,
i Wymyp | = Oym Oyp
UD|yeZ = f(yat)v UD|ye1" = Oa
¢ 9?Ux L OJPF U
ZAmP& o Z IS = =0, yEQ, t>0,
——t YmIYp JR— Ym OYp (4.7)
OUn
o = g(y, 1), Uxlyer =
<8;3 + B~8UDN) =0
ot A, el
ﬁ|yer,t:0 =0.

where
Ay : ZJkapk m,p=1,....,d,

are the entries of the matrix A := J_lJ_T, and

B; = (N : J—Tyo)_1 (Vo - Avs). (4.8)



24 J. F. T. RABAGO AND M. KIMURA

We note here that OUpn

> 0 is consistent with Assumption 3.1. The detailed computation of system (4.7) is

v
provided in Appendix Co]

For convenience of later use, we will write problem (4.7) in compact form. For this purpose, for p € C?+*(T),
we define the following linear and bounded operators:

d 2
L;: C*Q) — CY(), L= > A _o

d
K;: @) » ¢ (@),  Kp=- > Nkﬂkai,

k=1 Yi (4.9)

M C?F(Q) — CH(Q),

d d ~ ~
: ON; 0p ON; 9p  9’N; \| 0

M;=— Jhm gpd yam <J+J+ ’ ) o
=] 2 Oyy Oy Oy Oyq  Ourdy,”) | Oy

p=1 |j.k.m,q=1
The main equations in system (4.7) can then be written as follows
EﬁUD + ’CﬁUDﬁﬁﬁ + M,}UD =0 and [:ﬁUN + KﬁUNﬁﬁﬁ + MpUN =0. (4.10)

We note here that M; = 0 when p = 0.

Lemma 4.3. The following regularities hold:

{ [p— L5 € CW(CQM(F%B(CHQ(?)’CQ( ), (4.11)
o sl o M) € C(C20(T), B(C?+ (@), O+ (@)
Proof. We will only prove our claim that
o £5] € C2(C*(T), B(C* (@), C°(@)). (4.12)
The other two results can be proven in a similar fashion.
We let p € C?T(T). In view of (4.2) and (4.4), we define
ply) == Ep(y), yeT, where E € B(C***();C*"*(Q)), (4.13)
and such that
-Ap=0,y€Q,  pler=p  Plexn =0 (4.14)
We claim that
L, € B(C* (@), C*(@). (4.15)

Let us note that the following regularities hold:

o |ir p] € BT @).CM @), orall m =1,
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82
aymayp
o Ay € C¥(C?T2(Q)); CHH(Q))), for all m,p =1,...,d;

o for u € C***(Q)), we have Ap, € C¥(C*(Q));C*(Q))), for all m,p = 1,...,d, where AP () :=

AP @)uls), 7 € 0

The latter regularity result follows from the fact that the following map

€ B(C**(Q),C*(Q)), for all m,p=1,...,d;

L4 Dmp =

F: C(Q) x CY(Q) — C*(Q), (%) — w1,

is analytic (cf. [42], p. 53); i.e. F € C¥(C*(Q) x C*(Q); C*(Q))). Hence, using AL, (z) = F(Amp(p), u), we
establish the final regularity result mentioned above. Consequently, by composing the given maps, we validate
(4.15). To complete the proof, we use the composition of the map p — p (defined through the extension operator
E) and the operator £;, which allows us to confirm our claim (4.12). O

Finally, our main result, stated in Theorem 3.2, follows from the next result, which asserts the local-in-time
solvability of (4.7).

Theorem 4.4. Let Assumption 3.1 be satisfied. Specifically,

0
EOR (Upn(y,0)) >0, y el (A3)

Then, problem (4.7) has a unique solution (p(y,t),Up(y,t),Un(y,t)), y € Q, that is defined for t € I* with
t* < T, and such that the following reqularities hold:

peCUIHC @), pylp € COUICTTI)), Up(y.t), Un(y:t) € COI*; C*F(Q)).
Moreover, the following estimate holds

2+« ~n(24a 2+«
1UD Gt + MBS oy < el DI < el ), (4.16)

for some constant ¢ > 0, for all t € IT*.

5. REGULARITY OF SOLUTIONS ON A FIXED DOMAIN

Our immediate aim is to distinguish between the linear components of the main conditions and the dynamic
boundary conditions in the nonlinear problem arising from (4.7). The complete formulation of this nonlinear
problem will be formally presented in Section 6, specifically in equation (6.1). This formulation is derived by
introducing two new variables that represent the difference between the solutions of two states: one corresponding
to the transformed problem on a varied domain (c¢f. (4.7)) and the other corresponding to the problem on a
fixed domain, which will be introduced in this section. Part of the analysis requires understanding the unique
solvability of a pure Dirichlet problem and a mixed Dirichlet-Neumann problem, as well as obtaining estimates
for the solutions of such equations. In this section, we lay the groundwork for these preparations.

Let u) := up(z,0), fo := f(-,0) € C?*T*(X), and consider the pure Dirichlet problem

Aud =0 inQ, udy = fo on X%, uh =0 onT. (5.1)
The solvability of (5.1) in the space C*T%(Q) (Q a bounded region) is well-known and is given, for instance, in

[49], Thm. 1.1, p. 107 or [50], Chap. V.36, I, p. 166 (see also Kellogg’s Thm. [51, 52]). In particular, we have
the following result.
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Lemma 5.1. For any fo € C*T%(X), there exists a unique solution u%, € C*t*(Q) to (5.1).

Proof. See, for example, [42], Theorem 6.14, p. 107. O

Remark 5.2. It is worth to emphasize here that, for k =0,1,... and a € (0,1), the space C*+2(Q) essentially
coincides with C¥+(Q) for any open (bounded) set Q2 C R? [53], Proposition 1.1.7, p. 6.

Now, let u% = un(z,0), go := g(-,0) € C***(X), and consider the following mixed Dirichlet-Neumann
boundary value problem

ou
oV,

Auly =0 inQ, =go on, ufy =0 onT. (5.2)

In the next proposition, we aim to prove that vy € C*T*(Q), provided that go € C*+*(%).

Lemma 5.3. Let Q C RY be an annular open bounded set with C*** boundary 0 = L UT and go € C'1 ().
Then Equation (5.2) has the unique solution ul; € C*T(Q).

Proof. Let us choose an annular connected open bounded set §2; with exterior boundary I' and interior boundary
S of class C%% N C*°. We denote by €, the annular open bounded set contained in {2 whose boundary are S
and X. Obviously, Q; N Qs = 0 and Q; UQy = Q. We then consider the following pure Dirichlet boundary value
problem

AV =0 inQy, V=u} onS, V=0 onT. (5.3)

By [45], Theorem 3, p. 316, we know that uy € C*°(Q), in particular, uy € C?(Q). Hence, uy € C***(Q;) by
[42], Theorem 4.6, p. 60. This implies that the above problem admits a unique solution w € C?7(£2;) because of
[42], Theorem 6.8, p. 100 (see also [49], Theorem 1.3, p. 107). Since u%‘ﬁl also solves (5.3), then by uniqueness,
we have w = u%|§l.

Let us next consider the following boundary value problem:

ov o uy
Ove 9o onx, e  Ovs

Av—v=—ul in Q, on S. (5.4)

Since u}y € C*T*(Qy), Vug -v € C'1(S5), and go € C'+(X), then by [54], Theorem 5.2, we see that (5.4) admits
a unique solution v € C?t%(Q)y). Because u%|§2 also solves (5.4), uniqueness then implies that v = u%’m. This

concludes that Equation (5.2) admits a unique solution in C?+%(Q). O

Let US = Ul(y,t), y € Q, t > 0, and f(-,t) € C***(X), for all ¢ > 0. Then, it can be checked that the
boundary value problem

AUI% = 07 ye Q7 UIO)|y€g = f(yat)v U1%| 07 (55)

yel =

admits a unique solution US € C°([0,T]; C***(Q)), for all ¢ > 0, where ¢ is a parameter appearing in the
boundary condition on X. The solution to (5.5) satisfies the inequality condition

0. |3+ @+
ax [UB(,7)[g " < e(d, 9, @) max [1(,7)IE", (5.6)
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Similarly, for UY := UR(y,t), y € Q, t > 0, and g(-, ) € C***(X) for all t > 0, the boundary value problem

U9

AUZ =0, yeqQ,
oV, yes

= g(ya t)a Ul%‘yel" =0, (57)

admits a unique solution UY € C°([0,T]; C*T*(Q)). Again, ¢ is a parameter appearing in the boundary condition
on X.

Next, we want to prove an estimate for |UN| Q
the vahdlty of the following proposition.

2
Q% in terms of |g| 21+ More precisely, we aim to establish

Proposition 5.4. Let a € (0,1) and Q C R? be an open, bounded, and connected set with C%+ regularity and
g € C°([0,T); C1T(X)) be given. If U € CO([0,T); C*T(Q)) is a solution to (5.7), then we have the following
estimate

(2+o¢) 14+
max [UR(,7)[g " < e(d, 9, 0) max [g(, )5, (5.8)

where ¢(d,Q, ) > 0 is a constant that depends only on the dimension d, the set €, and the number o € (0,1).

Proof. Let g € C°([0,T]; C**t*(X)), for some « € (0,1), t € [0,7], and 7 < ¢ be fixed. Note that it is enough to
prove that ‘UO (@) < \g|(1+a

 instead of ga(f, T) =: cp(ﬁ) as 7 is fixed for the functions involved here) and assume that U € C?+%(Q) is a
solution to (5.7). We consider a cutoff function ¢ € C*°(R?) such that ¢ = 1 near ¥ and ¢ = 0 near I'. Next,
we define the functions vy := ¢UY and vp := (1 — ¢)UR such that

for some constant ¢ > 0. In the proof, we abuse some notations (i.e., we write

0 0
Avy =hg in Q, 3111/1: =g oné€Ej, 31111: =0 onT}
Avp = —hg in Q, vp=0 oné€X, vp=0 onT,

where hy := (Ap)UY + V- VUR. By these constructions, notice that UY = vx +vp. Now, by [42], Theorem 6.30,
equation (6.77), p. 127, we immediately get the following estimates

N o o a 14+

o < coxta, 2.0) (joxl +1018" + ol ") < (@) (1l8* + |0RIG™)
o - O+a

|UD\(§2+ ) < cop(d, Q, ) |h¢|§70+ <an(d, Q,a |UN a )’

where con, c1N, cop, c1p > 0. These inequalities clearly implies that

DRI < cold. 2.0) (JURISH +1a1G ).

(%) can be estimated as follows (see, e.g., [42], Lem. 6.35, p. 135):

The quantity |Ug |Q

(1+a)

‘UN|(2+OL 7

for some constant ¢;(g,€) > 0. Using the above interpolation inequality, we get

U317 < ean, 2 006) (JURIS + 1ol ™) (5.9)
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for some constant ca(n,Q, a, &) > 0, and we want to prove that we actually have (5.8). To do this, we mimic an
argument in showing inequalities between two equivalent norms which is also similar to a proof of Poincaré’s
inequality via a contradiction (see, e.g., [45], Proof of Theorem 1, pp. 275-276 or [55], Lem. 49.30, p. 1037).
Analogous proof can also be found in [56], Proof of Theorem 3.28, pp. 194-195.

The argument to prove (5.8) will proceed by contradiction. So, let us suppose that inequality (5.8) does not
hold. This means that we can find a sequence {Ug; tren C C*T*(Q) and {gr} C C'T%(X) such that

oUy,,

AUl(\)Ik =0 inQ, . gr on € X, Uf\)”C =0 onT,
and, for each k € N, UY, satisfies
(24a) (2+a) 1+a
|UNk‘| =1 and |UNk| /k"gk(x-i_ )

2+o¢)

Letting k — oo, we get g, — 0 in C'+*(X) because 1 |UR, |5~ — 0. By the first condition above, we sce that

for every multi-index 8, with || = 0, 1,2, the sequence {DBUf\)Ik} is uniformly bounded in C°(£2). Consequently,
the sequence is equicontinuous because the inequality

|DPUR (&) — DPURL(&)] < & — &|™,  forall &,& € Q, and all [B] =2,
actually implies that

|DPURL (&) — DPURL(&)| < mo &1 — &I, for all &,& € Q, and all |8] =0, 1,

for some constant mg = mg(Q2) > 0, according to [53], Proposition 1.5.2, p. 34; Theorem 4.4.1, p. 109; or
Theorem 4.4.2, p. 120. By iteratively applying the Arzela-Ascoli Theorem (see, e.g., [45], Sect. C.7, pp. 634—635
r [57], Thm. 2.86, p. 48), we obtain a subsequence (which we denote with the same notation) such that

Uy = US inC%Q), and  DPUY, — DPUY in C°(Q), forall |B|=1, 2,

which implies that U3, — Ug in C?(Q). Consequently, we arrive at the following limits

0 0
0_ 1 0 _ _ 0 _ 7 _
AUy = klgrolo AUy, =0, . Uy = klgrolo ” Ui = klgrolo gr =0,
from which we obtain
AUxg =0 in 3 =0 onecl Uy=0 onl.
Vo

This implies that U3 = 0. Comparing this with the first estimate (8.10) yields a contradiction because the
subsequence {UY, }ren satisfies

2+a)

= [USilg ™ < eold, @0) [|USlG + el § 0] — 0.

Thus, inequality (5.8) holds true. Taking the supremum of 7 < ¢ € [0, T] yields the desired estimate. O
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6. THE NONLINEAR PROBLEM

In this section, we distinguish the linear part of the main and dynamic boundary conditions of the nonlinear
problem (6.1). To do this, we compute the variations of the operators given in (4.9) with respect to p. We
introduce the new unknown functions

VD = UD — U]g and VN = UN — UI(\)I
Hence, using the equations in (4.10), we may write (4.7) in the following form

(L5Vp + (L5 — AYUR + (KVp + K;UR)Lsp 4+ (MsVp + M3UR) =0, yeQ, t>0,

VD|yEE = 07 VD|y€P = 07

LV + (L5 — AU+ (KVx + KU Lsp+ (MsVa + MzUR) =0, y€Q, t>0,

OWn
=0 1% =0
8]/0 yes ) N’yGF ) (61)
op OVbN 8UBN)
— + B;—— + B; =0,
(875 P v, P Ov, yer
L ﬁ‘yéF,t:O =0,

where p = p(y,t) = Ep(y,t), E being the operator (4.3), satisfies (4.4).
In order to identify the linear part of the main equations and of the dynamic boundary condition in (6.1),
we introduce the variation

0Fo

:af)\ﬁA:7

0

of the operator F € {£,K, M} which depends on p. Note that the map [p — Fj|, where F; € {L;, K5, M3},
are analytic; see (4.11). Also, we note of the following identities:

1
N-v,’

LoV; = AV, MoVi =0, KoVi =N-VV, By = i=D,N.

Because Mg =0 and Lyp = 0, then for ¢ = D, N, we can write the main equations in (6.1) posed over  in the
following way:

LoV + 0LoU; + SMoU; + KoU; Lop
=—(Ls = Lo)Vi — (L5 — Lo — Lo)U;
— (Mp = Mo)V; = (M — Mo — dMo)U;,
(Vi KU (L5 — £od)
=: N1V;, pl.
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On the other hand, the dynamic boundary condition on I' in (6.1) can be written as follows:

05 OVon oUR,
ot TP, TP
oUyY 19A% oUY
=—|(Bs—Bo— 530)8TDN +(Bj — Bo)aTDN + By &?N (6.2)
AU

= B[VD7VN7p~] - BO

Oove

The computations of the variations 6Ly, 6Kg, My, and 6By, which consists of the variations of 6By and/or
6A(0), can be done without difficulty (see Appendix D). In fact, it can be checked, for instance, that

d d ~ ~
02U, O(Nmp)  O(N,p)
SLoU; = SA@ Y _pN), A — — ( mp) , O(Np )
0 m;: 1 P aym 8yp ( ) P mZ:l ayp aym
N.-Vj
5By = —2v6 - Vj — _Z” + h(N,9,N)p,
where
W - N) v, 1
h(N,9,N) = — =~ (VoN) v (vo- (VO N)TN).

+
N v, (N -,)°

Note that By is well-defined because of Assumption (A2).

Observe from the above expressions that the variations dLy and § By only consist of first-order derivatives of
p. Because p is satisfies the Laplace equation (4.4), the linear part of the first and fourth equation in problem
(6.1) do not contain the second-order partial derivatives of the function j. Therefore, we are able to reduce the
problem as follows:

AVD+qu/~)+QDﬁ:N[VDap~L y€Q7t>0a
VD|yez: =0, VD‘yEF =0,
AVN-FC]N'VPN‘FQN[;:N[VN,M, ye, t>0,
OWn
=0 1% =0
8Vo Jes 5 N‘yEF 5 (63)
op ap N . 19A% . oUY
l+bL7p+bH'VFP+hP+BO DN = B[Vpb, W, p] — Bo—2X,
ot v, v, yer v,
[)|y€F,t:0 =0,

where h := h(N, 9,N). Here, B and N are the nonlinear terms. The functions g, and @p depend on UJ, N,
and their derivatives, while the functions qy and Qx depend on Uf\}, N, and their derivatives. The functions b
and b depend on N and its derivatives.

0
At this point, it is important to know the sign of the coefficient b, of a—p appearing in the boundary equation
Vo
on I' (¢f. (6.2)). By examining the explicit form of 6 By, (A2), and (A3), we deduce that b, < 0.



ON THE WELL-POSEDNESS OF A HELE-SHAW-LIKE SYSTEM RESULTING 31

7. THE LINEAR PROBLEM

Our goal here is to prove the existence of classical solution to a linear problem corresponding to (6.3). That
is, we study the following system of partial differential equations:

Awp + qp - VO + Qpb = Fp(y,t), y e, t>0,
wD|y62 =0, wD|yEF =0,

Awn +aqy - VO + QnO = Fu(y, t), yen, t>0,

awN
aVo yeD B 0, wN|yEF = 0’ <71)
06 06 Owpn _
<8t+bj_a +b|| V0 + h + By e ) —1/J(y»t),
yel
9’@/61", t=0 0,

where 6 = 0(y, t), for ¢ > 0, is harmonic in y € Q and vanishes on ¥ (i.e., 9|Z =0).

In connection with the above problem, we will prove the following result under the essential condition b; < 0
(cf. [58], Eq. (3.4)). If this condition is violated, the moving boundary problem (1.1) may become ill-posed; that
is, it may fail to admit a classical solution; ¢f. [43], Theorem 2.1 for a related issue in Hele-Shaw flows (see also
[59] and [16], Rem. 5.3).

Theorem 7.1. Let ¥,T' € C?** for some o € (0,1), and suppose that the coefficients in (7.1) satisfy the
following conditions

by, heC'0,T];CtT (),
b € C°([0,T]; C*T(I)%),
Qp, Qn € C°([0,T];COF*(Q)),
ap, ay € C°([0,T]; C***(Q)Y),
b, <0.

For any Fp, Fy € C°([0,T); C°t*(Q)) and ¢ € C°([0,T]; C*T(T)), system (7.1) has a unique solution
wp, wy, 6 € CY((0,T); C*F(Q))

with 0 having additional smoothness with respect to t on the surface T'. That is, 0, € C°([0,T]; C1T2(T)). In
addition, the following estimate hold:

(24« 24« (14«
lwop It + 1015+ < e (1Fp M, o + 101t ) (7.2)

for some constant ¢ > 0.

To solve system (7.1), we will apply the method of successive approximations (see, e.g., [42], p. 74 or [67],
Sect. 1.1.1, p. 124). At each step, three problems are solved: the first two are elliptic equations whose coefficients
and unknown functions depend on time like a parameter (this corresponds to the pure Dirichlet problem and
mixed Dirichlet-Neumann problem in (7.1)), and the problem for an elliptic equation with the time-derivative
in the boundary condition (this corresponds to the last two equations in (7.1)). In the next several lines, we
focus on the existence of solution to the last mentioned problem.
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Let Q C R? be an open, bounded, connected set with boundary 9Q = I' U X, where I', ¥ € C?** are disjoint
surfaces, and I' is interior to . Let us consider and examine the following system:

~AO =0, yeQ,t>0, Ol,ex = V2, Ol er 10 =0,
7.3
ot yel’

Lemma 7.2. Let the coefficients in (7.3) satisfy the following conditions
b (i=1,...,d), k€ C°0,T];C*(T)), b-v<—by<0, (b= (by,...,ba)"),

for some constant by > 0. For any given boundary data
Y1 € CU([0,T];CH () and oo € CO([0, T]; C*H(X)),

there exists a unique solution © € C°([0,T]; C2+*(Q)) to problem (7.3), and such that the following estimate
hold

2 1+ 2+
lONs e <e(lalliod + WwalSley) . t<T, (7.4)

where the constant ¢ > 0 depends on the coefficients in the boundary condition.
Proof. The proof is given in Appendix E.3. O
We are now in the position to prove Theorem 7.1.

Proof of Theorem 7.1. We first confirm estimate (7.2). To this end, we write the main equations in (7.1) in the
form

7.5
AwN:HNEFN—qN-VH—QNH. ( )

{AwD = Hp = Fp —ap - V0 — Qp¥,
We consider the Poisson equation above with the homogeneous Dirichlet condition on the whole boundary 0f).
According to a classical result concerning the pure Dirichlet problem (cf. [49], Eq. (1.11), p. 110), the following

estimate holds: |wD‘(2+§t)] (|HD|§)Q)[0 at max§|wD|), for some constant ¢ > 0. We can disregard the term

maxg [wp| because, as we will verify later in the proof, the Poisson problem has a unique solution (cf. [49],
p. 110). Hence, we get the bound

(24« 14+
fup &) < e (61510 + 1615

()
g +1FpI$ ) (7.6)

Q:[0,t]
where cp > 0 is a constant that depends only on Qp and qp.

For the second equation in (7.5), we consider the boundary problem for the Poisson equation with homoge-
nous Neumann condition on ¥ and a homogenous Dirichlet condition on I'. Using the result from [56],
Theorem 3.28(ii), p. 194, we have the estimate

(2+a) (a) (14a) (a) (o)
fonlis o < e VNI 0.0 < o (15 om + 191 0. + IANIG0.) (77)

for some constant c,cy > 0 that depends only on @n and qy-.
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Next, we consider the last two equations in system (7.1) and apply estimate (7.4) with

ow
Y1 =19 — By 3 oAl
Vo
to obtain
2+ 1 1 24+
I6NE T o < clonlbiny < e (WIS + lwp i)

for some constant ¢ > 0. Combining this estimate with (7.6) and (7.7), we get a new estimate

2 1+ 1
B+, < e (1T + 1015 + 10180 + IFo IS )

It only remains to estimate the sum \9|S21T:2] + |9|(a)0 i To get rid of these terms on the right hand side of the

above inequality, we simply apply the same argument ubed in the latter part of the proof of Lemma 7.2. That
is, we utilize the interpolation inequalities (E.4), apply the maximum principle (since  is harmonic), and then
use Gronwall lemma, noting that 6(y,t) = 0 for y € I" at ¢ = 0, to eventually get the desired estimate (7.2).
This ends the verification of estimate (7.2).

We next establish the solvability of system (7.1). Our approach is to apply the method of successive

approximation (see, e.g., [60]). To this end, the initial approximation (w](D ,wN ,9(0)) is found by solving the
problem

2wy, w( 00)(y,t) = (Fo, Fn)(y,1), yeQ, t>0, (7.8)
where, for n =0,1,2,...,
2wl w,0)(y,1) = (Up, Ux)(y.1),  yeQ, t>0,

v

AwlY = Up(y,t), yeQ, t>0, w” =0 w” =0
n ow . (7.9)
Awl = Ux(y,t), yeQ, t>0, N =0, Wl 0,
an yel
yeD
A =0, yeQ, t>0, o) e ™ 0, 9<n>}yer7t:0 0,
00 +b 00 + by - Vpo™ + pe™ ¥(y,t) — B duiy
ot L v, ||~ vVT Jer Y, e )
for n =0,1,..., where (w]g"), wl(\ln), 6(™) are the unknown triplet, and (¥p, ¥y) are a pair of given functions.
Then, we define the approximants (wl()mﬂ) (mH), 6+ for m = 0,1,..., as solution to (7.9) with n =

m + 1; that is, (w]gmﬂ),wl(\]m“),@(m*'l ) solves the equation

20wy w0 (g, 1) = (HYY, HE ) (g, 1), yeQ, >0, (7.10)
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where
H"™Y = Fy—q;- V9™ —Qi0(™,  i=D,N.

The solvability of the Poisson problem with pure Dirichlet boundary condition is well-known (see, e.g., [42],
Thm. 4.3, p. 56)°. Meanwhile, because wl(\ImH)(y,t) vanishes for y € I', t > 0, for all m = 0,1,..., then the
Poisson problem with mixed Dirichlet-Neumann boundary condition is also guaranteed to be solvable (see [56],
Chap. 3). Together with Theorem 7.1 and Lemma 7.2, these allow us to infer the unique solvability of (7.10)

for all t € [0,7] and for all m = 0, 1,.... In addition, the solutions satisfy the following estimates®
w(™ ’<2+a> < (IR ‘ (m" ) i=D,N
¢ ;[0,¢] [0.2] .[0 t] Q;[0,4] Y
(24«) (2+a
0| oy < L+ R
m Q,T; [0,¢] \ [l o0 + ;[0,4]

for some constants ¢* := ¢} (Qi,q;) >0, i =D,N, and ¢ > 0.

We first estimate the term ‘9(’”) ‘(ﬁa ) via the interpolation inequality

(0)
+ C€4,m ‘9(7”) o ,

N (1)
OO < ey 0]

and choose €4, > 0 small enough so that we can bound the terms above only by maxg |0(m)|. Then, we argue
as in the latter part of the proof of Lemma 7.2, to write the estimates above as follows:

(24a) (14a)
(m+1)‘ F, ‘e(m) ‘"~ DN
‘ ;[0 f] i <| |Q [0,4] @04/ ! Y
o7 <o (i oY,
Q,T;0,t] Q; [0,t]

for some constants ¢ := é*(Q;,q;) > 0, i =D,N, and ¢é > 0, where

@ 1+«
K(t) = [ Folliery , + 101

Moreover, the initial approximant (wr, © ) (O) ,0(0)) satisfies the estimate

(24«a) (24a)
[oBx]g 0+ 16 0y < 0O (r.11)
Q; [0,t] T; [0,t]
for some constant ¢y > 0.
Let us consider the differences
MY = ) mtD _y(m i~ DN, and YmFD) — glm+1) _ g(m)

7 % A ’
5Because ) is bounded, its closure is compact.
Note here that |©(™) |(a) = maxg [0(™)] + [@<m)]%a).
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7 (w](Derl)’wl(\ImH)ﬂg(mH))

where m =0, 1,.... Clearly, for m =0,1,... satisfies

Aw]()m—l—l) = —qp - VI™ —Qpi™, yeQ, t>0, w]()m—l—l) -0, w]()m—i—l) =0,
yex yel’
AlmTh — (m) (m) 8w1(\1m+1) _ (m+1)
wy =—qy - VO —QnO'"™, yeQ, t>0, ——— =0, =0,
81/0 - yel
ve (7.12)
A9 =0, yeq, t>0, 9D =0, 19“”*1)) =0,
YyeD yel', t=0
oY (m+1) aﬁ(m+1) 0w (m+1)
& by - Vpg(MmtD 4 pg(m+1) B, Z9DN
((% +01 . +b-Vr + . o,
Yy

m—+1 m+1 m
(+) l(\1+)719( +1))

Following the previous estimations, it can be deduced that (o, satisfy the estimates

(2+a) (2+a) (1+a)
c‘ﬁ(m)‘ (7.13)

=557
— )
Q;[0,¢]

+m
Q: [0,1] .[0,4]

for some constants ¢ > 0.
We estimate in the next few lines the right hand side of (7.13). For this purpose, we use the following property
of norms on C**+2 (see, e.g., [49], Eq. (5.7), p. 403):

|(k+a)
;[0 t]

<66|u Q;[0,¢]

+ cegmax|u|, (k= 2).
Q

Here, £ > 0 is an arbitrary small number and c., — 0o as e — 0. This, together with the fact that 9(™ (y,0) =
0, for y € T', for each m = 0,1,.. ., leads us to the following estimate

(1+a) (24+a)
o] < (oo | o)
Q; [0,¢] Q; [0,¢] Q

(7.14)
9 (., g)

(24«) t
< &g ’ﬁ(m)‘ + Ceq / max ds.
0

. [0,¢]

For m = 0, it is easy to see that

Ao = —qp VIO —Qpo®  and  Awl = —qy - VIO — Qo).

Hence, based on (7.14) and (E.11), we can get an estimate for (w]gl), ,19(1)) given by
=650 + 17 <l g < 050
Q: [0,t] 04 ~ [0t ~ ’

for some constants ¢; > 0.
Let us write 0,,,(t) = > a;(t) where a,(t) is given by

)= [+ 19y

(0,4 I; [0,t]
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As shown previously, we have o1 (t) = a1 (t) < ¢1 K (t). So, from (7.13) and (7.14), with g > 0 taken sufficiently
small, we can get a bound for the sum o,,(t) = Z;”:l a;(t) given as follows

mo ot
o .
m(t) <c| Kt =99 (. )| d
onll) < c (”;/0 max | L0 (-5)|ds |
for some constant ¢ > 0 (independent of m), for all m = 2,3, .... Applying Gronwall’s lemma, we deduce that
the sums o,,(¢), for m = 2,3,.. ., are also uniformly bounded above by K (t). Thus, the series sums ZT:I a;(t)

actually converges. As a result, the sequence {(wl()m), wl(\jm), ﬁ(m))}m converges in the corresponding norm.
Passing to the limit as m — oo, we finally get the solution to system (7.1).

The Schauder method used above only proves the existence of a solution to system (7.1), which at the same
time satisfies the estimate (7.2). Thus, it remains only to address the issue of uniqueness of the solution. To do
this, we assume that two solutions, (@i, wy, 9') and (wd, wd, ¥2), to system (7.1) exist. Clearly, their difference
is also a solution to (7.1) with Fp, =0, Fx = 0, and ¢ = 0. Moreover, the estimate (7.2) remains valid, from
which we see that @], — @} =0, w), — w§ =0, and 9! — 92 = 0. This completes the proof of Lemma 7.2. [

8. PROOF OF THE MAIN RESULT

We are now in the position to prove Theorem 4.4 by adapting a technique used in [14], Section 5. Also, we
will verify at the end of the section our claims in Theorem 3.2 by using Theorem 4.4 and through the change
of variables. Regarding the latter objective, the interpolation inequalities stated in the lemma below will be
central to our proof.

Lemma 8.1. For some a € (0,1), let Q C R? be an open, connected, bounded set of class C**® and u €
C?T(Q). Then, there exist a constant e5 > 0 such that for any € € (0,¢e5) the following inequalities hold

max |Vl < £ Jufs T + T maxu], (8.1)
Q g Q

(2) ay,|2+a) | €8
|u‘§ <€ |U|§ + ?mﬁax |ul , (8.2)

where ¢7 = c7(d,Q,e) and cs := cs(d,Q,€) are positive constants that depend only on the dimension d, the
number €, and 2.

See Appendix E.4 for the proof.

Proof of Theorem 4.4. Let us now recall the nonlinear problem (6.3). We will prove its solvability by giving an
estimate for the nonlinear terms

NV, pl = —(Ls — Lo)Vi — (L; — Lo — 0Lo)U;
- (M = M)V = (Mj — Mo — 6Mo)U;,

- (K:,;VZ + K:,;Ui)(ﬁﬁﬁ — Lop) in Q, i =D,N,
0
B[VD, N, ,5} = — (Bﬁ — By — 5B0)68UZ]/DN + (Bﬁ — Bo)ag/li/)N n .
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We start by noting the following formulae:

1
d
(Fy— Fo)V = /O PV ),

od d
(]:ﬁ—]:o—w:o)vz/o {d/\(fxﬁv)— @(}-uﬁv)

1 d2
dX = /0 (1 - M)w(]:uﬁv)d)\,

n=0

where the operator F € {£, M, B}. Using these formulae, and by expanding the derivative ﬁ( (A5, AV D)),
it can be verified that (F; — Fo)V, F = L, V € {Vp, W}, can be expressed as a linear combination of terms
containing the products pVy,,, and p,, V., for i,7,k=1,2...,d. Here, for notational convenience, Py, 1s used
to denote the partial derivative of p with respect to the variable yj while V,, ,, stands for the second-order
partial derivative of W with respect to the variables y; and y;. Meanwhile, (F; — Fo — 6Fo)Uo, F € {L£, M, B},
Uo € {UD, U}, can be written as a linear combination of terms containing the products 7, PPy, and p,, Dy,
(cf. [14], p. 131). Note also that the terms involving F; — Fo, F € {£, M, B}, share similar structures. Indeed,
the following expansions hold:

d
S(FQ8AVD) = Fy(A5.VADF+ Y F; (A5, VA5,
j=1
2 d ¢
0 —— (F(up, uV p)) = Fy5(up, Vup)p +2ZF~~ (16, Vup)pby, + Ey, i, (0 N D) Dy Py, -
j=1 k,j=1 .

Hence, all the nonlinear terms of A[Vy, p] and N|[Vp, p] consist of a multiplier term p or a first-order partial
derivative Dy, - Moreover, they are linear with respect to the second-order derivatives of the unknowns Vy and
Vp. Thus, we only need to estimate the product of two functions, one of which contains p or g,

Let us estimate, for instance, the product p,, V,,,, over the domain Q, for 7,j,k = 1,. d V e {Vp, W}

First, let us note that p (see (4.13)) and V are C**® smooth on 2. By using the interpolatlon inequality (8.1)
in Lemma E.3 we can get the estimate

24+ a2+ C7 ~ 2+
Vi < ma 2, [IVIEH < (250 8 4 a1 ) 1S,

for some constant c7 := c7(d) > 0. Note that, in the above, we performed the estimate by first taking the max
norm of g, on €2 in order to apply (8.1). Alternatively, one could obtain the same estimate by first writing

(@) ~ (0

(0)
Q < Y 1O |V7JJ?!1

)

) |‘/ygy7

'+ 1oy,

|ﬁyk Visu: ’Q
and then applying the equalities and interpolation inequalities given by Equations (E.2), (E.3), (E.7), and (E.8)
in Appendices E.3 and E.4.

Because p vanishes on the exterior boundary ¥ (see (4.14)), the maximum principle implies that maxg |p| <
maxr |p|. Then, from the previous estimate, and in view of (E.5), we get

(@) Tta | 5(2+a) (2+a)
Shoa < (oG + < / g 5, o) s ) VIS )

2+o¢ o 2+ ~
\ ‘V‘ Ot)] ( T | |( Ot] ?t‘p‘rh"; [O,t]) .

|pyk Vyjyi



38 J. F. T. RABAGO AND M. KIMURA

Letting € = tﬁ, we get the estimate

( ) (2+a) (2+a)
|py;¢ Yivilg;o,e] < Co " ‘V| [0,] <|p| [0,¢] + |pT|F [0, t])

1+«

€ (0,1), for each function V € {Vp, W }.

We next estimate the nonlinear terms in the boundary condition. Because these terms do not contain the
second-order derivatives of the unknown functions — in fact, on the boundary I'; we only have linear combinations
of the products of p and the unknown functions Vp and Vi, up to their first-order derivatives — we can estimate
them in the C°([0, T]; C***(T"))-norm via the interpolation inequality (cf. (E.8))

for some constant ¢ > 0, where n =

~1(2 a~(2 Cs ~
AIE < 1ol + max]l, (8.3)

for some constant cg := cg(d) > 0. The above estimates follows from (8.1), the maximum principle, and the fact
that p vanishes on the fixed boundary ¥. The end estimate in the C°([0, T]; C***(T"))-norm is achieved through
(8.3) in combination with the identities in (E.3) and of the first estimate in (E.4). Now, while keeping these
informations in mind, we employ the aforementioned estimates to obtain

( (1+a)
N [Vh, pHQ 0. F VIV, Il + 1BIVD, Vi, Al
2+« 24+a) (2+a 2+
< at’ ('VD|Q [oz + W |§z [0,¢] + IpIQ [Oz) (‘p‘( [0.2] + |pT|F [Ot) -
< &t (W[Vp, Viv, Al(1))%,
where
» (24« (24«
W[Vo, Vi, A1(8) = Vo IC T2 + A, .

for some constant ¢ > 0 and 1 > 0. Here, the notation W[Vp, Vi, p(t) is introduced for convenience of later
use.

The rest of the proof applies the method of successive approximation. To this end, we will need the following
estimate (cf. [14], Eq. (5.3), p. 131) in our argumentation further below. Let us consider the functions

Vb1, Vb2, Va1, Wz, pr, pp € CO([0, T, C*F%(Q)) - such that g, py, € C([0,T]; CTH(T)).
Then, by estimate (8.4), we have

+ [N Vi, o] — N Vi, ][

IN Vo, Bs] — N[Vor, 5| 5: 0.4

Q: [0,4]
+ | B[Via, Vivz, o) — B[Vor, Vi, ]|

~ (24« 24
< Cot” {(|VD2 - VD1IQj[L02 + V2 — VN1|Q 0. t] + |py — pﬂéﬁo Z]) X Z (|Pz|( +O o T |pir I Ot]> (8.5)
’ .

i=

~ ') 24 24« 2+«
+ (152 = Al e + 182 = 1 Ti0) < D0 (Voula e + Vil o) + 151t ) }
2

i=1,

< 62tn (W[WDv WN7 é](t)) {W[VDla Vva ﬁl](t) + W[VD27 VN27 [)2}(15)} 5

where Wp = Vpo — Vp1, Wx = Ve — Vi, and 0 = py — pq, for some constant ¢o > 0.
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Now, we consider the initial approximation (V];() ), Vl\(IO)7 p( )), which we assume satisfies the linear system

oU3
(7.1) with Fp(y,t) =0 and Fx(y,t) =0 for y € Q, ¢t > 0, and ¥ (y,t) = —By 6DN for y € I', t > 0. Meanwhile,
the approximants {(V]gmﬂ), Vl\(lmﬂ), ﬁ(m+1))}m, for m = 0,1, ..., are defined as solutions to the problem

AVE™Y 4 g - VD) 4 Qppm ) = N[vsm% 5, yen, 1>,

vimt =0, v

yes yeF

AVt ay - VD 4 Qupm ) = NI 5,y e QL >0,

0 V(m+1) —0, V(m+1)’ 0,
61/0 yES yGF
8.6
Aﬁ(m+1) =0, ye O, t>0 [)(m+1)’ =0, ( )
yeD
8ﬁ(m+1) 815(m+1) (m41) (m+1) av(m+l)
< ot +bl a]/O +b|| Vrp +hp +B Tyo
yel
m m) ~(m oUY
= B[VD )aVI\(I ):P( )] - BOGTDON’
~(mt1 _
p )|yer,t=0 =0

Our goal now is to show that all approximants are defined on some interval I* and that the sequence of
sub-approximants {Vém)}, {Vl\(lm)}, and {5"™} converge.

By virtue of Theorem 7.1, the initial approximation (V[()O), VI\(IO)7 79 is defined for all ¢ € [0, T] and satisfies
the estimate

(2+a)

|(2+a =: G5 ||UDNHQ 0.4 for all t < T, (8.7)

WV Vi, 50 () < & || (U8, UY)]

for some constant ¢z > 0. Meanwhile, to get an estimate for the first approximant (V[()l), I\(Tl), /3(1)), we apply

Theorem 7.1 to (8.6), with m = 0, to obtain

(a)
;[0,4]

VD V5010 < i [N O N, 50

(1+a) «
N ’B V(o) V(O) ~(0)}‘ HUD N||92+Ot)]}

<as{61tn (W v, 5010’ +||UDN”(2+Q)}
<&eut (|08 sl oo ) #és Bl o
= L(t)a

where the second inequality follows from (8.4), while the third one is due to estimate (8.7).
We introduce the following notations:

and  gmHD) = pomt1) _ 50m)

W(m+1) V(m+1) ‘/]gm)7 W(m+1) V(m+1) ‘/1\(1"”)7 p
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Then, by telescoping sums, we see that

VY = vl S w T v = v ST WY and 50D = 50 13 g0,

j=1 =1 j=1

Moreover, by (8.6), Wl()mﬂ), Wlslmﬂ), and 3"t satisfy

AW]SmH) +ap - V"t 4 QpamtY
= NV, 5] = NV D 5m D] e, >0,
W(m+1) -0, W(m+1) _0,
’ yex P yer
AW§m+1) + qy - Vot 4 Quptm Y
M, 5 5, e, i
0 (m+1) (m+1)
W, =0, wgml —o, |
v, N es N Jer (8.9)
A@(erl) =0, y € Q’ t>0 é(m+1)‘ —0,
yeS
8§(m+1) 6§(m+1) oW m+1)
b by - ~(m+1) h~(m+1) B OWpN
<8t+LaVO+|VrQ +hgHY 4y N
yerl
= B[Vém)’ Vl\(IM)’ ﬁ(m)} _ B[Vém_l), Vl\(Im_l)> ﬁ(m—l)]’
~(m+1) -
0 ’yel",t:o =0.

We again utilize Theorem 7.1 and make use of the estimate (8.5), to obtain

WWE™ D Wl g D)) < @it [N WIVED, V5D | wiwl™, wyt g ™). (8.10)

j=m,m—1

We are now in the position to determine the maximum time t* so that the claims we state in Theorem 4.4
are valid. First, we choose t* so that our first approximant satisfies

(WIS, Y, 50N(8) < () L) < Mo

and such that M* = 2¢3¢csMy < My < 1, for some fixed constant M; > 0. Clearly, the initial approxi-
mant W[VSO),Vl\(IO),ﬁ(O)](t) also satisfy the estimate (t*)”W[V]SO),Vl\(IO) 7O(t) < My. We then assume that
(Vé]), VI\(IJ), ﬁ(j)), j=0,1,...,m, are defined for ¢ € I'* and satisfy the estimate

)WV, VD 5DY(t) < My, forall j =0,1,...,m. (8.11)
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(V70 ), )

By Theorem 7.1, it follows that the (m + 1)th approximant given by the triplet is also

defined in I*. Combining estimates (8.10) and (8.11), we get

WS W | 5m D)) < 26,8 MoWIWS™ W™ | 6] (1)
MWW W, ().

Taking the sum of above inequality with respect to j from 0 to m yields
+1 +1) ~(§
m+1 — ZW J (J ) (]-’rl)](t)

< M* ZW[WI(Dj)’ Wéj)v @(j)](t)
§=0

_ M*Serl + M* (W[WI(DO)7 W1£10)7 5(0)}(t) o W[W](Dm+1)’ WlEIm+1)’ é(m+1)](t))

< M* S + MWW, W, 6 (1)
< M*Spq1 + L(t),

where the last inequality follows from (8.8) and the fact that M* < 1. The above estimate clearly shows that
the sums Sy, 41, m = 0,1,..., are uniformly bounded by L(¢). This information implies that the series sums
ZJ L W Wity WOH) oYU+ V](t) converges for all t € I* and that {(Vémﬂ), Vl\(lmﬂ),ﬁ(m“))}m, m=0,1,..
also satisfy mequahty cond1t10n (8.11).

Finally, passing to the limit m — oo, we conclude that

el

(VD7 VN) ﬁ) = lim (V]Sm)a V]\(Im)a ﬁ(m))

m—o0
is a solution to (6.3) satisfying the estimate

W[V, Vi, (1) < cL(t) < ¢||US, NH;T&) for all t € I*, (8.12)

for some constant ¢ > 0.

To complete the proof of Theorem 4.4, we need to revert to the original unknown functions that resolve the
transformed problem (4.7). As stated in Section 6, we have the relations Up = Vp + U2 and Ux = Wy + UJ.
These functions, along with g, solve (4.7). Additionally, estimate (4.16) is derived from (8.12), in conjunction
with estimates (5.6) and (5.8). Furthermore, since the difference between two solutions must also satisfy estimate
(4.16) with a zero right-hand side, the solution (Up, U, p) is unique. Finally, to obtain p, we set p = p|., and
then determine the free boundary using the description given in (3.1).

T(t):={zeR |2 =E6+p((,t)N(E), £€T}, fortel

O

To conclude this section, we remark — as alluded at an earlier part of this note — that the main result
given by Theorem 3.2 follows from Theorem 4.4 which asserts the local-in-time solvability of problem (4.7).
Indeed, recalling the change of variables Y ~!(y,t) from (4.5), we can transform the fixed domain 2 to the
moving domain Q(t), for ¢ € I*, and retrieve the functions up(z,t) = Up(y,t) = up(Y ~1(y,t),t) and un(x,t) =
Ux(y,t) = ux(Y=1(y,t),t) (c¢f. (C.1)) as the pair of solutions to (1.1). In addition, estimate (3.2) immediately
follows from (4.16), confirming our assertion. This verifies Theorem 3.2.
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9. SUMMARY AND FINAL REMARKS

In this study, we have rigorously established the well-posedness of the moving boundary problem (1.1),
proving the local-in-time existence of classical solutions under key assumptions, including the positivity of the
data and Assumption 3.1. These conditions form the foundation of our theoretical framework and are essential
for ensuring the mathematical consistency of the analysis. Furthermore, the results obtained here implicitly
support the stability of numerical schemes designed for related problems in shape optimization.

The problem addressed is closely connected to the classical Hele-Shaw problem in the expanding case, whose
well-posedness has been widely studied through various analytical approaches, such as variational inequality
formulations and other advanced techniques, as detailed in [59, 61-63]. Despite these developments, several
important directions remain open for the problem considered here. Extending the analysis to describe the long-
time behavior of solutions and to identify possible steady states presents a natural continuation of this work.
Additionally, relaxing the assumptions adopted here—for instance, by reducing the regularity of the moving
boundary or by reformulating the problem in a generalized setting—would offer valuable insights, although these
extensions are expected to involve significant analytical challenges. The established mathematical tools cited
above are anticipated to remain central in addressing these issues. Lastly, translating this theoretical framework
to more physically relevant or applied contexts offers both promising opportunities and technical difficulties,
providing a rich avenue for future investigation.
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APPENDIX A. COMPARISON OF NORMAL DERIVATIVES

In this appendix, we examine the normal derivatives of two functions that fulfill a pure Dirichlet problem and a mixed
Dirichlet-Neumann problem on the boundary of axisymmetric domains. Throughout the section, p > 0 denotes the radius
of either a circle or a sphere. In this section, f and g are two fixed positive-valued scalar functions defined on R2.

A.1 The case of concentric circles

For axisymmetric case in two spatial dimensions, the Laplace equation becomes

1d du d du
Aulp)==—(p=—)=0 or Aulp)=-—(p=—)=0
(°) pdp (pdp> (°) dp (pdp>

Integrating once, we get du(p)/dp = a/p, and then again, u = alog p + b, for some unknowns a and b.
Let B, := B(0,r) be a circle with radius > 0. Let r* € (0, R) and consider the PDE system

Au* =0 in Q" := Bg\ B, uw'=f>0 on, u*' =0 onI” :=0B«. (A1)

Then, we can compute the exact solution as

_ flog(p/r)

W)= oy PER) (A.2)

Note that for any p € (r*, R], u(p) is positive. Now, differentiating this function with respect to p, we get

0 * _ 0 * — 9 * = f
o () = () = () =

where vg is outward unit normal vector to OBgr. At p = R, we have
9 iy f
uw'(R) = Rlog (R/r)"
We define

f

gZ:W>O, 0<r”<R.

Let us consider Equations (2.1) and (2.2) with Q = BR\ET7 I' = 9BRr, and ¥ = O0Bgr, where 0 < r < R. In view of
(A.2), it can easily be verified that the exact solutions to these systems of PDEs are respectively given by

un(p) = 118/ g () = £1o8le/T)

"~ log(R/7) P)= log (R/r*)’ pE [r Rl
Now, on I, straightforward computation of V,, gives us
OJup  Oun
Vo= (E - W)
_ [L (1) __ S (1)}
~ log(R/r) \p/) log(R/r*) \p/]|,_,
_ f N
- TlOg(R/T)lOg (R/T*) [IOg(R/T ) lOg(R/T)}
_ f r
= rlog (R/r)log (R/r*) [log (r*)] '
>0 :=Lq(r)

Observe that the sign of V,, only depends on the relations between r and r*. If we want V,, to be negative, we need
L1(r) > 0 to be positive, and this happens when r > r*.
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Now, motivated by the previous discussion, we examine the existence and uniqueness of solution to the following
initial value problem: for a given T > 0,

e f (logr(t) —logr™) _. . o
) = i Tog (R/r) (log R —logr(ey) (71, for0<t <, (A1)

r(0) = ro, ro > 17,

for some given rg € (r*, R).

Given the techical assumption stated in Remark 1.3, we show — although it is trivial — that the initial value problem
(A.4) admits a unique solution. We prove the existence using Peano’s Theorem [64], Theorem 2.1, p. 10 and its uniqueness
via Picard-Lindel6f Theorem [64], Thm. 1.1, p. 8. First, we observe that for ¢ > 0, 0 < r* < r(t) < R (see the proof of
Proposition A.2), and for T > 0, I is continuous, for all ¢ € [0,7] and |r(t) — ro| < R — r*. Moreover, r is uniformly
bounded in [0, T}, and therefore, Fi(t, r(t)) is bounded in [0, 7] x [r*, Ro] for some 7* < 1o < Ro < R. In fact, we see that

11l oo (s

7 log (R/Ro) =: Ko, for all (¢,7(t)) € [0,T] x [r*, Ro].

[ (t, 7 (1) <

By Peano’s Theorem [64], Theorem 2.1, p. 10, (A.4) possesses at least one solution r = r(t) on [0,7o] where To =
min{7, (R —r*)/Ko}.

Remark A.1. The choice Ty = min{T, (R —r*)/Ko} for the existence of solution to (A.4) is natural. On the one hand,
the requirement To < T is necessary. On the other hand, the requirement Ty < (R — r*)/Ky is due to the fact that
if r = r(t) is a solution of (A.4) on t € [0,Tp], then |r'(t)| < Ko implies that |r(t) —ro| < R — r* < Ko(t — 0) = Kot.
However, we note that |r(t) — ro| < R — r*. Thus, we require ¢t < (R —r*)/Kj so that the previous inequality holds.

To prove that the solution to (A.4) is unique, we will prove that Fy is uniformly Lipschitz continuous with respect to
r. Let us consider

f (logr;(t) —logr*)

Fi(ry) := Fi(t,r;(t) = " r;(t)log (R/r*) (log R — logr;(t))’

for j =1,2,and t > 0,

where 7* < r; < Rg for j = 1,2, for some 0 < Ry < R. Hence,we have

f (logr1 — logr™) f (logre —logr™)

F; - F =
[Fa(r1) 1(r2)] rilog (R/r*) (log R —logri) r2log (R/r*) (log R — logrs)

I fll oo (=) |72 (log R —logra) (logr1 — logr*) — r1 (log R — logr1) (log r2 — log %)
= log (R/7*) rira (log R — logr1) (log R — log r2)
_ I lleeem |n(ri,r2)
“log (R/r*) |d(r1,72) |’

where

n(ri,m2) = (log R)ralogri — r2logri logre — log r*(log R)r2 + (logr*)rs log o
— (log R)r1 log T2 + r1 log re log 1 + log 7™ (log R)r1 — (log )71 log 1
=log R(r2logri — rilogre) —logrilogra(ra — r1)
+logr*(ralogrs — 1 log ) + logr* log R(r1 — r2),
d(ri,7m2) = rirz (log R — logr1) (log R — log r2) .

For r; > 0 such that r* < r; < Ry < R for j = 1,2, the denominator d is bounded below away from zero; i.e.,

|d(r1,79)| = [r* (log R — log Ro)]” =: K.



ON THE WELL-POSEDNESS OF A HELE-SHAW-LIKE SYSTEM RESULTING 47

Now, on the other hand, we claim that n(r1,72) can be bounded by |r1 — 72|; that is, there exists a constant K2 > 0
such that

[n(r1,m2)| < K2 |r1 — 12,

where K2 does not depends on r; and 3.
Let us note that

[n(r1,72)| = |log R| |r2log 1 — r1logra| + |log 1| |log ra| |r2 — 71|

+ |log r*| |r2 logre — rilogri| + [logr*| [log R |r1 — 72 .

We focus on proving that |rslogri — r1logr2| can be bounded by |r1 — r2|. The rest can be shown in a similar manner.
So, let us consider the function f(r) = rlogr. We note that f is continuous on [r1,72] and differentiable on (r1,r2). Hence,
by the mean value theorem, there exists 7 € (r1,72) such that

log7+1=f(F) = frz) = f(r) _ ralogrs — 1 logm

S e , 0<r*<ri<Ry<R, j=1,2).

Because 71,72 > 0, \logf + 1| is clearly bounded and does not depend on r1 and r2. Therefore, |r2logrs — rilogri| =
¢|ra — r1|, for some constant of ¢ > 0.
Combining the bounds on the numerator and denominator, we get

K
[f(r2) — f(r1)] < 2= lus — ual,
K

which shows that f(r) is uniformly Lipschitz continuous. Finally, applying Picard-Lindeléf Theorem [64], Thm. 1.1, p. 8,
we deduce that the solution to (A.4) is unique.

A.2 The case of concentric spheres

For axisymmetric case in three spatial dimensions, the Laplace equation becomes

1 d Qdu d gdu
A - -2 2% — A -2 ) —o.

Integrating once, we get du(p)/dp = a/p?, and then again, u(p) = —a/p + b, for some unknowns a and b.
Let B, := B(0,r) be a sphere with radius » > 0. Let r* € (0, R) and consider again the PDE system (A.1) but with
Q* := Br \ B+ and I'* := 9B,+ described by the given spheres. Then, we can compute the exact solution as

u*(p) = (1- r*pfl) , p € (r*,R). (A.5)

R—r*

Observe that for any p € (r*, R], u(p) is positive.
Now, we differentiate u* with respect to p, to obtain

a a . 0 . /
v - Y = - = A.
5" (0) = Gl = (o) = s (A.6)
where v is outward unit normal vector to dBgr. At p = R, we have
a _ fRr* _, _ fr
GURU (R) = R—r" p=k R(R—1*)"
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We define

i .
g.—iR(R_T*)>O, 0<r* <R

Let us again consider Equations (2.1) and (2.2), but now in three dimensions, with Q = Bg \ B, I' = 9Bg, and
> = dBg, where 0 < r < R. In view of (A.5), it can easily be shown that the exact solutions to these systems of PDEs
are respectively given by

fR _ fRr* , _ _
un(p) = 2= (1=rp™)  and  ux(p) = 2o (T =pY), pElnR)
Now, computing V,, on I' yields the following
o auD 8uN
Vo= ( ov Oov )
_ | /R [\ fRT (1
N R—r \ p? R—r\p*/]l,=.
_ _[R 1 r*
~ r |R—r (R—r*)r

_ _fR {(R—r*)r— (R—T)T*:|
r r(R—r)(R—r*)

= TR (r—r")
r2(R—r)(R—1*) _L__/( ) '

>0

Notice that, as expected, the sign of V,, only depends on the relations between r and r*. If we want V;, to be negative,
we obviously need Lz(r) > 0 to be positive, and this occurs when r > r*.

Similar to the previous subsection, one can prove the existence and uniqueness of solution to the following initial value
problem

P 2. COR)
rORR = () (R =7

r(0) = ro, ro > 17,

=: F5(t,r(t)), for0<t<T,
2(t,r(t)), for (A7)

for some given 9 € (r*, R). To prove that the right-hand side of (A.7) is uniformly Lipshitz continuous with respect to
r, we can again apply the mean value theorem. For this purpose, we can utilize the derivative of G with respect to r
given by

fR?*(2r® +r*(2R — 3r) — Rr)
B r(R—r*)(R—r)? ’

F2l('77‘) =

and show that this expression is bounded within the interval [r*, R).
In view of the existence of unique solution to (A.4) and (A.7), we formally have the following proposition.

Proposition A.2. The unique solutions to (A.4) and (A.7) satisfy r'(t) <0, for all t > 0.

Proof. From previous discussion, we have deduced that V;, remains negative for r > r*. We want to prove then that
r(t) > r*, for all t > 0, and we claim that r(¢t) — r* as t - T where T = oco. In other words, r(¢) will not reach r* in
finite time. We will prove the latter claim wvia a contradiction. That is, we first suppose that there exists a T' < oo such
that 7(T') = r* and show that this will lead to a contradiction.
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To do this, we first comment that F;(-,r) € C*(0, R), where F;, i = 1,2, are the rational functions given in (A.4) and
(A.7), respectively. Hence, via Taylor expansion, we can write v’ (after some transformation normalizing the coefficient)
as follows

() = (" —r(t)si(r(t)),

where s; are some functions over r such that s;(r*) > 0 for : = 1,2. The functions s;, ¢ = 1,2, can be expressed in the
form

() = o = log (r(t)%r) :

Now, if r € C*([0,7)) N C°([0,T]) and 7(T) = r* for 0 < a < T — e < T < oo fo some constant a and & > 0 then

/QT_E si(r(t)) dt = log (T(t)%r) j ~ log (M;@%) .

Notice that
T—e

: o r(a) —r* \ _
lim [ si(r(t)) dt = lim log <T(Tfs) 77'*> =00,

which is a contradiction. O

APPENDIX B. MULLINS-SEKERKA ANALYSIS FOR 2D AXISYMMETRIC DOMAINS

In this appendix, we examine the main system (1.1) on axisymmetric case in two dimension through Mullins-Sekerka
analysis given that f and g are positive-valued functions. Let rs > 0 and p° > 0 be given. We let the exterior (fixed) and
the interior (free) boundary be defined by two concentric circles X = {z € R? | |z| = rs} and T = {z € R? | |z| = p°}.
We define T(t) = {x € R? | |2| = p"(t)}, and consider, in polar coordinate (r,0), its perturbation given by

Lo(t) = {(r,0) [ r = p°(0, 1)},
where we suppose that p® formally has the expansion

p(0,8) = °(t) + £ (8, 1) + O(?),

FiGURE B.1. The axisymmetric annular domain.
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Here, in particular, we shall consider perturbation of the type p'(6,t) = R(t) cos kf or R(t) sin kf. Our aim is to derive
a necessary condition of R(t) for I'°(¢) satisfying our main system (1.1) with suitable uf(x,t) and ug(z,t), except for
the initial condition. For simplicity, let us suppose that f and g are positive constants. We define

Q) ={z e R? | p°(t) < |z| < rs}.

Of course, we set Q°(t) = {x € R? | p°(t) < |z| < rs}.
We consider the following systems of PDEs:

Aup =0 in Q°(t), up=f>0 onX, up =0 on (),

€ B.1
Auy =0 in Q°(¢), %ﬂ =g>0 onX, uxy =0 on I'°(¢), (B
v

where v is the outward unit normal vector to X. Accordingly, the normal velocity of the moving boundary I'® is given by

ouf,  Juy

0(0725):7((311678116)’ yel—‘(t)v
where v° is the inward unit normal to I'°(¢) (see Fig. B.1 for illustration) given by
- _ (cosO ps(0,t) [ sind 9
v(0,1) = <sin0) te pO(t) \—cosf +O().

Here, the initial geometric profile of the perturbed boundary is I'°(0) = {(r,0) | r = p§(#)} where p§(0) = pd + eps(6) +
O(£?). Now, we assume that

up(z,t) = up(x, ) + eup(x,t) + O(e?),  p=D,N,

cosf

in a neighborhood of Q°(t). So, for z = p°(t) (COS 0) € T°(t) and y = p(0,1t) (sin@

sin 6
Taylor’s expansion and combining terms with respect to ¢, the following identities

) € I'°(t) we have, after applying

UO
i) = o)+ (o) 4000 G2 00)) + O),

0

= ullet) +e (ublet) 9 0.0 52 @,0)) + O,

ous, Bug L 2

ou 9?ul
oot (00 = G @)+ (G0 + 2 0.0 F @ ) + 06,

The equations and terms of order O(°) are as follows:

Aud =0 in QO(O), ud=f onx, ud =0 on FO(O),
ou (B.2)

Au =0 in Q°(0), 5, —9 on 3, uf =0 on I'°(0),

with

)=~ (G20 -GEwn), aer'o, wa SO =k (B.3)
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Meanwhile, the equations and terms of order O(g') are as follows:
Aup, =0 in Q°(t),
up = f on X,
1 1 dup, 0
up(z,t) + p (G,t)ﬁ(m,t):() on I (t),
Aux =0 in Qo(t), (B4)
Auy
W on E,
1 1 dun 0
uN(x,t)+p (gat)ﬁ(mat)zo on I’ (t)a
with
1 Aub Oui ud Pud 1
0,t) = — t) — —(x,t t) — t 0,t B.
6.0 = (5260 - Gx@n) + (G - G @) oo (B5)
and

p'(0,0) = po(0).

Next, we compute the exact solutions to (B.2). We let

0 ||
u, = Cplo , forp=D,N, where |z|=r.
P P gpo(t) ‘ |
s f(@) . ouy) Cy
Then, fa t) = Cplog —— t Cp(t) = ————. M, hile, f = —L£ =g(¢) at p =N (note h
en, for f(t) b log IOk we get Cp(t) Tog(rs/ () eanwhile, for —=*) = = g(t) at p (note here

that v is the outward unit normal to X), we get Cx(t) = g(t)rs. Therefore, we obtain the following exact solutions to
(B.2):

which gives us

t
w® = u — u) = (Cn(t) — Ci(t)) log (p'i('t)) = [ g(tyr= - 1g}(c()()) log (pL“gL)) :
Using the above notation, and from (B.3) and (B.5), we get
0
0 PO = (o),
O(e”): (B.6)
W w0y, = OO o,

wero(y) o)
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ow! 9%w!
pi(0,1) = = —(2,1) + —5 5 (2, 4)p' (6,1),
O(El) or or (B.7)
82w0(x " __On() = Cp(t) v = 1) cos 6 e T '
or?2 7 lzeroq) pP(t)? ' sin 0 ’
where
__f@®) _
Co(t) = >0 and Cx(t) = g(t)rs > 0. (B.8)
log (po)(:t)>
Let us now suppose, as mentioned earlier, that p'(6,t) = R(t) cos k#, k € N. Then, we consider the ansatz
up = ap (£)1* cos kO + by (t)r~* cos k6, r=|z|, p=D,N,
which leads to the equivalence
8 0
b2 g e Lm0+ ) + RS — (B.9)

or p°(t)
So, for the first-order term, we have
w' = un —up = {(aN(t) —ap(t))r" + (bn(t) — bD(t))’/‘_k} cos k0,

ou
or

- an(®) — ap 011 — (b (t) — bp O~ FE+D L og k0.
v = F{ (@) = an ()0 = Ox(0) = b (0)0°(5)” ¥V} cos ko

From (B.7)1 and the fact that p(0,t) = R(t) cos k0, we get

where

- - _ Ox(t) = Co(t)
(O

where @, = ap/R(t) and b, = by, /R(t).
To get the exact form of Ax(t), we need to compute for the coefficients ap(t), bp(t), an(t), and bx(t). To this end, we
note the following implications of the boundary conditions

ub=0 on¥ <=  ap(t)rk +bp(t)rs" =0,
1 (B.10)
aau—VN =0 onX = ap(t)re ' — bD(t)rg(kH) =0.

Equations (B.9) and (B.10) respectively lead to a system of equations which, upon solving, provides the forms of ap and
bp as well as an and bx. That is, we have

CY ) - (%)
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and

which would give us

(}D(t) B 1 rgk ()" 7201)(;)
(bD(t)) YOS ORs: (*Té P°(1)" ) < 0"

_ 1 (G (s

~ detp (1) (pO(t) ) (-7@) ’

_ 1 —rg(k“) —p0(t)* _C;ON(:)
) R U R ( —rs P ) ( 0"

- detliq(t) (5(3)) <> ’

where

Note that both of these determinants are positive because p°(t) < rs for all ¢ > 0. Moreover, we observe that

0< det%(t) — 1, 0< det%(t) — 1, as k — oo.
detp (t) detg (¢)
Then, finally, we have
k ~ 0 7 0/,\— ~ 0 7 0/,\—
M(t) = 55 { [ @ O + B 060" + [an (') (") ]}
Cp(t) — Ox(2)
MEIOE
__k —Co(t) [ —k 0/pk | k 0/pn—k g(t) =k 0k _ ok 00—k
— 7 | T (0 ) + A (0 k) )}
I CD(t) — CN(t)
PO (t)?
__k det (t) detf(¢)) | Cp(t) — On(2)
=T 0 (CD“) deth(t) T det{%(t)) PO(t)2

53

Evidently, for large enough k, \;(t) is negative, for any ¢ > 0. This implies, formally, that the main system (1.1) is

well-posed in the case of annular domains formed by concentric radially symmetric shapes.

APPENDIX C. CHANGE OF VARIABLES

For the benefit of the reader, we provide here the computation of the transformed domain. We focus on rewriting
the main equations for the variable un (the fourth to sixth equations in (1.1)). For the case up, the computations are
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similar. So, consider a smooth function ux(x,t), z € Q(¢), and Un(y,t), y € Q, where y = Y (x,t). Then, x = Y " (y, 1)),
and we have

un(z,t) = Un(y,t) = uN(Yfl(y, t),t) =t un o Yﬁl(y, t). (C.1)

Let us introduce the notation « := (z1,...,2z4)" € RY y:= (y1,...,%4)" € R, sothat Y ' (y,t) := (z1,...,z4)" (y,1) €
R<. For clarity, we shortly verify here identity (4.6).
By generalized chain rule, the mth (m =1,...,n) column entry of VJ is computed as follows (dropping t)

d

d ¢ oUx, . OV, < 9UN . mBU
——ux(z) =Y S (y) 5 () = Z@ J* ZJ’“ =
k=1

k=1

We next focus on the transformation of the Laplace equation. We recall that

2 2
Vz-Vzu:AIu:(i+...+i)u.

2 2
Ox 0x3

From the relation un(z,t) = Ux(y,t), we get Ayun(z,t) = AyUx(y,t) = V, -V, Ux(y,t). Each summand 0°u/dx},
k=1,...,n,is computed by performing the following calculation of partial derivatives

o (o O (O,
Oxy, <8mk I) Ak (pz: Byp &'ck x)>

d AUx aY, OUx, . & [0Y,
Z . <8yp (y)) Txk(m) + 9y, (v) Dar (@(@)
—_— —_———

p=1

=:Dq =:Dy

The partial derivative D1 is computed as follows:

o (0Ux 1) OUN | | im
D= g (G w) = X g 0@ = 3 g

Hence, the first summand where D, appears can be written as follows:
d
0 [0Un 0Un k) ok
— J7mE PR
S (Bew) o5 (S e
Now, summing k from 1 to d, and after a few rearrangements, we get

d d d 5 2
mk pk 0°UN mhk ok 0°Un
)PP IFLTEEED N PO P>

m,p=1

2 9*Un
= 2 Amg
i ymOyp
where An,p = 22:1 J™k PR are the entries of the matrix A = J~'J~ 7. For the partial derivative Dy, we have the form
d

dJIP* OUN 9y, a /oy, AU
mp>Z- — Z-m - ([ ZZP
Z J OYym Oyp k7§:1 Oz, (@) OYm (83% (m)) OyYp ).

k,m,p=1
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The following computations yield the above expression:

2:= oz (@)

- % (poY(x)) (tp(y) — (8;/;; (y))i ,Qoy=Y(z,t), z € Q(t))

d
_ 3@ OYm
Z 8y (Y(2) Txk(x)
mk 8()0
= Z J W(y) (m-k: row-column entry)

d
=> ok 0 ok,
m=1 8ym

Inserting the above expression for D> in the second summand earlier above, and then summing k from 1 to d, we get

L L oUN, . D [0Y, 4 & Yy, Do ,  OUx
S e (@) =X S S @ )

Oy

where ¢(y) is again defined as before. In summary, the Laplace equation Azun(x,t) =0, z € Q(t), t > 0, when expressed
over the fixed domain €2, has the following form:

02Ux Ik 0JPF U
Am + J = 0,
;1 paymayp kz 1 OYym OYp

where A,p is as mentioned earlier. For the Laplace equation Azup(z,t) =0, z € Q(¢), t > 0, simply replace Unx by Up
above.

We next perform the transformations of equations on the boundary. First, it is easy to check that Unx(y,t) =
un(Y 7 (y,t),t) =0, y € T, t > 0. Similarly, on X, we can write g(z,t) (z € L) as g(Y ' (y,t),t). Since p(z,t) =0
on X, we simply write the function g(Y ™ *(y,t),t) as g(y, t). Now, let us rewrite the expression V,ux(z,t) - v(z,t), where
z € 9Q(t), in terms of Un(y,t) on the fixed boundary 9. This is done as follows (hereafter, we occasionally drop ¢ and
write v, := vs(y) for convenience):

J7Tu,

Vaun(z) - v(z) = JiTV;—UN(y) : W

(y)-

Clearly, on the fixed (interior) boundary X, we have

0
= b .
o Un(y,t) = g(y,t), yeN, t>0

In the same manner, we obtain the following transformation of boundary conditions for the variable up
Up(y,t) = up(Y '(y,1),t) =0, yeT, t>0,

and, on ¥, we can write f(x,t) (x € X) as f(Y " '(y,t),t). Again, because j(z,t) = 0 on ¥, we simply write the function
FY " (y,t),t) as f(y,t). Moreover, from I'(t) to T, we have the following sequence of computations and transformations
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with regards to the equation for the normal velocity

Vi, t) = V(2,8) - v(a,t) = %x(t) v(z, 1),

= &y + Ny, 1) (1)
= P ONG) - ). ()= A, yE T 1> 0).
and
(Vun(,1) = Vun(@,8)) - v(z,) = -7 (V] Un(y) = V§ Un(y)) - ‘j:TZ; ),

for x = x(t) € I'(t), y € T, and t > 0. These identities, with A :=J7'J~ " gives us

Do) = (Nw 3 Tw) (ViU - Vi UNW)) - Ave,

for y € T', t > 0. Taking into account the fact that Un(y,t) = Up(y,t) =0 on I', ¢ > 0, we can equivalently write the
above equation as follows:

0
(y,t) + Bj

e (UD(yvt) - UN(y7 t)) =0, (y el t> 0)7

al)
where B := B;(y) = (N(y) - J™ v (y))_1 (vo - Ao ). We remind that throughout the paper we shall assume that 5(y, t),
y €T, t €[0,T], is small enough so that N(y) - J~"vo(y) and |J~'vo(y)| are strictly positive for y € T', and that the map
Y ~!(y,t) is invertible.

In the rest of the section, we look at how the transformed Laplace equation splits into the operators given in (4.9).
The form of £L; is already clear, so we focus on rewriting the expression

d

i OJPF OUN
k,mz,,;:lJ g oy, W WeED, (C2)

in terms of N(y) and 5(y) (again, we drop the dependence of § to ¢ for convenience) to confirm the forms of K5 and M.
From the identity JJ=' = I, we have 8,JJ7' 4+ J9,J~' = 0, or equivalently, 8,J~' = —J7* (8,J) J='. We compute 8,J by
differentiating the equation J =1+ NVJﬁ + (V;—N)ﬁ with respect to y:

8,) = N Hess, (5) + V, N (v;rp) + Hess, (N)j + (V] N)V] 5,

where Hess, (-) denotes the bilinear form associated with the Hessian matrix, i.e., Hess, (5) := Hess, (5(y)) = 8,(V ' 5(%)),
y € Q. Thus, we have

8,07 = —J "N Hess, (7)) " —J" [VJN (VJ/}) +(VIN)V] 5+ Hessy(N)ﬁ] T

The entries of the above matrix can be computed without difficulty. For instance, the matrix —J7*N Hess,(5)J™" has

entries (in Einstein’s notation)
. ~ . B p i
—J7 (N9, (VTp)) 7= =2 <N ' (7))Jq‘
(Mo (7)), "0y \ Oyq
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For the sake of clarity, we provide below a detailed computation of the matrix 8yJ_1 in terms of its entries. To start, we
apply the matrix inversion lemma or the so-called Sherman—Morrison—-Woodbury formula [46-48] to obtain the following
identity

_ -1
DY (z) = [DyY ™' (y)]
-1
= [+ (WINFENV ] (N=NQ), 5= i), y € Q),
-1
=1 [1+(ViN)p+ NV 5| ((VIN)5+NV]5),
_ -1 . i,

=1- [y W) ((VyN)F+ NV 5)

where | := (6;;) € R™4 (§,5 =1,...,d) denotes the d x d identity matrix. The above equations mean that

Sl g! ((VJN)5+ Nv;ﬁ) —1—J'Mm,

where, of course,

_ ” _ op oN; \ 7!
1 Y — (1..)" L — - )
= (J ) (i)™ = (62] N 0y; Oy; p) '

Differentiating the above equation with respect to y, we get

9, ' =-8,0"'"M-1J""9,M

= I 1+ M) = —J"9M
= 9y =17 @M1+ M)
= 9, =1 ,M).

We recall that the product of three matrices, say A = (A;;), B = (By;), and C = (C;;), in terms of its jm-th entry, is
given by (using Einstein’s notation) (ABC);; = A;xBiCyj. Therefore, 8,, )71 = —J71 (9, M)J™', i =1,...,d, in terms of
its entries, is equivalent to

d
%ka =- Z IP(8,,, M) 419, (p-k: row-column entry),
Ym :
Jrq=1
d -
— Z Jpji (aNJﬁ%*NJ@) qu
Ja=1 Oym \ 9yq Oyq

_ f:Jm( PNy o, ON; 0p | ON; 9p 0 )J

OYymOyq 0Yyq Oym OYm Oyq ! OYmyq

J,q=1
Inserting the above expression to (C.2), we get the equivalent sum

B i Jmk{iﬁj< Ny . ON; 9p +3Njaﬁ>ﬁk}aUN
=1

OYmyq 0Yqg OYym ~ Oym Oyq OYp

d d ] 2~
-y (Z yin, 9P qu> %ZN (=: 81+ S2).
1 P

Jia=1 Oym Oya




58 J. F. T. RABAGO AND M. KIMURA

To get the desired expression (C.2) (with the same notation on indices), we simply interchange the indices k and m in
S1, and for Sa, we apply the change of notations on indices: k < j, j <= p, p < ¢, and note that A,p, = ZZ=1 Jmk Jpk
The resulting expression with these changes in notations finally provides the desired expansion of (C.2) given in (4.9)
from which the forms of the operators K5 and M are made clear.

APPENDIX D. CoMPUTATIONS OF §A(®) AND 6By
In this appendix, we compute the variations SA® and B, for the more general variation

d
0Fpy = afﬂoﬁ-)\(ﬁ—po) ’
A=0

where, basically, po(y,0) =0, y € X, and po(y,0) =0, y € I' (see [14], Sect. 2). In our case, pg = 0. For convenience, let
us first recall that the Jacobi matrix J has entries given by
op ON,

+

Jm:(Sm N )
k km + kaym 8ymp

and that J*™ are, on the other hand, the entries of the inverse matrix J™! which is the Jacobi matrix of the transform
Y (z,t), and that J= " = (J71) . Here, SA® = J71J5 ", Jo = J|,;:,30’ where p, satisfies the PDE system given by (4.4)

with py(y,0) = 0. Moreover, we recall the entries An,p := ZZ:1 J™FJPE of the matrix A := J7'J~T. We shall express §A
in terms of 6J, and the computation of §A®) goes as follows. First, we note that, from the identity JOng =1, we get

8(Jodg ) = Jo(8J5") + (6J0)Jgt = 0. So, 6151 = =15 (6J0)J5". Hence, we have the following sequence of identities (the
index 0 is dropped)
SA=6(J"1)=0 )T+ T
e ) S S e O ) W Wl
=—A@G)TITT —ITH8DA.

Here,

d
6 = N {5km + Ny

ap ON .
=N, + —p.
A=0 » OYm OYm P

d(\p)  ON }

So,
SA = —A(V® (NI T -1 (Ve (Np) A,

or, in terms of its entries,

) _ © O(Nmp) \jm im O(Nmp) »(0)
SAY =— > (Aik gy S AT AL )

k,m=1

Next, let us compute the variation 6By. To do so, let us first compute the variations §(N - J_Tuo) and
0 (A(0>1/o/(N . .JO_TVO)), and note that 0N L v, and N L dvs:

S(N-Jg ") = 6N -J5 Tvo + N - (5J5Tyo T JST(SVO)
= ('O vd N

;. O(Nip) |
— JE PN,
Z 0 Y0k oy; O

ik,m,j=1

—Jo 'vo - (Ve (Np) T J'N.
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Therefore, we have the following computations

(e )= e, AN )
N-Jg v (N-Jg '1vo)?

N - JgTVO -
[-AO(V @ (Na)IG T - 351V @ (N5) A v,

N-Jng/o
L A®,, Jo e (V& (NG) "IN
(N-Jg Twe)?
Oy, .V “IN.Vj
= A0V, g NA e VP p0, Jo N VP
N-Jy v N-Jy v
AV eN T JH(VeN)TAOy,
N-Jy v N-Jy v
A0y,

' (N33 Tw)? (JETVO (Ve N)TngN)] p.
o Vo

Now, from (4.8), we recall that

So, we have the following calculations

A© .. V5 SIN .V
5 (7,,0 AfTV") = e AV gy INA e VP a0, Jo N VD
N-Jy v N-Jy v

°N- Jo "o
N [7A(0)1/0 (VeN) I Tve  Jilve - (VO N)TAD,
N-Jy v N-Jy v
o Ay _ _
V7TZ/2 (JoTVo S(VoN)"J; 1N) p
(N-Jg Two)
Ay,
=970, v — (%’7°N.J_Tv~
14 P N . JaTl/o 0 P
N Ay (VNI Tre Ji e - (VR N)TAO,,
N-Jy v N-Jy v
Vo * A(O)Vo -T T -1 ~
ﬁ(% vo - (VRN) Jg N) P
(N-Jg Two)
o - Ay, -
= —2A@y, . vj— wN 35TV + h(N,0,N)p.
N-J; v

APPENDIX E. LEMMATA PROOFS

For the benefit of the reader, we will prove some of the lemmas used in the paper here.
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E.1 Proof of Lemma 2.5

In the proof we require a simple matrix inequality. For A = (a;;) € R™?, we define ||A|| = Zf‘jzl az; (i-e., ||

denotes the usual entry-wise matrix norm). Then, for A, B € R**¢, we have

d

d d d 2 d d d
|AB|> = ZZ ( aikbkj> < ZZ ( a?k) (Z bi]’) = [IAI* B[
k=1 k=1 k=1

i=1 j=1 \k= i=1j=1 \k=

So, [|AB]| < [|A[[]IBl-

Proof of Lemma 2.5. Let k € N, a € [0,1), and ¢ € CET*(Q). Since ¢ € CET*(R?), we consider the case Q = R? without
loss of generality. To show that ¢ € Diffeo® (©2,9), we need to prove the following:

(i) ¢ is injective;

(ii) ¢ is surjective;

(iif) det(V'¢) # 0 for x € Q.

Let us prove that ¢ is injective. That is, for every z,y € Q such that ¢(z) = ¢(y), we have x = y. So, let us suppose that
z+ ¢(x) =y + ¢(y). Then, we have the following sequence of computations:

lz —y| = |o(y) — ¢(z)| =

[ ottty ar

[ (776t + 1ty - a0) -0 a

0

< [ |77 ot + it = o)1y ol at

Because max,q HVT¢(:E)H < 1, then there exists e, > 0 such that HVquﬁ(a: +t(y — x))H < &4 < 1. Hence,

1
|w—y\=|¢<y>—¢(x>|<s*/0 ly— a2l dt =, |y — .

This implies that (1 — &) |y — x| = 0, or equivalently, y = x. This proves the injectivity of ¢.
Next let us prove that ¢ is surjective. That is, for every y € R, there exists € R? such that @(z) = y. Let us define
the map T}, : R — R? where T, (z) := y — ¢(x). We want to solve the equation Ty (z) = z. Note that

Ty(z) — Ty (2)| = [p(x) — $(2)| < ex |z — 2.

Because €, < 1, then by Contraction Mapping Theorem, there exists an 2 € R? such that z = Ty(z). This holds for
arbitrary y € R?, proving the surjectivity of ¢.

Lastly, let us show that det(V'¢) # 0 in R%. Note that V'@ = | + V' ¢, where | = I(z) = = is the identity
matrix/operator. If ||V T ¢(z)|| < 1, then det(l + V@) # 0. Let A(z) := V' ¢(z), A € CO(Q,RY), [A(z)]| < e. < 1,
for all z € Q, and B, (2) :== Y 1_,(—A(2))*, Bn € CO(4R¥?) and B(z) := >3° ,(—A(z))". Hence,

r  1—entt 1
*: < 9
1—es 1—es

IBn(@)[| < D> NA@)F<D e
k=0 k=0

and {B; } is a Cauchy sequence in C°(Q; R**?) and B(x) = limp—co Bn(z). Therefore, B € CO(QLRdXd) and limp, o0 By, =
B in C°(2; R¥*%). These arguments show that B(z) = 32°° (—~A(z))™ uniformly converges in Q where B € C°(€; R4*¢)
and B(z) = (I + A(z)) ™.
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Now, it follows that,

(1 A(@)B(x) = Tim (14 A(2))By(x) = lim (1 - (~A())"*) =1,

n—o0o

or equivalently, | + A(z) = B™!(x), for all x € Q. Taking the determinant of both sides of this equation, together with
the matrix inequality, we deduce that det(V ' ) # 0 in R?.

To conclude that det(V ") > 0 in R%. We argue as follows. Consider the set O := {A € R¥*? | |A|| < 1}. Clearly, O
is a connected convex open set. Let us define F(A) := det(l + A). We already prove that F(A) # 0 for all A € O and
F € C°(O;R). Evidently, the zero matrix O € O and F(O) = det| = 1. Hence, it follows that F(A) > 0, for all A € O,
as desired.

To finish the proof, let us note that, for every = € €, we have p(x) € Q. Indeed, if y = p(z) € Q°, we have Q >z =
0 Y (y) = y € Q°, which is a contradiction. This concludes the proof. O

E.2 Proof of Lemma 4.2

Proof of Lemma 4.2. We first show that for any y € Q, we have that Z(y) € Q(p). We prove this by contradiction. So,
suppose the statement is not true, then there is a point y, € § such that Z(y,) € I'(p) UX, I'(p) = S(p) for sufficiently
small p > 0 (i.e., [|pl|g2+ary < € where 0 < & < 1). We have the following situations:

(i) there is a point z, € Q such that Z(z.) € Q(p);

(ii) there is a point 2z, € Q such that Z(z) € Q(p);

(iii) there exists a curve C(za, 2p) such that C(za, zp) \ {zs} C Q;
(iv) there is a point yo € QN C(za, 2p) such that Z(ya) € I'(p) U 3.

However, we can find a point y, € I'UY such that Z(y,) = Z(y.) because Z is a C?*T*-diffeomorphism from 9 onto
08(p). But, as we shall show next, the map is injective, i.e., we have that y, = ya, a contradiction.

Now, let us verify that the map is one-to-one. We need to show that for any point ya,ys € Q such that Z(ys) = Z(ya),
it must be that y, = y,. Let us note that for any pair of points y.,ys € €2, there exists a curve C(ya,ys) C Q of class
C* such that |C(ya,ys)| < c(Q)|ys — Yal, for some constant ¢(Q) > 0. Hence, the equation Z(y) = Z(y,) implies that
Yo + N(ys)p(y6) = Ya + N(ya)p(ya), and we get the inequality

1y — ya| = [N(y)p(y6) — N(ya)p(ya)| < () max IVIN(@) )| [yo — Yal -

By successively applying the inequality, we will get |y» — ya| = 0, or equivalently, y» = y,. This completes the proof of
the lemma. O

E.3 Proof of Lemma 7.2

Proof of Lemma 7.2. The existence result follows from [58], Section 3, Theorem 4, p. 1270, where the general linear
problem with the time-derivative in the boundary condition was studied. We emphasize that the assumption of the
negativity of by is an essential condition in the existence proof presented in [58] (see Eq. (3.4)). This same assumption
also serves as a crucial requirement in the proofs of Theorems 4.2 and 5.2 in [16] (see Rem. 4.3).

For the proof of the a priori estimate (7.4) we apply Schauder’s method. That is, using the estimate for the solution
to the corresponding model problem in a half-space [49], Chapter 3, Section 2, one first obtain an estimate of the form

24« 2 2+« 1+« 14+«
NONETe Y < e (1812, + el Ty + 1018 1) + 111 ))

for some constant ¢ > 0. Here we apply the interpolation inequality (see, e.g., [49], Eq. (2.1), p. 117 or [42], Chap. 6,
Sect. 8)

@ <e > |Dku|(a)+cslmax|u\ (E.1)
[k|=2
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where €; > 0 is an arbitrary small number and c¢.;, — 00 as €1 — 0, to \®|(§2). We take €1 small enough so that we will
get an estimate of the form

2 a 1+« l @ 24«
ele: e (101 T + el i) + a1l + 101 0.) (E2)

Q,T; Ot]\

Now, to get further with our computation, we note the following equalities for u € C*T*(Q):

|u|<§1+°‘) = Z mﬁx‘Dju(x)’ [ulg (1+e)
gl<tta
Diu(z) — Diu
—max|u|+ Z max'D u(x)‘ + Z ma}i| (z) - ()]
Q — 2,2€Q |z — yl
l7l=1 lil=1
pDitl —_ Ditly
[Du]g) — Z max | u(z) (y)| (E.3)
@ 2,2€0 |z — |~
lil=la] ™ Y
_  [Pu@) — Dlu(y)]
- R 1+a7 1+«
m=[1+a1x’xen o =yl
_ 1+«
= [u] 0.

In above equalities, we apply the interpolation inequalities (see [49], Eq. (2.1), p. 117)

DUl < ez ul +cop [ul®  and [ <esfull) + coy [l (E.4)
together with (E.1) to get an estimate for |@|(1+0at)] We choose small enough values for 2 > 0 and €3 > 0 such that the

right-hand side of the inequality (E.2) contains only the norms of known functions and the quantity maxg|©(-, 7)|. Since
O is harmonic in €2, we can then apply the maximum principle (see, e.g., [50], Chap. 1.3, III, p. 7) on the aforesaid norm
to obtain

1915 10,7 < V215 10,6 T |OIF 0,1 -

We next estimate |©|7 0. Applying the fundamental theorem of calculus, together with the homogenous initial condition

t
/ g/max
0

Inserting this estimate to (E.2), and letting ¥(¢) = |91 (lJrOO‘t)] + \wg\ng‘g leads to

for the function 6|r’ we get

9
752(+5)

oo
1Olr 0.0 = 22z, mex

ds. (E.5)

é@(4,3)

t
(2+a)
101G < e (v + [ max

ds) . (E.6)

Because U(t) is non-negative, then we may apply Gronwall’s inequality (see, e.g., [65], Appendix. 5.1, p. 498) to (E.6)
deducing the desired estimate (7.4). O

E.4 Proof of Lemma 8.1

Proof of Lemma 8.1. For some « € (0,1),let Q C R? be an open, connected, bounded set of class C*T and u € C’2+°‘(ﬁ).
Then, Q satisfies the cone condition and, in particular, the (interior/exterior) ball condition. Let us suppose that, in
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specific, 2 has cone property with the cone having the opening angle 6= é(Q) and height h. To prove estimates (8.1)
and (8.2), it is enough to show that the following inequalities are true:

g < el T+ Tl (E.7)
g < el + 5l (E.8)

We will only verify in detail inequality (E.8), but (E.7) can be shown in a similar fashion. To this end, let us consider
another cone C; := Ci1(0,1) with the same opening angle, but with cone height equal to 1. Using the interpolation
inequality (E.15) (with e = 1) in Lemma E.1, we get

W& < W& + od, 0) [ulg) (E.9)

for any function u € C2+%(Cy), where ¢(d,0) > 0 is a constant that depends on d and 6. To get the desired coefficients
in the inequality condition, we observe that for any constant & > 0 and function 4(Z) = u(fiz) we have the equality

@Y = 'Y, (E.10)

for all 0 <1 < 2+ a. So, for u € C*T*(C.), where the cone C. := C:(f,¢) with its vertex at the origin, we apply the
change of variables = x/e, 0 < € < h, and consider the functlon ﬂ( ) = u(ex) = u(x). Obviously, @& € C*T%(C;), and
(E.9) also holds for @. Applying identity (E.10) to our case, we get

~ ~ @ ~ M|~ @ @ ~d7é
@ < @E +a@ bl = W <+ G o, (B.11)

for some constant ¢&(d, é) > 0. Now, note that for any = € Q € C?T we can construct a cone C. with vertex = and such
that C. C Q. Hence, using (E.11), we can further get the estimate

[l < el + 5 © Jul®.

Because x € € is taken arbitrarily, we conclude that

2 2+ C7 0
[y < WG + Sl

for some constant ¢7 > 0, proving (E.8). Using the definition of the norm H%), we finally recover inequality (8.2). The
other interpolation inequality (E.7) from which (8.1) relies can be shown in a similar manner as above with the help of
the interpolation inequality (E.14) in Lemma E.1 (stated in the Sect. E.5 below). O

E.5 Interpolation inequalities

We justify in this subsection the interpolation inequalities used to proved Lemma 8.1. Similar and more general
interpolation inequalities are given and proved in [42], Section 6.8, pp. 130-136 (see also [53], Cor. 5.3.4, p. 144 for
analogous results).

Lemma E.1. Let B, be a ball in R? with radius v and consider a function v € C*t*(B,.), a € (0,1). For any real
number € € (0,7], the following inequalities hold:

5 < el + 2 uls) (E-12)

fe 1+« Cd
[w)$5) < efuls "™ + 25 uls) (E.13)
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where cq is a positive constant that depends only on the dimension d. Moreover, if u € C**e (B.), then we further have

[u ]g) < 5(1+o¢)[ ](2+a) + & Cd ‘ |(0) (E.14)

r

o C
)] < e[l + Flu |‘°> (E.15)

Proof. Consider a ball B, C R? with radius r and let € B,. Let us choose a point in B,, say o, such that z €
B, 2(x0) C B,. Over B,,3(x0), we integrate J,;u and apply Green’s formula to obtain

/ Oz, udz :/ ucos(Vap, ,,Ti)ds, (E.16)
/2(0) 9B, /2(z0)

where vop,_ /2 is the outward unit normal vector to the boundary 0B ,,. Because u € C'1+°‘( ), then the Mean Value
Theorem can be applied and it tells us that there is a point ¥ € B, /> such that

1
Oz, u(T) = 7/ Oz, udz,
|B€/2| B, 2 (x0)

from which, together with (E.16), we can obtain the estimate (cf. [42], Eq. (2.1), p. 22)

27Td/2 (E) d—1
[0Bepo| _ Ty(d/2)

X |Be/2‘ 7rd/2 c d‘ |BT_?‘ |BT7

! / Oz, udx| <
B, /2 (x0) <
Tp(d/2+1) \2

|Be /2|

|0z, u(T)| =

where I'y denotes the gamma-function. For Z # z, we can then make the following estimation of |0, u(z)|:

|6wiu($) - 811'“(5?)' | _ ‘
|z — 2|

|0z, u(2)] < |0z;u(x) = Oz, u(T)] + |02 u(T)] <

2d 1)
+ = ‘U|BT
< e [0s, ) + | I3

This verifies estimate (E.12).

Next, we validate (E.13) using (E.12). For any x,4 € B,, © # 2, we have either |z — | < € or |z — 2| > ¢ which would
give us the inequalities

|u(z) — u(Z)] oo Jul@) —u(@)] _ - D

o = o — &
|z — & |z — 2|
and
lu(z) —u(@)| _ 1 ; o
=) P\l e -
o S oo \axlu(@) + maxu(@)] ) = | )2
respectively. In either case, we get the estimate
lu(z) — u(2)] <elm @y I(l) + 4 ‘ |(0)_

|z — 2|

Combining the above estimate with (E.12), we obtain (E.13).



ON THE WELL-POSEDNESS OF A HELE-SHAW-LIKE SYSTEM RESULTING 65

We next prove (E.14) and (E.15) using (E.12) and (E.13), respectively. To this end, let us assume that u € C*T*(B,.).
Then, (E.13) implies that

WG < eafu) 5 + 54 ) (E.17)
1

for any €1 € (0,7]. Let us denote € = &2 in (E.12) and use the resulting inequality to estimate the quantity |u|g7) in

(E.17). These lead us to

€1

(1-ea(2) ) Wl < cataer + 22 ulg). (E.18)

To force a single parameter ¢ € (0, 7] in the above inequality, we apply a scaling technique. To this end, we introduce the
scaling 1 = t1e and €2 = t2e, where t1,t2 € (0,1) and substitute these quantities to (E.18) to obtain

1 2\ (1+a) (2+a) ca® (0)
(e (B) ) mr < el + i i (E.19)

Now, we only need to choose the values of ¢; and t2 such that t1_1 (1 — Cq (t2t1—1)a) = 1 and denote by ¢q :=
ca*(t1T*t2)"! > 0 to obtain
e [ul5 Y <G + G ful) -

Using the above estimate for the quantity ¢ ]55+a> (E.12), and after some change of notations, we finally get (E.14).

“lu
Of course, the inequality holds for any e € (0, r] since we choose t1,t2 € (0,1).

We apply the same technique to prove (E.15) using (E.12) and (E.14). That is, using (E.12) with « € C*T%(B,.), and
then applying (E.14) to estimate |u|g1), we obtain

) <TG + caeul§) < 1+ ca)”T G + ea® uly

Again, to force the constant, which is dependent only on the dimension d, to appear only as a coefficient of |u|§_.g:, we
consider the scaled free parameter t&€ = ¢ € (0,7], where ¢t € (0,1), to obtain

[u](z) (1 + cd)ta§2+a[u}(2+a) + (Cd) | |(o) )
We choose t € (0, 1) such that (1 4 ¢4)t® =1 and let é; := (cdt*l)2 in order to finally get
2 24a) , Cd | (0
) < & [ul5" + 25 lul)

which holds for all & € (0, r]. This verifies the last estimate (E.15), completing the proof of the lemma. O
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