Boundary shape reconstruction with Robin condition: existence
result, stability analysis, and inversion via multiple
measurements

Lekbir Afraites* and Julius Fergy T. Rabago!

*Mathematics and Interactions Teams (EMI), Faculty of Sciences and Techniques
Sultan Moulay Slimane University, Beni Mellal, Morocco
l.afraitesQusms.ma, lekbir.afraites@gmail.com

TFaculty of Mathematics and Physics, Institute of Science and Engineering
Kanazawa University, Kanazawa 920-1192, Japan
rabagojft@se.kanazawa-u.ac.jp, jfrabago@gmail.com

April 10, 2024

Abstract

This study revisits the problem of identifying the unknown interior Robin boundary of a bounded
domain using Cauchy data from the exterior region of a harmonic function. It investigates two
shape optimization reformulations employing least-squares boundary-data-tracking cost function-
als. Firstly, it rigorously addresses the existence of optimal shape solutions, thus filling a gap in
the literature. The argumentation utilized in the proof strategy is contingent upon the specific
formulation under consideration. Secondly, it demonstrates the ill-posed nature of the two shape
optimization formulations by establishing the compactness of the Riesz operator associated with the
quadratic shape Hessian corresponding to each cost functional. Lastly, the study employs multiple
sets of Cauchy data to address the difficulty of detecting concavities in the unknown boundary.
Numerical experiments in two and three dimensions illustrate the numerical procedure relying on
Sobolev gradients proposed herein.

Keywords: geometric inverse problem, Robin boundary condition, shape optimization, ill-posedness,
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1 Introduction

We revisit the problem of identifying a bounded domain 2 with an exterior accessible boundary ¥ and
an unknown, inaccessible (interior) boundary I' via a Cauchy pair of data (f,g) on ¥ for a harmonic
function u in Q. On I', u is assumed to satisfy a homogeneous Robin boundary condition. The problem
can essentially be expressed as an overdetermined system of partial differential equations (PDESs)

—Au=0 1in Q, u=f and d,u=g on X, du+au=0 onT, (1)

where «, generally, is assumed to be a fixed non-negative Lipschitz function in R¢, d € {2, 3}, such that
a = agp > 0, where g is a known constant and d,u is the (outward) unit normal derivative of u. In
inverse problem framework, (1) can be stated as follows:

Problem 1. Given the Dirichlet data f on X and the measured Neumann data
g:=0,u on X,
where u : ) — R solves
—Au=0 1inQ, u=f onX, Ou+au=0 onT, (2)

determine the shape of the unknown portion of the boundary T'.



Actual application of the problem — which is popular in engineering sciences, particularly in materials
science and biomedical engineering [ ] — includes the identification of a cavity or inclusion (or
the reconstruction of inaccessible boundary or the detection of interior cracks in a conducting medium)
by electrostatic measures or thermal imaging techniques on the external and accessible part ¥. In the
former case, u is interpreted as the electrostatic potential in a conducting body Q of which only the
part ¥ of the boundary is accessible for testing and evaluation. Problem 1 can then be interpreted as
the determination of the shape of the inaccessible portion I' of the boundary from the knowledge of the
imposed voltage u|2 and the measured resulting current 6,,u|2 on Y. Other applications of this problem
(or slightly modified versions) are mentioned in | , , ]. For a more
detailed discussion about the model equation, we refer the readers for mstance to | , , ,

]. Meanwhile, for some numerical studies on recovering T from measurements on Y, assuming
the knowledge of «, see | , , , , , , , , ]

In Problem 1, the cases a = 0 and a@ = oo correspond, respectively, to homogeneous Neumann and
Dirichlet boundary conditions, as studied in | ] and | ]. Our main focus is on the case where
a € RT, except in subsection 2.1.1, where « is assumed to be a Lipschitz function with additional
properties. Thus, unless specified otherwise, o as a positive constant.

Regarding the identifiability issue for the inverse Robin problem, we note the following. In | 1,
Inglese and Mariani established local uniqueness of I' under the assumption that {2 is a thin rectangular
plate. In [ |, Cakoni and Kress highlighted that, generally, for a fixed constant impedance «, a single
Cauchy pair (f, g) on ¥ can lead to infinitely many different domains 2. They provided counterexamples
demonstrating that a single Cauchy pair is insufficient to identify I', particularly when determining both

the shape I' and the impedance « simultaneously. Bacchelli further showed in | ] that two pairs
of Cauchy data ensure uniqueness of I' and « simultaneously, provided that the input data are linearly
independent and one of them is positive. Additionally, Pagani and Pierotti in [ | also established

uniqueness results using two measures for the inverse Robin problem. On the topic of stability using
solutions corresponding to two independent input data, we refer readers to the work of Sincich in | ]
Meanwhile, for cases involving homogeneous Dirichlet or Neumann boundary conditions, one pair of

Cauchy data uniquely determines the missing part of the boundary; see | , Thm. 2.3]. In the
case of Neumann boundary data on I, for example, one can establish that (f,g) = (u, d,u)|s uniquely
determines I" provided that f is not constant [ , Rem. 2.4].

The shape inverse problem under consideration is well-known to be ill-posed in the sense of Hadamard
[ , ]. In fact, previous numerical studies [ , ] have highlighted the difficulty of
accurately detecting an unknown Robin boundary T, particularly when it includes concave parts (see
[ | for illustrative examples, and | | for a related study). Here we aim to demonstrate —
through numerical experiments — that this difficulty can be partially overcome by utilizing multiple
boundary measurements. Employing this strategy significantly improves detection outcomes compared
to using a single boundary measurement. While it may seem intuitive to leverage multiple boundary
data for enhanced detection, limited exploration of this idea exists in the context of the present shape
inverse problem — to the best of our knowledge. Notable exceptions include recent works by Fang | 1,
Rundell | ], a related investigation on an interface problem | ], and a study on identifying
acoustic sources in a domain [ ]. This finding underscores our study’s primary contribution to
the existing literature. Additionally, we extend our work to include a numerical experiment in three
dimensions, highlighting the advantages of our proposed strategy over the classical approach of relying
solely on a single boundary measurement.

Despite the well-established understanding of the boundary inverse problem for the Laplacian with
Robin conditions, to our knowledge, the accurate detection of concave parts or regions on the unknown
boundary remains unexplored in previous studies, at least from a numerical perspective. Additionally,
a rigorous proof of the existence of a shaped solution to the classical shape optimization formulation
with boundary-data-tracking type cost functionals — as far as we know — is currently lacking in the liter-
ature. Regarding this issue, it must be noted that for domains with even mildly oscillating boundaries
converging to a smooth domain, the Robin condition might not be preserved. This makes the existence
proof even more delicate. These observations warrant further investigation of the problem within the



context of shape optimization settings.

The present study is the first part of a two-part investigation. In this work, the investigation that
will be carried out covers the following: (ii) existence results for the minimizer of the considered cost
functionals; (i) analyses of the shape Hessians of the cost functionals at their respective optimal shapes;
and (iii) numerical investigations focusing on the comparison between reconstructions with one or more
Cauchy data. The second part or follow-up work of the study will focus on the following topics: (i)
quantitative analyses; (ii) development of a second-order numerical method; and (iii) numerical analysis
of the reconstruction’s sensitivity to noise, involving the introduction of a suitable regularization term
in the functional. This will, in fact, include a proposal for a different shape optimization approach
based on an augmented Lagrangian method. On the other hand, we emphasize here that since the
shape Hessian is computed only at the minimizer, the analysis is insufficient to develop a second-
order method, which, despite its described limitations, is still of interest. These research directions are
deliberately postponed in a follow-up investigation to maintain the focus of the present study and to
avoid making the discussion too extensive.

Let us briefly discuss some specifications of the shape inverse problem that we aim to address here in
the next few lines. Let D be a (non-empty, open, bounded, and simply connected) planar set of class
C*! and § > 0 be a fixed (small) real number. Define the collection of all admissible (non-empty)
inclusions w by W,q4 as follows

w € C%! is an open bounded set,
Wad =4 w€D | d(z,0D) > ¢ for all € w, and (3)

D\ @ is open, bounded, and connected.

In above set, we emphasize that essentially, the annular domain D \ @ — we simply denote here by Q
— has C%! boundary 9D U dw. The said regularity assumption on the boundary is instrumental in the
well-posedness of the shape optimization problem(s) that we shall consider here.

Our main problem here now is the following:
Find w € W,q such that v = u(Q) := u(D \ @) satisfies (1). (4)

We refer to Q* = D \ @*, or equivalently I'* = dw*, as a solution of (1) if the pair (2*,u(2*)) satisfies
(4). Hereafter, we understand that ¥ = 9D and T' = dw, and we assume, unless otherwise stated,
that f € H>?(X) and f # 0. Also, we let ¢ € H3/?(X) be an admissible boundary measurement
corresponding to f. That is, g belongs to the image of the Dirichlet-to-Neumann map Ay : f €
H%/2(2) + g := d,u € H3?(X), where u solves (2).

Remark 1.1. The regularity assumptions given on the boundary data f and g are more than we can
actually expect. In fact, we can only assume that 3 is Lipschitz and that f € H1/2(Z) and g € H-Y?(%).
However, for ease of notations and to simplify many proofs, we assume the announced reqularity. Besides
we will carry out a second-order analysis of the problem, so we need sufficient reqularity (at least C**)
for the domain as well as the regularity assumption on the data f € H®/?(X) and g € H?/?(X) to ensure
the existence of the shape derivative u’, of up in H*(Q). On a side note, we comment that the reqularity
assumptions: T is of class CY' and f € HY?(X) (with a non-negative), are suitable assumptions to
deal with the unique solvability of the inverse problem under consideration, see [ ). Thus, it is only
reasonable to consider domains that are at least of class CY'! in the present study.

The rest of the paper is divided into three main sections. Section 2 discusses the existence of optimal
solutions for the two shape optimization formulations with boundary-type data-tracking functionals
considered in this context. Section 3 focuses on characterizing the shape Hessian’s structure of the cost
functionals associated with each formulation at critical points and examines the problem’s ill-posedness
by analyzing the compactness of the Hessian expression. Section 4 outlines the numerical algorithm
used to solve minimization problems with multiple boundary measurements and presents experiments
in two and three dimensions. The study concludes with remarks in Section 5.



2 Shape optimization formulations

2.1 Tracking the Neumann data in least-squares approach

A way to solve Problem 4 is to consider the following minimization problem which consists of tracking
the Neumann data on the accessible boundary in L? sense:

JIN(Q) = JN(D\E):%/E(ayuD—g)2ds—> inf, ! (5)

where up : 2 — R solves the system of PDEs
—Aup =0 in Q, up = f on X, O,up +aup =0 onT. (6)

In (5), the infimum is naturally taken over a set of admissible domains, such as W,q defined in (3)

Remark 2.1 (Well-posedness of (6)). Define the bilinear form a as follows

a(p, ) = /QV(,O -V dx —l—/ragm/) ds, where v, € HI(Q), (7)

and let Hy, ((Q) be the Hilbert space {p € H'(Q) | ¢ =0 on X}. Then, the variational formulation of
(6) can be stated as follows:

Find up € HY(Q), up = f on X, such that a(up,v) =0, for all ¢ € Hé’O(Q). (8)
Assuming that f € HY?(X) and Q is Lipschitz, the existence of unique weak solution up € H'(Q) to
(8) follows from the application of the Laz-Milgram lemma.

The shape optimization problem given by (5) is equivalent to the overdetermined problem (1) provided
that we have the perfect match of boundary data on the unknown boundary, i.e., v = f and d,u = g
on X. Indeed, if w* (or equivalently, 2*) solves (4), then Jy(2*) = Jy(D \ @*) = 0, and it holds that

w* € argmin, ¢y, Jn (D \ @). (9)

Conversely, if w* solves (9) with Jy (D \ @*) = 0, then it is a solution of (4).

On a side note, we comment that Jy requires a high level of regularity for the state up to be well-defined.
This requirement makes it impractical for numerical experiments without guaranteed regularity of the
state variables. However, as we will demonstrate in the numerical section of this study, it still offers
reasonable reconstruction of shapes for Problem 1.

2.1.1 Existence of a shape solution

In this subsection, we investigate the existence of an optimal solution to (5) within planar domains. To
this end, we make the assumption that the entire boundary of any admissible domain (which will be
rigorously defined later) is C¥'! regular. This implies that 02 can be parametrized by a C*¥! function.
We will specify the value of k for technical clarity. Unless explicitly stated otherwise, this level of
regularity will be imposed on any open and bounded set considered in this section.

To proceed, we consider instead of (5) the shape optimization problem

mg%n JIn(2) = mg%n {; /E (D,up — g)? ds} , (10)

1We observe that, following (4), it is more appropriate to denote Jx (w) rather than Jy () or Jx (D \ w). Nonethe-
less, in this context, these notations are interchangeable, and the choice of notation is a matter of personal preference.
Additionally, it is more accurate to express J(€2,u(2)) instead of the reduced functional J(€2). However, we have opted
for the latter notation since it can be demonstrated that the mapping Q +— u(2) is continuous (given suitable conditions,
as assumed here, see subsection 2.1.1), and therefore well-defined. It is worth noting that, due to the unique solvability
of (6), the mapping Q — u(2) can be defined.



where up () = vp(Q) + tp(Q) =: vp + tp such that
— Avp = Aup in Q, vp=0 on X, O,vp +avp = —0,4p —aup onI. (11)

Here, iip € H?(D) is an arbitrarily fixed function such that ip = f on X, and up(Q) satisfies (6). The
corresponding variational formulation of (11) can be given as follows:

Find vp € Hy, 4(2) such that a(vp,¢) = —a(ip, @), for all ¢ € Hy, o(9). (12)

Since (12) has a unique solution in H*(£2), we can define the mapping Q — vp = vp(£2), and denote
its graph by
G ={(Q,vp) : Q € Ouq and vp solves (12)},

where O,q represents the set of admissible domains as defined in (14). This implies that (10) is
equivalent to minimizing Jy (2, v(2)) over G. To prove the existence of a solution, we equip G with a
topology ensuring that G is compact and Jy is lower semi-continuous. Compactness implies that for
any minimizing sequence in O,q, denoted by {Q™1 := {Q(M}22 | there exists a subsequence {Q*)}
converging in some sense to a limit domain Q°. We then investigate whether vp(Q(™), satisfying (11)
on Q™ converges to the solution vp(Q°) of (11) on Q. It is essential to note that unlike Dirichlet or
Neumann problems, Robin problems may have different boundary conditions in the limit, depending on

how the domains {Q(™} approach the limit domain Q° [ ]. In fact, convergence of solutions is not
guaranteed, even for smooth domains. For instance, in | , Ex. 5.2], it was shown that for domains
with mildly oscillating boundaries converging to a smooth domain, the limit solution satisfies the Robin
boundary condition with a different Robin term (see | , Ex. 5.3]), where, for constant «, the

limit function satisfies a Robin boundary condition with a larger Robin coefficient. So, in general, the
solution of the PDE constraint may not converge to the solution for the limit domain when convergence
is achieved only for the domain and not for the boundaries (i.e., Q™) — Q but Q) does not converge
to 09). Nonetheless, the implied convergence “Q( — Q = 9Q("™) — 9Q” holds true in the Hausdorff
sense for domains with Lipschitz boundaries | , Ex. 3.2] or the cone property [ |. For details
about convergence in the sense of Hausdorff, we refer readers to [ , Sec. 2.2.3, Def. 2.2.8, p. 30].

Let us now characterize the set O,q4, and then specify an appropriate topology on it. We consider the
following problem:

Find (2%, vp(2*)) € G such that Jy(Q*,vp(Q2*)) < In(Q,vp), for all (,vp) € G. (13)

To prove the existence of optimal solution to (13), we will follow the ideas developed in | ,

, ] and apply the tools furnished in [ , , ], while mimicking some
arguments from | , ] in proving the continuity of the state problems with respect to the
domain.

Hereinafter, we denote by Cf’l (k € Np) the space of restrictions to (0, 1] of the subspace of 1-periodic
functions in C*!(R;R?), and assume that the free boundary I' = dw can be parametrized by a vector
function ¢ € C*1(R; R?).

We issue the following definition.

Definition 2.1.1. Let § be a fized positive number. A vector function ¢ € C1(R;R?) is said to be in
the set Uyq, a closed and bounded subset of C1'1(R;R?), if it satisfies the following properties:

(P1) ¢ is injective on (0,1] and is 1-periodic;
(P2) there exist positive constants cg, ¢1, co, and c3 such that
lp(t)| < co, 1 <|P' ()| <2, VEE€(0,1), and |@d"(t)| <c3 fora.e. t€(0,1),
where | - | denotes the Fuclidean norm;
(P3) Q=Q(¢) C D C R?%
(P4) there exists a positive constant 6y < 0 such that dist(2,T'(@)) = do.



Henceforth, we assume that ¢ € U,q. Accordingly, we define

Qaa = {Q = Q(¢) | NS Vad}a (14)
where Q(¢p) = QT(@)), Vad € Uag, and the regularity assumption on w is for now relaxed to C1:1.

An example of V,q is the set of elements ¢ € CH1((0,1];R?) such that ¢ satisfies (P2)—(P4) (with
w € Whq for instance), except that the last inequality in (P2) is replaced by the Lipschitz condition
| (t1) — @ (t2)] < cslts —taf, for all t1,t5 € (0, 1], and the set defined by these conditions is compact in
CHt. Another example is any closed subset of U,q which is bounded in C%#(R;R?), for some p € (0, 1].
Additionally to (14), we also consider the larger set

Oaa = {Q=Q(¢) | ¢ € Uaa}.

Let us emphasize some important features of the domains in O,q. The second inequality condition in
(P2) essentially prevents impractical oscillations on the free boundary, which we aim to avoid due to the
aforementioned issue. With this remark, we also impose a condition for the fixed accessible boundary
Y similar to (P2), but with different constants, to prevent unreasonable shapes for the specimen.

For later use, we note the following assumption:

the boundary ¥ can be parametrized by a C*' (1-periodic) function ¢, such that
lpo(t)| < bo, b1 < |dp(t)] < b, VE € (0,1), and |y ()| < bs for a.e. t € (0,1), (B)

for some positive constants by, by, bs, and bs.

Meanwhile, the definition given in (14) implies that every admissible domain 2(¢) satisfy the well-
known uniform cone property [ , Thm. 2.4.7, p. 56, and Rem. 2.4.8, p. 59] (see Definition 2.2.3 in
subsection 2.2.2 for the cone property) since every admissible domain is essentially a uniformly Lipschitz
open set in R%. As a consequence, every set in (0,4 satisfies a very important extension property in the
sense of Chenais | ] (see Lemma 2.2.1). More exactly, for every k > 1, p > 1, and domain 2 € Oad,
there exists an extension operator Eq : W*P(Q) — W*P(D) such that |Eoepllwer(p) < Cllollwer(a),
where C' > 0 is a constant independent of ). By these properties, we are guaranteed of an extension
¢ € H*(D), k > 1, from Q to D of every function ¢ € H*(Q). For instance, because up is H?()
regular, the function vp is also H?(Q2), and so we can find an extension 9p of vp from Q to D that
is H?(D) regular. With these considerations, we can now specify the topology that we will use to
investigate the existence of an optimal solution to the shape problem described by (10).

First, we define the convergence of a sequence {¢™} C Uaq by
o™ = ¢ — '™ — ¢ in the C'([0, 1])-topology. (15)

In fact, the latter convergence can be inferred from the properties of elements of U,q and by Arzela-
Ascoli theorem. Accordingly, we define the convergence of a sequence of domains {Q(™} := {Q(¢™)} :=

{6152, C Oaa by
o 50 — d™ = . (16)

Meanwhile, we define the convergence of a sequence {vg)} of solutions of (12) on Q™ to the solution
of (12) on Q as follows

o Ssop = Egmo =8 5 p = Equp  weakly in H'(D). (17)

)

We emphasize here that the extension operator Eqgm) for ng ensures that 17(;) = vgl) on Q).

Finally, the topology we introduce on G is the one induced by the convergence defined by

Q™ 05)) = (2,vp) = ¢™ = ¢ and vf) = wp. (18)



Remark 2.2. As mentioned in passing, the uniform cone property of the admissible sets also implies
a compactness property of Oqq with respect to the Hausdorff metric (see [ , Sec. 2.2.3, Def. 2.2.7,
p. 30]). This property ensures that once the convergence of domains QM — Q s true, it also holds
that 0Q™ — 0Q (specifically, T") — T) for the free boundaries in the Hausdorff sense | , Thm.
2.4.10, p. 59] (see also [ ]). Moreover, from the definition of the Hausdorff metric, one easily finds
that if T") — T in the Hausdorff sense, as n — oo, then for any € > 0 there is a ko := ko(¢) € N such
that Ty, belongs to the e-neighborhood of T', for all N 3 k > k.

Denoting the convergence of a sequence {O®} of sets in R to O C R? in the Hausdorff metric by

ow o, O, as k — oo (see Definition 2.2.2), we give a proper statement of the above-mentioned
property in the following lemma whose proof can be found in | ].

Lemma 2.1.1. Let {(b(k)} C Uuq and ¢ € Uyq. For any sequence of domains {Q((b("))}, Q(p"™) € Oua,
there is a subsequence {Q(p™)} C {Q(¢"™)} and a domain Q(p) € Ouq such that Qp™) N Q(e),
and F(qﬁ(k)) A, ['(¢), as k — oo, where F(qﬁ(k)) and T'(¢) are the free boundaries or graphs of o
and ¢, respectively.

Remark 2.3. Properties (P1)—(P4) of ¢ and qb(") not only provide a very well behaved convergence of
a subsequence of open sets {QF)} of the sequence {Q™} C Oy to an open set Q € Ouq in the sense
of Hausdorff, but convergences in the sense of characteristic functions and in the sense of compacts are
also achieved by these subsequence [ , Thm. 2.4.10, p. 59].

Theorem 2.1.1. The minimization problem (13) admits a solution in G.

As stated before, the existence proof is reduced to proving the compactness of G and the lower semi-
continuity of J. By the compactness of V,q and the Arzela-Ascoli theorem, we see that the convergence
o™ — ¢ already holds. Hence, it only then remains to show the continuity of (11) with respect to the
domain to complete the proof of compactness of G. The proof of this continuity is not straightforward,
but follows a similar argument in | ) ] using the tools developed in | ) ].

Proposition 2.1.1. Given the convergence of a sequence of domains stated in (16), we let {(¢"™, vg))}
be a sequence in G where 1153”) = vp (™) satisfies (12) on QM) := Qp™) C O,y (i.e., {¢™} C Vaa).
Then, there exists a subsequence {(¢™, vg))} of {(¢"™, Ugb))} and elements ¢ € V,q and vp € H'(D)
such that %) — ¢ and ﬁg) — vp in HY(D), where vp = vp(¢) = Uplop) uniquely satisfies (12) on
0:=Q(e).
The proof of the proposition — which we postpone a bit further below — relies on three key results listed
in the next lemma.
Lemma 2.1.2. We have the following results.

(i) For every u € HY 4(Q) and Q € Oqq, it holds that ||ul| 20y < Jul )= | Vul|z2(0)”.

(ii) Let q € (3,1]. Then, for all ¢ € Voq and u € H' (D), we have |Jull 12 ) S ||ullgap), where

|- [l2(r(p)) is the L*(D(@))-norm and || - || ma(py denotes the H(D)-norm.
(iii) there exists an extension ﬁgl) of vgl) from Q) to D, and a constant Cp > 0 independent of n
such that H’Dg)”Hl(D) < CD.
Supported by the fact that the admissible domains satisfy the uniform cone property, Lemma 2.1.2(i)
issues a uniform Poincaré inequality proved in | , Cor. 3(ii)]. Lemma 2.1.2(ii), on the other hand, is

related to the uniform continuity of the trace operator with respect to the domain established in | ,
Thm. 4], and Lemma 2.1.2(iii) is about an extension of the state variable from Q™ to D whose H'(D)-

norm is bounded above by a positive constant. This guarantees the existence of subsequence {17(;)}

2Here, and in the rest of the discussion, the notation “<” means that if x < y, then we can find some constant ¢ > 0
such that < cy. Of course, y 2 x is defined as =z < y.



which weakly converges in H'(D) to a limit denoted by ©p. Thus, the proof of Proposition 2.1.1 is
completed by showing that the restrictions of op in ©(¢) is in fact the unique solution to (12).

In connection to Lemma 2.1.2(ii), we note the compactness of the injection H'(D) into H?(D) for
g € (1/2,1), i.e., we have

compact

1
H'(D) HY(D), for 3 <a<l (19)

Meanwhile, the proof of the third statement of Lemma 2.1.2 which make use of the first two estimates
given in the lemma as seen in the following argumentations.

Proof of Lemma 2.1.2. The notation (-)(™ is here (and throughout the proof) understood as (-)(¢™)
. We first show the boundedness of {||17§3n)\|H1(D)}. By a result of Chenais | ] (i-e., the uniform

extension property), the solution ng) of (12) on Q™) admits an extension 6%” in H'(D) such that

15511 (py S o5 e emy- (20)

Thus, we only need to find a uniform bound for ||11Dn | 1 (@) With respect to n. To do this, we

take ¢ = ng) € HL (M) in (12), and note of the assumption that a(r) is a function that can

be extended in D such that (denoted by the same notation) a(z) > ap > 0, for all z € D, to ob-
< (M) (n)y _ H‘ (n) m (n)
tain ‘HUD H’Q( , S alvp’vp’) ~a(ip, ") Qm Qe

-l = IV - llz2@aemy + || - [[L2(rm). Note here that we can bound ||v§) [ L2y by |v53)\H1(Q<n>)

lpllge < llinl, where

Indeed, from Lemma 2.1.2(i)—(ii) and (20), we have ||11D 2oy < ||vD e oy S ||vD lm1 ey S

|vgl)\H1(Q<n)). By these inequalities, together with the fact that |||, is a norm on H' over the (open
and bounded) set Q equivalent to the natural norm [ , Appx. A, Prop. 2, p. 15], we get the
uniform estimate vaL)HHl(Q(n)) S lap|| g1 (py- Noting that @p is a fixed function, we then achieve the

boundedness of {||17§:7;) |51 (D)}, completing the proof of the lemma. O
We now proceed to the demonstration of Proposition 2.1.1.

Proof of Proposition 2.1.1. Given the assumptions of the proposition and Lemma 2.1.2(ii), there exists
an element 9p in H'(D) and a subsequence {6%”} of {U(n)} such that the weak convergence @gc) —Tp
in H(D) holds.

First, the statement that vp = Oplog) is in Hy o((¢)) follows from the boundedness of the trace

operator. Because the fixed boundary is Lipschitz, the trace operator (-)|s : HY(D) — L*(¥) is

compact, so it takes weakly convergent sequences into strongly convergent sequences. From this, we can
infer that limy_, o 6g)|g = 9ply in L?(X). Now, since UD)|Q(I¢) = vg), then vp|y = limg_, o ﬁgg)b; =
. k

limy 00 ’U(D)|2 =0, and so vp € Hy, o(Qep)).

Next, we will show that vp(¢) = Upla(e) is the solution of (12) on Q(¢). To this end, we will prove
that the variational equation

/ Voup - Vudz —|—/ avpvds = —/ Vip - Vudz — / atipvds, Vv € Hyo(Qe)), (21)
Qo) I'(¢) Q(e) T'(¢)

also holds for all test functions v € Hy, o(D) = {v € H'(D) | v =0 on X}. Note that the restriction on
Q") .= Q(p™) of any element v of Hy, (D) is in Hé,O(Q(k)), for all k, which is exactly the test space
of (12) on Q*). Hence, we have

/ va) -Vodr + / avg)v ds
Q™) ()

:_/ VﬂD-Vvd:v—/ aiipvds, Yv € Hy o(D).
Q(¢™) r(g(k) ’



For the next step, we will obtain (21) from (22) by passing to the limit. To do this, we look at
the difference between equations (21) and (22), and then we let k tends to infinity. In the following
computations, property (P2) of ¢ and ¢, will be use several times.

For the difference between the last two corresponding integrals, we have

/ atpvds —/ atpvds
(™) ()

S llallze (o) <U||L2(r(¢<k>)) @D o @ —ap o @ll2(0,1)) + unllL2r(g)) v o @1 — v o @llL2(0,1)

]I4 =

oup |6k = &'l lnll L2 r(g)) 19120 (g)) ) (v € Hyo(D) C H'(D)),

)

due to Lemma 2.1.2. Since v € Hy, ,(D) C H'(D), then by | , Cor. 1], we see that
||’U o ¢k — Vo d)”Lz([O,l}) — 0 and ||1~LD o d)k —Up o d)”Lz([O,l}) —0, ast—0,

for any sequence {¢p®} € {¢p™} C Uaq and clement ¢ € Uaq such that ¢*) — ¢ in the sense of (15).
By this previously mentioned convergence of ¢, to ¢ in the C1([0,1], R?)-norm, we end up with the
limit limy_, o Iy = 0.

In the same fashion, applying the inequalities and bounds given in Lemma 2.1.2, we obtain

/ avgc)v ds —/ avpvds
INCIC) I'(¢)

k k k
< llallpoe(n) <|v||Lz<p<¢<k>>>||vg> o ¢ — v 0 Bllz2(o1) + [Vl 2 ripon v = vbllzarie)

Hg =

+ lvnllze @y llv o @ —vo@llL2o + sup 0 — &' oDl L2 rigy) 10l L2 )
k k ~(k ~
< Nl o) <|v||H1<D>|v},) o ¢y — v 0 dll 20,17y + [0 () 5% — | pra )

=+ ||17D||H1(D)||U 0@ —vo ¢||L2([o,1}) + [S(}IE |¢;c - ¢/\ Hf)DHﬂl(D) ||’U||H1(D) > :

Because vp = Upla, vg) = ﬁg)b(k) € HY(D), the first and the third summands in the right side of
the inequality above both disappear due to Lemma 2.1.2(ii) combined with the application of | ,
Cor. 1]. Similarly, the second summand also goes to zero as k — oo because of Lemma 2.1.2(ii) and
(19). Lastly, because of the convergence given in (15), the fourth summand in the last inequality above
also tends to zero as k — oco. Hence, we also have the limit limg_,., I3 = 0.

Now, for the remaining differences on domain integrals, we have
_ (B) o\ - W
I = xo(Vop, Vip) - Vodz + (xaw — x)Vy - Vo dz,
D D
I = / (xaw —xo)Vip - Vodz,
D

and the desired limits limy_,oo [; = limg_, o, Io = 0 are achieved by applying the H 1(D)—vveak conver-

gence f)gjk) — Dp, the convergence of characteristic functions (see, e.g., | , Prop. 2.2.28, p. 45]
and [ D) xawm — xa in L*(D)-weak* (see (29)), and the fact that the sequence {||17([];)||H1(D)} is
bounded. This proves that vp(¢) = Op|a(g) is the solution of (12) on Q(¢). O



With Proposition 2.1.1 established, we are now set to prove the second part of Theorem 2.1.1 by
proving Proposition 2.1.2. In the proof, however, we need stronger assumptions to establish specific
estimates appearing in the argumentation. While the proof of Proposition 2.1.1 only requires the weak
convergence of @gl) in H(D), the proof of the next result needs the weak convergence 17(5) — ¥p to hold
in the H?(D) sense. For this reason, the properties of the admissible sets of functions parametrizing
the free boundary I" given in Definition 2.1.1 need to be modified accordingly. As a consequence, after
imposing the necessary assumptions and definitions, the results presented in Proposition 2.1.1 and also
in Lemma 2.1.2 — particularly the convergences and estimates — can be shown to also hold in the H?
sense. We omit the exact re-statements for these results and their corresponding proofs for economy of
space. To be precise with the most important part, however, we simply underline here that we assume

¢™ — ¢ in the C2(]0, 1])-topology and ﬁg’) — Op weakly in H?(D).

Proposition 2.1.2. The shape functional Jn () = § [5; (,up(Q) — g)* ds, where up(Q) solves (6) in
Q, is lower semi-continuous on G in the topology induced by (18) where the convergences defined by (15)
and (16) are assume to hold in the C?([0,1])-topology and in H?(D)-weakly, respectively.

Before proving the proposition, we once again recall that for any admissible domain € of class C1!, we
have v € C%Y(N¢) c WHo°(N¢) ¢ HY(N¢), where N¢ is a small neighborhood of 99 (see, e.g., | )
Sec. 7.8]). It follows that v can be extended to a Lipschitz continuous function 7 in Q, and even to the
larger set D. (The normal vector v is even smoother for C*! domains).

Proof of Proposition 2.1.2. Let {(Q(”),vgl))} be a sequence in G, Q™ = Q(¢(”)), and assume that
QM o™y 5 (Q,vp) as n — oo, where Q 1= Q(¢) and (Q,vp) = (2, vp(Q)) € G. We denote the
H?(D) extension of vp and vgl) in D by vp and ﬁg), respectively, and let (™) be the (outward) unit
normal vector to Q("). For simplicity, in the computations below, we drop the constant 1 /2. So, we

have the following sequence of inequalities

b = |\ Iw(2) - VI @) - |

<

d,up(Q™) — g|

Lz [0bup($2) — g”[,?(z)

ww@m_@mmw

L2()

< ’Vug) (™ — 1/)‘

L2(2)+H (up” —up)-v L2(3)

< ‘V(ug) —up) - V’

2(x)’

where the last inequality follows from the fact that the outward unit normal »(™ and v coincide on the
fixed boundary ¥. Further estimation gives us

hy < HV(U%L) —up) 1/’

% a5~ g€ (3/2.2).

L2( Hi(D)’

In above computations, we have used Assumption (B), the property of the trace operator for H?
functions (or the trace inequality), and the definition of H?(D) norm. We conclude by applying the
compactness of the injection of H?(D) into H%(D) for q € (3/2,2). O

Before we end the section, and for the sake of completeness, we formally provide the proof of Theorem
2.1.1 using Proposition 2.1.1 and Proposition 2.1.2.

Proof of Theorem 2.1.1. Let {(Q("), Ugl))} = {(Up™), vp (™))} be a minimizing sequence of the
shape functional Jy; that is, we let (Q(”)mg)) be such that lim,,_, JN(Q("),UE?)) = inf{Jn (2, vp) |
(Q,vp) € G}. From a similar argumentation in proving Proposition 2.1.1, it can be shown that there
exists a subsequence {(Q(k),vg))} of {(Q("),vgl))} and an element  := Q(¢) € O,q° such that

3Here, it must be noted that the definition of the set O,q given in Definition 2.1.1 is provided with the necessary
additional regularity conditions.
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Q® - Q (ie., ¥ — ¢ uniformly in the C2 topology), @gc) — @p in H%(D), and the function op|q is
the unique weak solution to (12) in . By these results, together with Proposition 2.1.2, we conclude that
~ by [ , Thm. 2.10] — Jy (2, 5pla) = limg_ee Jx (0¥ = inf{Jn (Q,vp) : (Qup) €G}. O

2.2 Tracking the Dirichlet data in least-squares approach

In this subsection, we present the narrative of tracking Dirichlet data and provide analogous results
from previous sections for this case.

2.2.1 Shape optimization formulation
We start by stating that the original problem can also be posed in the following format.

Problem 2. Given the Neumann data g on ¥ and the measured Dirichlet data
f=u on X,
where u solves the system of PDEs
—Au=0 1inQ, du=g on, ou+au=0 onT, (23)

determine the shape of the unknown portion of the boundary T.

In above formulation, we emphasize that f € H%/?(X) is seen to be an admissible boundary measurement
corresponding to the input flux g € H3/ 2(¥). In other words, f belongs to the image of the Neumann-
to-Dirichlet map Yx : g € H?(X) — f = u € H?(X), where u solves (23). Then, accordingly, one
can consider the following minimization problem which consists of tracking the Dirichlet data on the
accessible boundary in L? sense:

In(Q) = Jp(D\ @) = % /E (uy — f)2ds — inf, (24)

where uy solves the following well-posed systems of PDEs
—Auy =0 in Q, Jyuy =g on 3, dyuny +auy =0 on T, (25)

whose variational formulation reads as follows:

Find uy € H'(Q) such that a(uy,) = / gv ds, for all 1 € H' (), (26)
5

where a is the bilinear form given in (7). For g € H~'/2(X) and Lipschitz €2, the existence of unique
weak solution uy € H(Q) to (26) follows from Lax-Milgram lemma.

Problem (24) is equivalent to (1) provided we have a perfect match of boundary data on the unknown
boundary, meaning v = f and d,u = g on X. Furthermore, the shape optimization problem (24) has
a solution for C'! domains, as shown in Theorem 2.2.1. This claim is rigorously justified in the next
subsection under a topology induced by a different definition of convergence of domains. This approach
allows us to prove the existence of an optimal solution to (24) in both two and three spatial dimensions.

2.2.2 Existence of a shape solution

Here, we address the question of the existence of an optimal solution to (24). To achieve this, it suffices
to assume that the entire boundary of any admissible domain (to be elaborated later) is C1! regular.
Unless otherwise specified, this regularity will be imposed on any (non-empty, open, and bounded) set
considered in this section. On some occasions, the aforementioned regularity is explicitly stated for
clarity.

11



To proceed, we rewrite (24) as follows:

1

rrgnJD(Q) = mg%nJD(Q,uN(Q)) = n}%n{2 /Q(UN(Q) - f)Q}, (27)

where un () is subject to (25). Since (25) has a unique solution, we can define the map Q — uy :=
un (), and denote its graph by

G={(Qun): Q€ Ouq and uy solves (25)},

where O,q is defined further below in (28).
Our main result of this subsection is the following.
Theorem 2.2.1. The minimization problem (27) has at least one solution.

Again, to demonstrate the validity of the aforementioned assertion, we first need to endow the set G
with a topology for which G is compact and Jp is lower semi-continuous. Due to the presence of the
Neumann boundary condition on the exterior boundary 3, we cannot apply the same technique used in
subsection 2.1.1 since it relies on Lemma 2.1.2. Therefore, we employ a different approach to prove the
statement. Instead of introducing a topology induced by the convergence (18), we introduce a topology

on G induced by the Hausdorff convergence (™) Q. In this way, we can even prove the existence
of the optimal solution to (24) in arbitrary dimensions (d € {2, 3}).

Considering the point discussed above, we will now briefly review the definitions of the Hausdorff
distance, Hausdorff convergence, and the e-cone property. For elaboration on these concepts, readers
are directed to | , Ch. 3].

Definition 2.2.1 (| , Def. 2.2.7, p. 30]). Let w1 and wa be two (compact) subsets of R,
d > 2. The Hausdorff distance dp(wy,ws) between wy and we is defined as follows dp(wi,ws) =
max{p(wi,ws), pwz,w1)} where p(wi,wz) = sup,e,,, d(z,ws2) and d(z,ws) = infycy, |2 —y|. Note that
dy defines a topology on the closed bounded sets of RY.

Definition 2.2.2 (| , Def. 2.2.8, p. 30]). Let {w™} and w be open sets included in D C RY, d > 2.
We say that the sequence w™ converges in the sense of Hausdorff to w if dg (D \ w™, D\ w) — 0 as

n — oo. We will denote this convergence by w(™ 2w (or simply by w™ — w when there is no
confusion).

Definition 2.2.3 (] , Def. 2.4.1, p. 54]). Let & be a unitary vector in RY, d > 2, ¢ > 0 be a real
number, and y € R?. A cone C with vertex vy, direction &, and dimension ¢ is the set defined by

Cly:€,) = {z €RY | (z —y, &)z, = cos(e)lz — ylr, and 0< [z —ylr, <e},

where {-,)r, is the Buclidean scalar product of R% and || - ||ga is the associated euclidean norm.

An open bounded set 2 C Rdjatisﬁes the e-cone property, if for x € 0N}, there exists a unitary vector
€, € R such that for all y € QN B.(x), we have C(y, &, ¢) C Q, where B.(x) denotes the open ball with
center x and radius €.

In light of the definitions provided above, we hereby assert the ensuing proposition, pivotal in substan-
tiating the proof of Theorem 2.2.1.

Proposition 2.2.1 (| , Thm. 2.4.7, p. 56]). An open bounded set Q C R? has the e-cone property
if and only if it has a Lipschitz boundary.

The set of admissible domains O,q is defined as follows:
Oua ={Q=D\@T| D eC"!, we W,q, Qisan open, connected, bounded set}. (28)

Here, Whq is essentially the set given previously in (3), with the distinction that we relax the regularity
requirement on the domains. Specifically, we only assume that D, w, and consequently €2, are of class

12



CH1. Tt is essential to emphasize that the elements within W,q exhibit the e-cone property. Furthermore,
we recall from Remark 2.2 that given a sequence Q™ of open sets in Qad, there exists an open set
Q € 0,4 and a subsequence Q) that converges to Q in the Hausdorff sense. Moreover, both Q*)
and 9Q®) converge, respectively, in the Hausdorff sense to £ and 9Q. Additionally, these convergences
extend in the sense of characteristic functions and in the sense of compacts as well | , Thm 2.4.10,
p. 59].

In the proof of Proposition 2.1.1 given in subsection 2.1.1, we have already mentioned in passing that
for any sequence of measurable sets ("), the corresponding sequence of characteristic functions X
is weakly-* relatively compact in L°(R¢). This means that we can find an element y € L= (R?) and a
subsequence {Q®},~0 C {QM™},,50 such that

for all » € L*(RY),  lim / Xam ¥ dr = / xot dz. (29)

k—oo Jrd R
Remark 2.4 (] , . 27]). We point out here that the limit x is not, in general, a characteristic
function. It only takes values between 0 and 1 [ , Prop. 2.2.28, p. /5]. Nevertheless, the limit will

be a characteristic function if the convergence is “strong” in the sense that it takes place in LY . for
some p € [1,00). Indeed, it is then possible to extract a subsequence that converges almost everywhere.
Hence, in the limit, x takes only the values 0, 1 and it coincides with the characteristic function of the

set where it takes the value 1.

From the previous paragraph and remark, we observe that the weak- limit is a characteristic function
only when the convergence is strong, as precisely stated in the following proposition.

Proposition 2.2.2 (] , Prop. 2.2.1, p. 27]). If {Q™},50 and Q are measurable sets in R? such
that xom) weakly-+ converges in L= (R?) in the sense of (29) to xq, then Xgm — Xq in Lfoc(Rd) for
any p < 400 and almost everywhere.

As previously established (refer to the statement following Assumption (B) in subsection 2.1.1), the set
Waq possesses a significant property regarding its elements. Specifically, this property relates to the
existence of a uniform extension operator, as precisely stated in the following lemma (cf. | , Eq.
(3.83), p. 129]).

Lemma 2.2.1. There exists a constant ¢ > 0 such that for all Q € O,q4, there exists a bounded linear
extension operator Eq : H™(Q) — H™ (D) such that max,,—o1{/|€allzm @)} < ¢, where ||Eallzm ) =

SUPye rm (Q)\ {0} {||€Qv||Hm(D)/||v||Hm(Q)} and B™ = L(H™(Q), H™(D)).

Note that by the choice of the set O,q, every admissible domain enjoys the e-cone property which is
a sufficient condition for the result in Lemma 2.2.1 to hold. Now, with the previous lemma at our
disposal, we can easily prove the following proposition which is the analog result of Proposition 2.1.1.

Proposition 2.2.3. Let the following assumptions be satisfied:
(A1) {Q(”)} C Ouq is a sequence that converges to € Ouq in the Hausdorff sense.
(A2) For eachn € N, Q™ € 0,4, and ug\?) € H'(Q™) solves (26).

(A3) There is some constant ¢* > 0 such that, for all Q") € 0,4, n € N, the extension operator Egm) :

H™(QM) — H™(D) satisfy, for alln € N, the inequality condition max,,—o1{||Eqm gy} <
c* (and the same holds for the limit shape Q € O,q).
Then, the sequence of extensions 125\7) = Smn)ug(;) € HY(D) converges (up to a subsequence) to a

function ay in H'(D)-weak and in L*(D)-strong such that ﬂN‘Q = un solves (26) in Q. Moreover,

Xan) Vﬂg\?) converges strongly in L?(D)? to xqVin. In addition, if the extension operators {Eqm }

satisfy the compatibility condition
Eqm (Xamln) — @y strongly in H' (D), (30)

then the convergence of ﬂg\?) to ax also holds strongly in H(D).
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Proof. Let the given assumptions (A1), (A2), and (A3) be satisfied. We have

o)) = [ gvds, forall v e H @), (31)
)
Taking ¢ = Ug\?) € Hl(Q(”)) and using the equivalence between the norm ||-[|qm) and the usual

H'(Q(")-Sobolev norm, we obtain the inequality ||u§\7) 1oy S llgllz2(s)- Using the assumption on
the choice of extension operators £qn), n € N, combined with Lemma 2.2.1, we get the estimate

15 11y < 1€ Nl e 1uS 11 ey < € llgllze (- (32)

Clearly, from (32), we see that the sequence &5\7) is bounded in H'(D). By the Rellich-Kondrachov
and Banach-Alaoglu theorems, we may extract a subsequence {125\],6)} C {ﬂg\?)} such that we have weak

convergence iy — iy in H'(D) and strong convergence i\ — fiy in L(D), for some element

un € HI(D)

We next show that the limit point 4y € H'(D) actually solves (26) in Q (i.e., ﬂN’Q = uy where uy
solves (26)) by passing through the limit and using the pointwise almost everywhere convergence of
the characteristic function xqm) to xq (i.e., we use the fact that there exists y € L°°(D) such that

Xam — x in L=(D) with xq < x < 1). In the rest of the proof, we use the fact that v can be extended
to a Lipschitz continuous function, again denoted by v, on €2, and even to the larger set D.

Let us first note that for every n, each test function ¢ € H*(Q(™) admits an extension in H'(R?) and,
specifically, in H*(D) — still we denote by 1 — by Stein’s extension theorem | , Thm. 5.24, p. 154]
and by a result of Chenais | ]. Therefore, we can also pose the variational problem (31) with the
test space H'(D) by considering the following variational equation

A = / Xam Vil - Vi dz + / Xawm div(adyv) de = / gds, Vo€ HY(D), (33)
D D >

where v is the unit normal vector to the boundary I', pointing outward from I'. From Proposition 2.2.2,
we know that yq) almost everywhere converges to xq in L'(D). As a consequence, we get

Xam Vi — xqV strongly in L*(D). (34)

Next, let us show that 17,N|Q = uy actually solves (26) by proving that

A ::/ XQVﬂN-V¢dm+/ XQdiv(aﬂNd)l/)dx:/gzbds, Vi € H' (D).
D D b

Using (34), the weak convergence a%’) — dy in HY(D), and the weak-* convergence xqowm — Xq in
L>®(D), we see that A — A(®) Therefore, we have A(>) = fz g ds, for all v € HY(D), or

equivalently,
/ Vi - Vip de +/ div(eayyv) de = / g ds, forall » € HY(D).
Q Q b

It is not hard to see that this is also valid for all v € H'(£2), thanks to the extension property of
Q € Ouq. Thus, with the uniqueness of the limit, we conclude that ﬂN} o = un — recovering the
variational equation in (26).

We finish the proof by verifying the last two claims in the proposition. We emphasize that we can also

obtain a uniform estimate for ||XQ<n)V1]S\T,L ya which can be deduced from (33). Note that by taking

)HQ
L2(D
P = 1]5\7;) € H!(D) in the previous variational equation, and since Xé(m = Xq, then we also have the
inequality condition

e Vas 22 py < / Xam Va2 dz + / Xam div(a(@))?v) dz < lgll2a ),
D D
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where the rightmost inequality is due to (32). This gives us the estimate || xqm) Vﬁs\?) lz2(pye S N9l (-

Now, if the extension operators {Eqm) } satisfy the compatibility condition (30), then

lim B™ = lim [ xouw Vil Vil de = / vaViy - Vi do =: B>
D D

n— oo n—oo

because
(LHS) = [B® - B™)| <

/ (e — xa) VA - Vil dx
D

(35)
n \ [ (Va2 — Vi) s
D

and that we have the convergences yom — Xq in L>°(D) and ﬁg\?) — 4y strongly in HY(D). With
respect to the second integral in (35) and the latter convergence, let us note that it holds that

1€qe (u§?) — Eqm (xama@n) a0y S Ul — xam @l g @m)-

Evidently, the right-hand side vanishes as n tends to infinity. So, due to (30), it follows that ug\?) — Uy

strongly in H'(D). Hence, we also deduce the convergence x ¢ ) Vﬂg\?) ~Vd§\7) — xaViy-Viy in LY(D).
Because Q") Q € O,q, Q™ and Q are both (measurable) subsets of D, and we have the convergence
of Q" — Q not only in the sense of Hausdorff, but also in the case of characteristic functions (and also

in the sense of compacts), then we can extract subsequences {Q(®)} and {XQUC)V&E\];) . Vﬂg\’;)} such that

lim Xaw Vil - val) dr = / xoViy - Viy d.
Q

k—oo Jqk)

Indeed, this is immediate from (35) as we have*

/ Xaw Vil - vl dz — / xaViy - Viiy de| < (LHS).
Qk) Q
This finishes the proof of the proposition. O

To close out this subsection, we provide the proof of Theorem 2.2.1.

Proof of Theorem 2.2.1. Observe that the infimum of Jp () is finite. Hence, we can find a minimizing
sequence {Q(")} C O,q which is bounded such that lim,, .o JD(Q(")) = infgeco,, Jp(2). By Remark

2.2 (cf. | , Thm. 2.4.10, p. 59]), there exists Q € 0,4, and a subsequence {Q®} c {Q™)}
such that Q%) converges to Q in the sense of Hausdorff (Definition 2.2.2). Then, with the premise of
Proposition 2.2.3, we know that the sequence of extensions ﬂg\?) = Eﬂm)ug\?) € HY(D) (of functions

“5\7) € H'(Q™) which solves (26) on each of its respective domain) — taking a further subsequence if
necessary — converges to (the unique limit) @iy € H'(D) where 11]\;|Q = u, solves (26) in Q. Now, to
conclude, it is left to show that the shape functional Jp(f2) is lower-semicontinuous; that is, we have
Jp(Q) < limgoe Jp(QF)) = infa  Jp(Q) < Jp(Q). From Proposition 2.2.3, we know that the
map Q — uy(Q) is continuous. Therefore, the map Q — Jp(Q) is also continuous, in particular, it is

lower-semicontinuous. This completes the proof of Theorem 2.2.1. O

Having addressed the existence of optimal shape solutions for equations (5) and (24), we are now
prepared to discuss the numerical solution of these optimization problems. A common approach for
solving such problems numerically involves employing a gradient-based descent scheme. To enable this,

4We can also deduce from the previous computations that ”XQ(”)Vﬁ‘E\?)”%Z(D)d — ||XQV12N||i2(D 4 which implies

)

the strong convergence XQ(")VﬂS\?) — xoViy in L2(D)4%. Additionally, by a similar argument, we can also deduce the

strong convergence XQ(n)ﬂg\?) — xqiy in L2(D).
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we need the shape gradient of the cost functionals, which can be readily computed using shape calculus
[ , , , ]. Recently, in | ], the expression for the shape gradient of both
Jn and Jp was ebtabhshed using a chain rule approach. Thus, in the subsequent part of this section,
our focus will shift to the issue of ill-posedness of optimization problems (5) and (24). Following this
discussion, we will present a numerical algorithm for solving the minimization problems, which involves
utilizing multiple measurements. Finally, we will provide some numerical examples.

3 Second-order analyses and stability issue

In | ], it was observed that Jy exhibits insensitivity to perturbations, which is likely due to the
ill-posed nature of the optimization problem. The primary objective of this subsection is to explore this
issue by analyzing the shape Hessian of Jy at a critical shape. This analysis aims to underscore the ill-
posedness inherent in the shape problem (5). Furthermore, to address the numerical difficulties arising
from this ill-posedness, particularly in identifying concave regions of the unknown interior boundary, we
adopt an approach based on multiple data measurements along the accessible boundary. This method
builds upon the concept of utilizing multiple boundary measurements, as discussed in | , 1,
and has recently been proposed in | ]. Instead of resorting to a second-order method, which can
be computationally demanding and intricate, especially in higher-dimensional scenarios, we opt for
multiple boundary measurements. This approach is straightforward to implement and only necessitates
knowledge of the first-order derivative of the cost function.

In the following, we briefly present some preliminary concepts related to shape derivatives from shape
calculus.

3.1 Some elements of shape calculus

Throughout the paper, vectorial functions and spaces are written in bold faces. Let us define Dy as an
open set with a C* boundary, such that {z € D | d(x,0D) > 6/2} C Ds C {x € D | d(z,0D) > §/3}.
We let C*'(R?), d € {2,3}, be a smooth vector field with compact support in D and define © as
the collection of all such admissible deformation fields. We represent the normal component of V as
Vo = (V,v), where v is the outward unit normal to €.

Let tg be a fixed (made sufficiently small when necessary) positive number. We define a perturbation
O := (V) due to the t-independent deformation field V, t € Z := [0, 1), of Q, To(Q2) = Q, by the
diffeomorphic map

T, :t €T id+tV € C*'(RY), Ve®.

Observe that (d/dt) Tt| +—o = V vanishes on ¥ and on some small tubular neighborhood D \ Ds of

since supp(V) C Ds. Throughout the paper, an expression with subscript ‘¢’ means it is defined on
the perturbed domain € (e.g., up; satisfies (6) with Q replaced by Q; = T;(Q2)). We emphasize that
here, and throughout the study, V is understood to be an autonomous (admissible) deformation field.
Moreover, it is always understood hereinafter that Q = D \ @ where w € W,q and W,gq is given by (3).

We say that the function u(Q2) has a shape derivative v’ = «/(Q2)[V] at 0 (that is, with respect to Q)
in the direction of the vector field V if the limit u' = limy o §[u(€%) — u(€)] exists. Meanwhile, a
shape functional J : Q — R has a directional Eulerian derivative at € in the direction V if the limit
limp o 2[J() — J(Q)] =: dJ(Q)[V] exists (cf. | , Eq. (3.6), p. 172]). If the map V — dJ(Q)[V]
is linear and continuous, then J is shape differentiable at 2, and the map is referred to as the shape
gradient of J.

Similarly, the second-order Eulerian derivative of J at Q along the two vector fields V and W is given
by
dJ(Qs(W))[V] —dJ(Q)[V
s S
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if the limit exists (cf. | , Chap. 9, Sec. 6, Def. 6.1, p. 506]). In addition, J is said to be twice shape
differentiable if, for all V and W, d*J(2)[V, W] exists, and is bilinear and continuous with respect to
V, W. In this case, we call the expression the shape Hessian of J.

3.2 Shape derivative of up

To carry out a second-order analysis, we recall the shape derivative of the state variable up. For this
purpose, let us assume the following:

(A) the impedance function® (i.e., the Robin coefficient) a > ag > 0 on I' has an H? extension (still
denoted by « for simplicity) in some neighborhood of T' and is constant in the normal direction,
i.e., it is such that d,a = 0.

The reason we impose assumption (A) is to simplify the discussion throughout the paper. In general,
without assumption (A), an additional boundary term involving the normal derivative of o on T' must
be considered in Y (v). Hereinafter, Assumption (A) will be assumed without further notice.

Lemma 3.2.1 (] ). Let Q € C*' be an admissible domain (i.e., @ = D\ @ where w € Wea),
V € O, and up € HY(Q) be the solution to (6). Then, up € H3(Q) and is shape differentiable with
respect to Q in the direction of V. Its shape derivative u'y, € H'(Q) uniquely solves the boundary value

problem
—Aup =0 inQ, up =0 on3, dupy + aupy = T(up)[Vy] onT, (36)

where
T (v)[V,] = div,(V,,V,v) — a(0,v + kv) Vi, (37)

for v e H3(Q), and k = div,v is the mean curvature of .

Remark 3.1. Introducing the linear form Ip(y) = [ Y (up)[V,]e ds, where Y is given by (37), we can
state the variational formulation of (36) as follows

Find u, € Hy, o(Q) such that a(up,v) = Ip (), for all i € Hy, o(9). (38)
With Y(up)[V,] € H-Y2(T), (38) can be shown to admit a unique weak solution in H'(Q) via the

Lax-Milgram lemma.

3.3 Shape gradient of Jy
We recall the shape gradient of the shape function Jy computed in | ]

Proposition 3.3.1 (| ). Let Q € C*! be an admissible domain, V € ©, and up € HY(Q) be the
solution to (6). The map t — Jn(Q4), is Ct in a neighborhood of 0, and its shape derivative at 0 is
given by dJn(Q)[V] = fr Gnv - Vds, where the shape gradient Gy 1is given by

Gn :V.,-UD~V.,-pD+Oz(ayuD+I£UD)pD. (39)
Here, the adjoint variable pp € H(Q) solves the following system of PDEs

—App =0 1in Q, pp = d,up — g on X, O,pp +app =0 on I. (40)

The variational formulation of (40) can be stated as follows:
Find pp € H'(), pp = dyup — g on ¥, such that a(pp, ) = 0, Vi) € Hy, 4(2). (41)

The regularities @ € CY' and f € H3/?(X) are sufficient for (40) to have a unique weak solution in
H'(Q) since d,up — g € H/?(X). The existence of unique weak solution to (41) then follows from the
Lax-Milgram lemma.

5Recall that «, generally, is assumed to be a fixed non-negative Lipschitz function in R%, d € {2, 3}, such that
a > ag > 0, where aq is a known constant.
SHere V, denotes the tangential gradient operator while div, denotes the tangential divergence on T'; see, e.g., [ ].
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3.4 Shape Hessian of Jy at a critical shape

Our goal here is to prove Proposition 3.4.1 which provides the structure of the shape Hessian at a
critical shape. In the next lemma, we give a result on the necessary optimality condition of our control
problem that will be used in Proposition 3.4.1.

Lemma 3.4.1. Let w*, or equivalently Q* = D\ @*, be the solution of Problem 1. That is, the domain
O* is such that up = up(*) satisfies (1); i.e., it holds that O,up = g on ¥ where up solves (6).
Then, the adjoint state pp satisfying (40) vanishes in Q*, and with Gy given by (39), there holds the
necessary optimality condition G =0 on I'*.7

Proof. We assume that there exists an admissible shape * = D\ @* such that it realizes the absolute
minimum of the criterion Jy. That is, Jy(22*) = 0, or equivalently, d,up(2*) = ¢g on X. This is
satisfied by the solution of the inverse problem under consideration (i.e., Problem 1), and the solution
of the adjoint problem

—App =01in QF, pp =0on X, Oypp +app =0 on T'. (42)

Because a > 0, then clearly, pp = 0 in Q, and we get Gn = 0 on I'*. O

We next give the characterization of the shape Hessian at the critical shape Q*.

Proposition 3.4.1. Let Q € C*' be an admissible domain, V,W € O, and up € H3*(Q) and v, €
H(Q) be the respective solutions of (6) and (36). The shape Hessian of Jy at the solution Q* of (1)
has the following structure:

Iy (Q) [V, W] =~ | T(up)[Va]pp[W]ds, (43)
F*
where the adjoint variable p, = p'r[W] satisfies the system of PDEs
—App =0 in QF, pp = 0,u'n[W] on 3, 0up’p + ap’y =0 on T*. (44)

Proof. Let the assumptions of the proposition hold. Using Hadamard’s formula, the second-order
derivative of Jy is obtained as

d?In () [V, W] = / (0, u'p [V]0,up [W] + (Dyup — 9)0,u'h [V, W]) ds, (45)
b

where u/,[V, W]?® is the second-order derivative of the state up at 0 in the direction of the vector fields

V and W. Using the necessary optimality condition in Lemma 3.4.1, we obtain

2Ty () V, W] = /E Doy [V10 1y [W] dis. (46)

To transform the integral over ¥ into an integral over I'*, we utilize the shape derivative of (40) given
by the adjoint system (44). Thanks to the properties of the adjoint state at the optimum shape, as
given in Lemma 3.4.1, p/,[W] shares the same characteristics as u/,, leading to the formulation in (44).
We then apply integration by parts to (36) and (44) with multipliers v, and p’,, respectively, to obtain

| @At VI W) ds = = [ 0,uip VI (Wids + [ 2o (Wlup[V]ds.
Using the boundary conditions of (36) and (44) on I'*, we get
[ @tV WD ds = = [ V)V W] ds.
This proves the proposition. O
"This also gives us the shape Euler equation | , p- 260] or Euler equation dJy (Q*)[V] = 0.

8The existence of u’/, is implicitly assumed here to ensure the well-defined nature of the representation in (45). However,
this expression will not appear in the final expression of the shape Hessian, as demonstrated in (43).
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Let us assume the existence of an admissible inclusion Q* such that Jy(©2*) = 0. This condition is
evidently satisfied by the solution of Problem 1, or equivalently, the solution of the overdetermined
boundary value problem (1). Consequently, Euler’s equation dJy(€2*)[V] = 0 holds, and we have
demonstrated in (46) that d*>Jy(Q*)[V,V] = [ (8,u,[V])* ds. It is noteworthy that if V,, # 0 on %,
then d?Jn(2%)[V, V] > 0. However, this positivity of d*Jy(€Q*) does not imply the well-posedness of
the minimization problem. Indeed, Proposition 3.5.1, provided in the next subsection, elucidates the
instability of the shape optimization problem under consideration.

3.5 Instability analysis of the critical shape of Jy

Now that we have obtained the expression for the shape Hessian at the optimal shape solution *, we
can evaluate whether the shape optimization problem (5) is well-posed. The shape Hessian derived, as
outlined in Proposition 3.4.1, offers insight into this issue. The motivation behind this investigation
stems from the fundamental interest in understanding the behavior of any reconstruction algorithm in
the case under examination.

Let us briefly review the current understanding of the stability of optimal shapes. The shape calculus
developed in preceding sections remains valid within the C? topology for deformation, with relevant
findings documented in | , , , ]. As noted in prior investigation (see, e.g.,
[ ]), it is generally unreasonable to expect a shape Hessian to exhibit coercivity in this norm.
However, coercivity might hold in a weaker norm: this situation is known as the two-norm discrepancy

problem, see | , , |. For instance, given additional conditions of continuity, both the
stability results of | , ] and the convergence result of | ] necessitate that the shape
Hessian at the critical shape be coercive in such a weaker norm. As emphasized in | ] and
elucidated in [ | for a closely related shape inverse problem, encountering such a favorable scenario

in this context is unlikely. Consequently, the objective of this subsection is to carry out a precise analysis
of the positivity of the shape Hessian. For a more comprehensive exploration of the topic, particularly
regarding the stability of critical shapes, we recommend consulting | , , ]

In this section, we establish conclusively that the problem under examination is ill-posed by proving the
compactness of the shape Hessian at a critical shape. To achieve this, we employ a methodology akin to
that utilized in | ] and [ ], building upon their methodologies. Our argumentation hinges on
the regularities observed in the admissible domains, deformation fields, the solution to the state problem
(6), and notably, the continuity of the mean curvature for boundaries of class C**. Subsequently, we
employ a local regularity result to demonstrate the compactness of the Riesz operator corresponding
to the shape Hessian at the exact solution of Problem 1. Alternatively, one could pursue the desired
result by applying potential layers, as exemplified in | L, 1 ], and | .

Proposition 3.5.1. If Q* is the critical shape of Jy, then the Riesz operator associated to the quadratic
shape Hessian d2Jy(Q*) : HY2(I*) — H™Y2(I*) given by (43) is compact.

The previous result underlines the lack of stability of the shape optimization problem (5). It suggests,
roughly, that in the vicinity of the critical shape w*, or equivalently, Q* (i.e., for ¢ very small), the cost
functional Jy behaves as its second-order approximation and one cannot expect an estimate of the kind
t < Cy/Jn(Q) with a constant C' uniform in V. In other words, the proposition points out that the
shape gradient does not have a uniform sensitivity with respect to the deformation directions; that is,
Jn is degenerate for wildly oscillating perturbations.

To prove Proposition 3.5.1, we prepare the following small lemma.

Lemma 3.5.1. Let Q € C%! be an admissible domain, V € ©, and up € H'(Q2) be the solution to (6).
Then, the map V —s Y (up)[Vy] is a continuous map from HY*(I') to HY/2(I).

Proof. Let Q € C*! be an admissible domain, V. € O, and up € H'(Q) be the solution to (6).
Then, up is H3() regular, and we have the following regularities: v € C1'1(N¢) and x € C%Y(N®) C
Whee(Ne) C H(N¢), where N¢ is a neighborhood of 99; see, e.g., | , Sec. 7.8]. Recall that
Y(up)[Va] = div.(Vo,V,up) — a(0yup + kup)Vy,. Let us first look at the map V — kupV,. By
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McShane-Whitney extension theorem, there is some function & € C%!(Q) such that #|r = x. Hence, in
view of | , Thm. 1.4.1.1, p. 21] and by trace theorem, we see that the operator V — Y(up)[V,] is
continuous from HY2(I') to H'/2(T") since the trace of ZupV, is a composition of bounded operators.
Now, on the other hand, we note that div.(V,,V,up) = div,(V,up)V, + V,up - V. V,. By the same
reasoning, using the regularities of V, up, and of v mentioned earlier, the map V — div,(V,,V,up) is
also continuous from HY/?(I") to H/2(T). O

Proof of Proposition 3.5.1. The proof is based on the observation that the shape Hessian can be ex-
pressed as a composition of some linear continuous operators and a compact one. The compactness
being a consequence of the compact embedding between two Sobolev spaces.

Letting W = V| we recall the formula of the shape Hessian given in Proposition 3.4.1, and denote by
(-,-) the product of dualities H'/2(I'*) x H™Y/2(I'*), so that we can write d2Jy(*) as

In (@) [V, V] = =T (up)[Val,pp[V]).
Here, p, = p5[V] (which is assumed to exists) solves the system of PDEs
—App =0in QF, pp = o,up[V] on X, 0ypp + app =0 on I'*.
We introduce the mappings

£:HT*) — HY*(I*) K:H2(*) —
V — Y(up)[Val, VvV — pp[V]

By these maps we can express the shape Hessian as follows
N (Q)V, V] = —(L£(V),K(V)).

The operator £ is clearly linear and continuous by Lemma 3.5.1, but the operator K is compact.’
Indeed, according to the characterization of p/,[V], we can decompose K into I = K3 o K; with

Ky HYAI) — HY3(S) Kot HV(S) — H7V(IY)
V o dup[V], o= o,

and ® is the trace on I'* of the solution ® € H'(Q*) of the following problem
—Ad® =0 in QF, d =T on %, 0,® 4+ a® =0on I

The map K; is linear and continuous, but K is compact. The latter claim follows from the H'(Q*)
regularity (globally) of ®, which is locally H3(Ds \ @*) regular, the trace theorem, and the compact

embedding H%(I‘*) < H~2(I'*). This, in turn, concludes the desired compactness result. O

3.6 Shape Hessian of Jp and stability issue concerning (24)

As in the investigation outlined in the previous subsection, the analysis for the stability issue concerning
(24) requires knowledge of the shape Hessian. In this regard, the shape derivative of the state variable
uy, provided below, is needed to compute the expression for d?.Jp using the chain rule approach.

Lemma 3.6.1 (] ). Let Q € C*' be an admissible domain (i.e., Q@ = D\ @ where w € Wyq),
V € O, and uny € HY(Q) be the solution to (25). Then, uy € H3(Q) is shape differentiable with respect
to Q in the direction of V. Its shape derivative u'y € H*(Q) uniquely solves the boundary value problem

—Auly =0 inQ, duly =0 onX, Ouly +auly = Y(un)[Va] onT, (47)

where Y (v)[V,,] = div, (Vo V,v) — (8,0 + kv) Vi, for v € H3(Q), and k = div, v is the mean curvature
of .

9The composition of a compact linear operator and a bounded linear operator yields a compact linear operator [ s
Lem. 8.3-2, p. 422]
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By defining the linear form Iy () = [ T(un)[Va]¥ ds, the variational formulation of (47) can be stated
as follows:
Find uy € H'(Q) such that a(uy, ) = In(¥), for all v € HY(Q), (48)

where a is of course the bilinear form defined in (7).

With Y (uy)[V,] € H-Y/2(T), it can be verified that (48) admits a unique weak solution in H*(Q) via
the Lax-Milgram lemma. The C?! regularity assumption on the admissible domains is enough to justify
the existence of u/y.

Meanwhile, the shape functional Jp can be readily computed as dJp(2)[V] = fF Gpv -V, where the
shape gradient Gp is defined as (see | D

Gp =—-V,un -V;pn — a(O,uny + Kuy) DN - (49)
Here, py : 2 — R is the adjoint variable that uniquely satisfies the following system of PDEs:
—Apy =0 in Q, Opny =uny — f on X, Oupn +apy =0 onT. (50)

The weak formulation of (50) can be stated as follows:

Find py € H'(Q) such that a(py,v) = / (uny — f)i, for all ¢ € H(Q). (51)
b

Due to the sufficient regularities on the domain and the data, the existence of a unique weak solution
pn € HY(Q) to (51) can then be readily deduced from the Lax-Milgram lemma.

The corresponding necessary optimality condition for the optimization problem (24), analogous to
Lemma 3.4.1, can be immediately established and is provided in the next lemma.

Lemma 3.6.2. Let Q* = D\ @" be the solution of Problem 2. That is, the domain Q* is such that
un = un(Q*) satisfies (1); i.e., it holds that uy = f on ¥ where uy solves (25). Then, the adjoint
state py satisfying (50) vanishes in Q*, and with Gp given by (49), there holds the necessary optimality
condition Gp =0 on T'*.

Using the above result, the characterization of the shape Hessian at the critical shape 2* is established
in the same way as in the proof of Proposition 3.4.1.

Proposition 3.6.1. Let Q € C*! be an admissible domain, V,W € O, and unx € H3(Q) and uy €
H(Q) be the respective solutions of (25) and (47). The shape Hessian of Jp at the solution Q* of (1)
has the following structure:

0T (Q°)[V, W] = / () [Vl [W] ds, (52)

where the adjoint variable ply = ply|[W] satisfies the system of PDEs

—Aply =0 in Q, 0,y = uy[W] on I, 0,0y +apy =0 on T*. (53)

With all the necessary ingredients prepared, one can now obtain a compactness result for the shape
Hessian d?Jp, analogous to Proposition 3.5.1, as follows:

Proposition 3.6.2. If Q" is the critical shape of Jp, then the Riesz operator associated to the quadratic
shape Hessian d2.Jp (%) : HY3(I*) — H™Y2(I'*) given by (52) is compact.

The argument to verify the above claim, as one could expect, closely resembles the proof provided for
Proposition 3.5.1. Specifically, the conclusion follows from the regularities of 2, V, and the data g, in
conjunction with the trace theorem and | , Thm. 1.4.1.1, p. 21].
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4 Numerical implementation and experiments

4.1 Employing the Neumann data-tracking least-squares approach

As indicated in subsection 2.1, we will solve the minimization problem (5) numerically using a shape-
gradient-based descent method. This approach will be implemented via the finite element method
(FEM), following the methodology outlined in our previous work [ |. A significant departure from
[ ] is our use of multiple pairs of Cauchy data. This choice aims to mitigate the numerical instability
associated with identifying internal boundaries with concavities. We emphasize that as opposed to
[ , ], our numerical scheme will not incorporate any remeshing techniques, such as adaptive
mesh refinement. Furthermore, we will limit our investigation to cases of exact measurements and
exclude consideration of noisy data. This decision is intentional, as we aim to examine the ill-posed
nature of the problem, with a particular emphasis on cases where exact matching of the boundary data
is achieved.

Remark 4.1. In geometric inverse problems, regularization, such as perimeter penalization, is crucial,
particularly when dealing with noisy data. The presence of (weighted) perimeter functional in the
objective function adds compactness properties to minimizing sequences and therefore contributes to
the existence of optimal shapes. Such regularization methods not only provide stable reconstruction
by effectively controlling the curve’s length numerically but also aid in demonstrating the existence of
minimizers for the shape optimization reformulation of the overdetermined problem. In future studies,
we will explore the inclusion of a regularizing term as we examine inversion with noisy data, focusing on
reconstructing Robin boundaries with concavities in greater detail. We note that adding a reqularizing
term to the shape functional can definitely result in significant changes to the analysis of existence
optimal shape solution. For further insights, we refer the reader to [ , Chap. 4.6, pp. 166-169]
regarding the effect of perimeter constraints on shape optimization problems.

4.1.1 Numerical algorithm
For clarity and completeness, we provide essential details of our numerical method.

Choice of descent direction. In computing the descent direction, we will make use of the Riesz repre-
sentation [ | of the shape gradient G by solving the variational equation

/ (VV:Vep+ V- p)de= —/GNV-gads, for all ¢ € Hé)O(Q)d. (54)
Q r

The reason for this choice is straightforward: the L?(I") regularity of the shape gradient Gy alone is not
sufficient for a stable approximation of the exact unknown boundary. Additionally, since G is only
supported in I, we require a smooth extension of Gy across the entire domain (2 to efficiently address
the minimization problem using the finite element method. This technique, which involves smoothing
and preconditioning the extension of —G v over the entire domain €2, has been employed in previous
studies, as seen in, for example, | , ]. For a more in-depth investigation of discrete gradient
flows in shape optimization, we refer the reader to | ]

Now our algorithm for computing kth domain QF is given as follows:

1. Initilization Choose an initial shape Q.

2. Iteration For k =0,1,2,...
2.1 Solve the state and adjoint state systems on the current domain QF.
2.2 Choose t* > 0, and compute V¥ in Q = Q¥ according to (54).
2.3 Update the current domain by setting Q¥ 1 := {z 4+ t"V*(z) | z € QF}.

3. Stop Test Repeat [teration until convergence.
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The step size t* in Step 2.2 is determined using a backtracking line search procedure, which relies
on an Armijo-Goldstein-like condition for the shape optimization method, as described in | , P-
281]. Additionally, this value is decreased further to prevent reversed triangles within the mesh after
the update. Meanwhile, convergence is achieved in Step 3 when the algorithm has completed a finite
number of iterations.'? Certainly, this criterion can be modified and improved upon. However, as it
stands, it enables us to achieve good results, especially when utilizing multiple boundary measurements.

Remark 4.2. The idea that integrating Hessian information into a gradient-based iterative scheme
enhances convergence is widely acknowledged. However, second-order methods entail the drawback
of increased computational burden and time, especially when dealing with complex Hessians [ .

. Moreover, the effort required to compute the Hessian often does not justify the reduction in
iteration count [ |. Consequently, we choose not to utilize a second-order method for numerical
optimization. The second-order analysis was conducted solely for stability assessment regarding the
proposed optimization problem(s). Instead, our approach employs a simpler and more direct strategy,
using multiple measurements, to enhance inclusion detection and algorithm convergence.

For the input data, we will consider multiple sets of Cauchy pairs {(f®, 9))}1<i<ar, where M denotes
the maximum number of pairs, on . Here, the prescribed data is the Dirichlet boundary data f(*), while
its corresponding additional boundary measurement ¢*) on the outer part 3 is obtained synthetically. In
other words, the corresponding Neumann flux ¢(¥) measured on the accessible boundary ¥ is generated
by numerically solving the direct problem corresponding to Problem 1 using the finite element method.
This is achieved by specifying f and fixing the shape Q* (or equivalently, ¥ = 9D and I'* = dw*),
then solving (2) in 2*, and extracting the measurement g by computing d,u on 3. To prevent “inverse
crimes” — as discussed by Colton and Kress in | , P- 154] — we create the synthetic data using a
different numerical scheme compared to the inversion process. Specifically, we utilize a larger number
of discretization points and apply P2 finite element basis functions in the FREEFEM++ | ] code.
In the inversion procedure, all variational problems are solved using P1 finite elements, and we initially
discretize the domain with a uniform mesh size of h = 0.03. Subsequently, we extract ¢(*) for each
i =1,2,...,M by computing 9,u”, where u(?) solves (6) with f = f) on X. For our numerical
experiments, we consider up to four linearly independent Cauchy pairs, with the values for f(®, i =
1,2,3,4, given as follows: f(1) =sin(t), £ = cos(t), f® = sin(2t), and f* = cos(2t).

Depending on the value of M, we simply replace the shape gradient G in (54) with the sum Zf\il Gg\i,).
Each Gg\z,) corresponds to the shape gradient computed using the input data (9, along with the cost
function J](\;) =1 [(0u) —gD)2dsfori=1,2,...,M.

For the exact geometry of the unknown boundary I' in the forward problem, we consider the following
shapes:

e a kite-shape boundary with parametrization

0.195 + 0.4(cost + 0.65 cos 2t
FK:{( é.55sint )>v 156[0,2#)}7

 a ribbon-shape boundary with parametrization
0.64 cost
I'r = { (048 sin t(1-8 + cos (2t>)) , L€ [07 271')} ,

e a peanut-shape boundary with parametrization

0.6 + 0.54 cost + 0.06 sin 2t

—0.25 t
o — + 1+ 0.75cost cos ‘e [0 27r)
F 0.05 + 0.6 + 0.54cost + 0.06sin 2¢ . . ' ’ '
. Sin
1+ 0.75cost

10Here, the number of iterations is set to be large enough so that the absolute difference between two consecutive cost
values (i.e., the magnitude of |J(QFT1) — J(QF)|) eventually becomes smaller than some specified small positive number.
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o and the shape given by the boundary I't, of the domain w = (—0.55,0.55)2 \ [0,0.55]2.

To condense statements and discussions, all experiments and figures will occasionally be referenced using
the following notation: Test(I'™), where I'* (the shapes defined above) represents the exact geometry
of I'. Lastly, in all of our experiments, the Robin coefficient is set to & = 1, and the results are obtained
with the initial guess I'°) being the circle of radius 0.3.

4.1.2 Tests with single boundary measurement

Before we present the numerical results for detections under multiple boundary measurements, we first
motivate this section by providing numerical findings in the case when we only have a single input data
for the inversion process. To this end, we consider three different inputs f: (i) fi = 1, (ii) fo = sint,
t €[0,2m), and (iii) f3 = cost, t € [0,2m).

The results of the experiments, which were tested for shapes with exact interior boundaries given by
T'k, I'r, I'p, and I'y,, are plotted in Figure 1. It is evident from the plotted figures that the detected
shapes are far from the exact geometries, except in the case when f = 1 is the input data. In this case,
the algorithm was able to cover at least the convex hull of I'p and I'y,, and produce fair detections for
the other two test cases. These results motivate us to consider multiple boundary measurements in the
inversion process, which we discuss next.

4.1.3 Tests with multiple Cauchy data

For our numerical experiments involving multiple measurements, we maintain consistency by using the
same set of geometries for I'*. The results, depicted in Figure 2, illustrate the results when employing
two, three, and four linearly independent input data or boundary measurements.

As anticipated, the detections significantly improve with multiple boundary measurements compared
to using only a single pair of Cauchy data in the inversion process. Particularly, accurate detection of
the concave parts of the exact interior boundary is achieved for Test(I'k), Test(I'r), and Test(I'p),
with detection generally enhancing as the number of boundary measurements increases.

However, for Test(I'y,), detection of the concave part appears less effective, likely due to the less
smooth shape of I't, and its distance from the measurement region. Nevertheless, employing multiple
measurements substantially enhances the detection of unknown interior boundaries with non-convex
shapes, partially mitigating the ill-posedness of the shape inverse problem.

Figure 3 summarizes the histories of the (normalized) cost value, Sobolev gradients’ norm, and Hausdorff
distances between the approximate and exact solutions against the number of iterations for Test(I'r).
Overall, as the number of boundary measurements increases, both the accuracy of the solution and the
convergence behavior of the algorithm improve, as expected.

In conclusion, our results demonstrate the effectiveness of the least-squares method in tracking Neu-
mann data using multiple boundary measurements compared to using a single pair of boundary data.
While the proposed strategy provides valuable information for detecting inclusion boundaries near the
measurement region, detecting interior boundaries with sharp concavities and located farther from the
measurement region remains challenging, primarily due to the inherent nature of the problem.

Remark 4.3. In Figure 2, it is observed that even with multiple boundary measurements, the numerical
results for an L-shaped non-convex shape (which violates the reqularity assumption) reconstruction seem
to be unsatisfactory. Possible reasons behind this result may include inaccurate computations of shape
gradients due to the non-remeshing technique employed in the reconstruction process, as well as the
smoothness loss on the domain during discretization. Additionally, mesh qualities may be compromised
during shape changes, leading to inaccurate finite element approzimations. To address this issue, an
improved boundary type of shape gradient, as proposed in [ ] and [ '/, may be employed.
The boundary correction formula therein can be incorporated into numerical algorithms to enhance the
accuracy of reconstructions, mot only when employing the Neumann-data tracking approach but also
when utilizing a boundary-type cost functional more generally.
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Figure 2: Results of the detections with multiple boundary measurements
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Figure 3: Histories of (normalized) cost values, Sobolev gradient norms, and Hausdorff distances
dp (D), T*) for Test(T'k)

4.2 Employing the Dirichlet data-tracking least-squares approach

Using the same algorithm laid out in subsection 4.1.1, we provide here some numerical experiments for
the optimization problem (24) with multiple boundary measurements. For the input data, we consider
up to four linearly independent Cauchy pairs for our numerical tests with values for ¢(9, i =1,... 4,
given as follows: ¢ = sin((i + 1)t/2), for i = 1,3, and ¢ = cos(it/2), for i = 2,4, for t € [0,27).
With the above consideration and as before, depending on the value of M, we need to replace Gp in
(54) with Zf\il G%), where, for each i =1,2,..., M, G%) corresponds to the shape gradient computed
with the input data ¢(*) with the cost function Jg) = /s (ug\l,) — f@)2ds. In the forward problem, we
consider the same set of test geometries {I'g,'r, 'r, '} for T

4.2.1 Tests with single boundary measurement

Again, to prompt the use of more than one set of Cauchy data in the inversion procedure, we first issue
some numerical results obtained from a single boundary measurement. On this purpose, we consider
three different inputs for the Neumann flux g, namely, (i) g = 1, (ii) g = sint, ¢ € [0,27), and (iii)
g = cost, t € [0,2m).
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The experimental results carried out for the present problem with exact interior boundaries given by I'r,,
T'k, I'r, and I'g, are plotted in Figure 4. As evident from the plotted figures, the detected shapes are
far from the exact geometries and the algorithm was only able to locate the position of the inclusion.
Moreover, it seems difficult for the method to detect the concave regions of the unknown inclusion.
Clearly, the detections are far from being acceptable, and hence require attention for improvement. So,
as in subsection 4.1.3, these motivate us to consider multiple boundary measurements in the inversion
process, which we give next in the following subsection.

—_— T g=1 ---- g=sint —— g=cost

Figure 4: Results of the detections with a single boundary measurement

4.2.2 Tests with multiple Cauchy data

For our experiments involving multiple measurements, we use the same set of geometries as described
in the previous subsection. The results of these experiments, where we employ two to four linearly
independent input data, are depicted in Figure 5 and Figure 7, respectively. We initialize the process
with a circle of radius 0.3 and 0.6, as shown in the figures.

Consistent with our prior experiments, employing more than one boundary measurement in the inversion
process yields more accurate detections compared to using only a single pair of Cauchy data. Notably,
the algorithm accurately identifies the concave parts of the exact interior boundary. Particularly for
Test(I'k), Test(I'p), and Test(T'r), we achieve highly accurate detections of the exact shapes, with
detection improving as the number of boundary measurements increases. Additionally, we observe that
the reconstruction is more precise when the initial guess is closer to the exact inclusion, as demonstrated
in Figure 7. However, for Test(I',), even with a close initial guess, the detection of the concave part
appears less effective. This limitation could be attributed to the less smooth shape of I';, compared to
the other shapes, along with its distance from the measurement region.

Further insights are provided in Figure 6 and Figure 8, which summarize the histories of (normalized)
cost values, Sobolev gradients’ norms, and the Hausdorff distances between the approximate and exact
solutions against the number of iterations for Test(I'x). We observe similar trends as discussed in
subsection 4.1.3 for the previous approach. In summary, our findings suggest that employing multi-
ple measurements significantly improves the detection of unknown inclusions with non-convex shapes,
thereby partially addressing the ill-posedness of the shape inverse problem under consideration.

4.2.3 A test case in three dimension

For the final test case, we consider a problem setup in three dimensions focusing on examining the
effect of different combinations of the Cauchy data (where one of the prescribed data is always chosen
to be strictly positive). With the object’s accessible surface given by a sphere of unit radius, the exact
geometry of the unknown inclusion is depicted in Figure 9. The algorithm used to solve the problem
is the same as in the two-dimensional case. However, this time, we stop the algorithm after a finite
number of iterations or when the step size becomes very small (note that the step size is calculated
using a backtracking procedure).
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Figure 5: Results of the detections with multiple boundary measurements (I'®) = C(0,0.3))
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Figure 6: Histories of (normalized) cost values, Sobolev gradient norms, and Hausdorff distances
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Figure 7: Results of the detections with multiple boundary measurements (T'®) = C(0,0.6))
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Moreover, the computational setup is similar to the two-dimensional case, but with modifications to
fit the three-dimensional test case. Specifically, we choose the initial guess to be a sphere with radius
0.95. The forward problem is solved with maximum and minimum mesh widths A} .. = 0.08 and

i = 0.06, and the exact solution is computed using P2 finite elements. For the inversion process, the
initial computational mesh is set to have maximum and minimum mesh widths of hmax = hApj, = 0.125.
Lastly, the variational problems corresponding to the state and adjoint problems are solved using P1

finite elements.

Table 1 summarizes the choice of the prescribed boundary data g used in the experiments, and the
corresponding numerical results are also depicted in the table.

Input ‘ Fig. 10b Fig. 10c Fig. 10d Fig. 10e Fig. 10f Fig. 10g Fig. 10h Fig. 10i Fig. 10j Fig. 10k  Fig. 10k

Case ‘ C1 c2 C3 Cc4 C5 c6 Cc7 Cc8 Cc9 C10 C11
g® 1 1 1 1 0.1 0.1 0.1 0.1 0.1 0.1 0.1
g@ - sin cosf sin - sin 6 sin 6 0.2cosf 0.2sinf 0.2sinf  0.3sinf
g® — — - cos - — cos 0.2cosf 0.2cosf® 0.2cos@  0.3cosf
g® — — — — — — — — 0.6cos¢ 0.6cos¢ 0.5cos2¢p
g® - - - - - - - - - 0.6 sin ¢ —

Table 1: Input data {g}M, M =1,2,3,4,5, for testing in three dimensions

Observing Figures 10b through 10e, 10f through 10h, and 10i through 10k, we note an improvement
in detecting the unknown inclusion as the number of data used in the inversion increases. However,
compared to the two-dimensional case, the detection of concave parts is less pronounced.

Using more pairs of Cauchy data results in higher accuracy in detecting concave parts of the unknown
interior boundary, although not entirely satisfactory compared to just using a single measurement, as
expected. With a single measurement, only the convex hull of the unknown inclusion is detected, as
depicted in Figures 10b and 10f. The choice of prescribed data {g)}M greatly influences the detection
results, as seen in the comparison between Figures 10c and 10g, Figures 10e, 10h, and 10i, and Figures
10j and 10k. Nevertheless, regions with concavities in the inclusion were satisfactorily detected by
our scheme, particularly with the input data (g%, ¢, ¢®) ¢*) = (0.1,0.3cos6,0.3sin6,0.5cos ¢),
as shown in Figure 11. Additionally, plots in Figure 12 depict the histories of costs and gradient
norms obtained from the data set (g1, g(®, ¢®) ¢4 ¢®)) = (0.1,0.2cos 8, 0.2sin6,0.6 cos ¢, 0.6 sin ¢).
Notably, schemes with multiple measurements converge faster than those with only one measurement,
thereby improving both detection quality and convergence behavior.

In conclusion, while finer meshes and adaptive remeshing could enhance our detections, our current
results with coarse meshes are satisfactory. We reserve refinements for future investigations. Overall,
our proposed strategy of utilizing multiple boundary measurements significantly enhances the detection
of unknown interior boundaries. Although effectiveness depends on the choice and combinations of
boundary data, the methodology proves reliable in addressing the challenge of detecting concave parts
in unknown inclusions. We anticipate its effectiveness in addressing more complex and general inverse
problems.

5 Conclusion

We revisited two classical shape optimization approaches for solving the shape inverse problem with
the Robin condition for the Laplace equation, focusing on boundary data tracking in a least-squares
sense. The problem is highly ill-posed, as demonstrated by the instability of the shape Hessian in the
optimization setting.

Our numerical findings show that using multiple boundary measurements improves the accuracy of
detecting unknown inclusions, especially in two dimensions. However, reconstructions suffer when the
concave part of the interior boundary is distant from the measurement region, likely due to the severe

28



Figure 9: Exact geometric profile of the unknown inclusion
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Figure 10: Results of approximation with different number/choices of boundary measurements

Figure 11: Result of Case C11: (g™, g™, ¢ ¢*) = (0.1,0.3 cos 8, 0.3sin 6, 0.5 cos 2¢)
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ill-posed nature of the problem. Addressing this challenge is a focus of our future work. Additionally, the
smoothness of the interior boundary affects detection accuracy. In three-dimensional cases, our proposed
strategy does not significantly improve detection unless the prescribed data is carefully chosen. This
prompts further exploration of alternative strategies for improved boundary reconstruction. Future
research will involve developing more advanced computational techniques and schemes.

Furthermore, our computational strategy for solving the shape inverse problem can be adapted to
other shape optimization formulations. Employing multiple boundary measurements is expected to
significantly enhance detection capabilities in such cases.
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