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Abstract
This study revisits the problem of identifying the unknown interior Robin boundary of a bounded

domain using Cauchy data from the exterior region of a harmonic function. It investigates two
shape optimization reformulations employing least-squares boundary-data-tracking cost function-
als. Firstly, it rigorously addresses the existence of optimal shape solutions, thus 昀椀lling a gap in
the literature. The argumentation utilized in the proof strategy is contingent upon the speci昀椀c
formulation under consideration. Secondly, it demonstrates the ill-posed nature of the two shape
optimization formulations by establishing the compactness of the Riesz operator associated with the
quadratic shape Hessian corresponding to each cost functional. Lastly, the study employs multiple
sets of Cauchy data to address the di昀케culty of detecting concavities in the unknown boundary.
Numerical experiments in two and three dimensions illustrate the numerical procedure relying on
Sobolev gradients proposed herein.

Keywords: geometric inverse problem, Robin boundary condition, shape optimization, ill-posedness,
multiple measurements

1 Introduction
We revisit the problem of identifying a bounded domain Ω with an exterior accessible boundary Σ and
an unknown, inaccessible (interior) boundary Γ via a Cauchy pair of data (f, g) on Σ for a harmonic
function u in Ω. On Γ, u is assumed to satisfy a homogeneous Robin boundary condition. The problem
can essentially be expressed as an overdetermined system of partial di昀昀erential equations (PDEs)

−∆u = 0 in Ω, u = f and ∂νu = g on Σ, ∂νu+ αu = 0 on Γ, (1)

where α, generally, is assumed to be a 昀椀xed non-negative Lipschitz function in R
d, d ∈ {2, 3}, such that

α > α0 > 0, where α0 is a known constant and ∂νu is the (outward) unit normal derivative of u. In
inverse problem framework, (1) can be stated as follows:

Problem 1. Given the Dirichlet data f on Σ and the measured Neumann data

g := ∂νu on Σ,

where u : Ω → R solves

−∆u = 0 in Ω, u = f on Σ, ∂νu+ αu = 0 on Γ, (2)

determine the shape of the unknown portion of the boundary Γ.
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Actual application of the problem – which is popular in engineering sciences, particularly in materials
science and biomedical engineering [KMI17] – includes the identi昀椀cation of a cavity or inclusion (or
the reconstruction of inaccessible boundary or the detection of interior cracks in a conducting medium)
by electrostatic measures or thermal imaging techniques on the external and accessible part Σ. In the
former case, u is interpreted as the electrostatic potential in a conducting body Ω of which only the
part Σ of the boundary is accessible for testing and evaluation. Problem 1 can then be interpreted as
the determination of the shape of the inaccessible portion Γ of the boundary from the knowledge of the
imposed voltage u

∣

∣

Σ
and the measured resulting current ∂νu

∣

∣

Σ
on Σ. Other applications of this problem

(or slightly modi昀椀ed versions) are mentioned in [APR03, AS07, CJ99, CK07, FL04, RA18]. For a more
detailed discussion about the model equation, we refer the readers, for instance, to [FI07, Ing97, KS95,
KSV96]. Meanwhile, for some numerical studies on recovering Γ from measurements on Σ, assuming
the knowledge of α, see [AR22, CK07, CKS10, CKS10, KR05, Loh87, Run08, FLM19, FZ09].

In Problem 1, the cases α = 0 and α = ∞ correspond, respectively, to homogeneous Neumann and
Dirichlet boundary conditions, as studied in [KR05] and [IK06]. Our main focus is on the case where
α ∈ R

+, except in subsection 2.1.1, where α is assumed to be a Lipschitz function with additional
properties. Thus, unless speci昀椀ed otherwise, α as a positive constant.

Regarding the identi昀椀ability issue for the inverse Robin problem, we note the following. In [IM04],
Inglese and Mariani established local uniqueness of Γ under the assumption that Ω is a thin rectangular
plate. In [CK07], Cakoni and Kress highlighted that, generally, for a 昀椀xed constant impedance α, a single
Cauchy pair (f, g) on Σ can lead to in昀椀nitely many di昀昀erent domains Ω. They provided counterexamples
demonstrating that a single Cauchy pair is insu昀케cient to identify Γ, particularly when determining both
the shape Γ and the impedance α simultaneously. Bacchelli further showed in [Bac09] that two pairs
of Cauchy data ensure uniqueness of Γ and α simultaneously, provided that the input data are linearly
independent and one of them is positive. Additionally, Pagani and Pierotti in [PP09] also established
uniqueness results using two measures for the inverse Robin problem. On the topic of stability using
solutions corresponding to two independent input data, we refer readers to the work of Sincich in [Sin10].
Meanwhile, for cases involving homogeneous Dirichlet or Neumann boundary conditions, one pair of
Cauchy data uniquely determines the missing part of the boundary; see [CK07, Thm. 2.3]. In the
case of Neumann boundary data on Γ, for example, one can establish that (f, g) = (u, ∂νu)|Σ uniquely
determines Γ provided that f is not constant [CK07, Rem. 2.4].

The shape inverse problem under consideration is well-known to be ill-posed in the sense of Hadamard
[EH05, Fan22]. In fact, previous numerical studies [AR22, RA18] have highlighted the di昀케culty of
accurately detecting an unknown Robin boundary Γ, particularly when it includes concave parts (see
[AR22] for illustrative examples, and [CDK13] for a related study). Here we aim to demonstrate –
through numerical experiments – that this di昀케culty can be partially overcome by utilizing multiple
boundary measurements. Employing this strategy signi昀椀cantly improves detection outcomes compared
to using a single boundary measurement. While it may seem intuitive to leverage multiple boundary
data for enhanced detection, limited exploration of this idea exists in the context of the present shape
inverse problem – to the best of our knowledge. Notable exceptions include recent works by Fang [Fan22],
Rundell [Run08], a related investigation on an interface problem [GPT17], and a study on identifying
acoustic sources in a domain [AMR09]. This 昀椀nding underscores our study’s primary contribution to
the existing literature. Additionally, we extend our work to include a numerical experiment in three
dimensions, highlighting the advantages of our proposed strategy over the classical approach of relying
solely on a single boundary measurement.

Despite the well-established understanding of the boundary inverse problem for the Laplacian with
Robin conditions, to our knowledge, the accurate detection of concave parts or regions on the unknown
boundary remains unexplored in previous studies, at least from a numerical perspective. Additionally,
a rigorous proof of the existence of a shaped solution to the classical shape optimization formulation
with boundary-data-tracking type cost functionals – as far as we know – is currently lacking in the liter-
ature. Regarding this issue, it must be noted that for domains with even mildly oscillating boundaries
converging to a smooth domain, the Robin condition might not be preserved. This makes the existence
proof even more delicate. These observations warrant further investigation of the problem within the
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context of shape optimization settings.

The present study is the 昀椀rst part of a two-part investigation. In this work, the investigation that
will be carried out covers the following: (ii) existence results for the minimizer of the considered cost
functionals; (i) analyses of the shape Hessians of the cost functionals at their respective optimal shapes;
and (iii) numerical investigations focusing on the comparison between reconstructions with one or more
Cauchy data. The second part or follow-up work of the study will focus on the following topics: (i)
quantitative analyses; (ii) development of a second-order numerical method; and (iii) numerical analysis
of the reconstruction’s sensitivity to noise, involving the introduction of a suitable regularization term
in the functional. This will, in fact, include a proposal for a di昀昀erent shape optimization approach
based on an augmented Lagrangian method. On the other hand, we emphasize here that since the
shape Hessian is computed only at the minimizer, the analysis is insu昀케cient to develop a second-
order method, which, despite its described limitations, is still of interest. These research directions are
deliberately postponed in a follow-up investigation to maintain the focus of the present study and to
avoid making the discussion too extensive.

Let us brie昀氀y discuss some speci昀椀cations of the shape inverse problem that we aim to address here in
the next few lines. Let D be a (non-empty, open, bounded, and simply connected) planar set of class
C2,1, and δ > 0 be a 昀椀xed (small) real number. De昀椀ne the collection of all admissible (non-empty)
inclusions ω by Wad as follows

Wad :=











ω b D

∣

∣

∣

∣

∣

∣

∣

ω ∈ C2,1 is an open bounded set,
d(x, ∂D) > δ for all x ∈ ω, and
D \ ω is open, bounded, and connected.











(3)

In above set, we emphasize that essentially, the annular domain D \ ω – we simply denote here by Ω
– has C2,1 boundary ∂D ∪ ∂ω. The said regularity assumption on the boundary is instrumental in the
well-posedness of the shape optimization problem(s) that we shall consider here.

Our main problem here now is the following:

Find ω ∈ Wad such that u = u(Ω) := u(D \ ω) satis昀椀es (1). (4)

We refer to Ω∗ = D \ ω∗, or equivalently Γ∗ = ∂ω∗, as a solution of (1) if the pair (Ω∗, u(Ω∗)) satis昀椀es
(4). Hereafter, we understand that Σ = ∂D and Γ = ∂ω, and we assume, unless otherwise stated,
that f ∈ H5/2(Σ) and f 6≡ 0. Also, we let g ∈ H3/2(Σ) be an admissible boundary measurement
corresponding to f . That is, g belongs to the image of the Dirichlet-to-Neumann map ΛΣ : f ∈
H5/2(Σ) 7→ g := ∂νu ∈ H3/2(Σ), where u solves (2).

Remark 1.1. The regularity assumptions given on the boundary data f and g are more than we can
actually expect. In fact, we can only assume that Σ is Lipschitz and that f ∈ H1/2(Σ) and g ∈ H−1/2(Σ).
However, for ease of notations and to simplify many proofs, we assume the announced regularity. Besides
we will carry out a second-order analysis of the problem, so we need su昀케cient regularity (at least C2,1)
for the domain as well as the regularity assumption on the data f ∈ H5/2(Σ) and g ∈ H3/2(Σ) to ensure
the existence of the shape derivative u′D of uD in H1(Ω). On a side note, we comment that the regularity
assumptions: Γ is of class C1,1 and f ∈ H1/2(Σ) (with α non-negative), are suitable assumptions to
deal with the unique solvability of the inverse problem under consideration, see [PP09]. Thus, it is only
reasonable to consider domains that are at least of class C1,1 in the present study.

The rest of the paper is divided into three main sections. Section 2 discusses the existence of optimal
solutions for the two shape optimization formulations with boundary-type data-tracking functionals
considered in this context. Section 3 focuses on characterizing the shape Hessian’s structure of the cost
functionals associated with each formulation at critical points and examines the problem’s ill-posedness
by analyzing the compactness of the Hessian expression. Section 4 outlines the numerical algorithm
used to solve minimization problems with multiple boundary measurements and presents experiments
in two and three dimensions. The study concludes with remarks in Section 5.
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2 Shape optimization formulations
2.1 Tracking the Neumann data in least-squares approach
A way to solve Problem 4 is to consider the following minimization problem which consists of tracking
the Neumann data on the accessible boundary in L2 sense:

JN (Ω) := JN (D \ ω) =
1

2

∫

Σ

(∂νuD − g)
2
ds→ inf, 1 (5)

where uD : Ω → R solves the system of PDEs

−∆uD = 0 in Ω, uD = f on Σ, ∂νuD + αuD = 0 on Γ. (6)

In (5), the in昀椀mum is naturally taken over a set of admissible domains, such as Wad de昀椀ned in (3)

Remark 2.1 (Well-posedness of (6)). De昀椀ne the bilinear form a as follows

a(ϕ,ψ) =

∫

Ω

∇ϕ · ∇ψ dx+

∫

Γ

αϕψ ds, where ϕ,ψ ∈ H1(Ω), (7)

and let H1
Σ,0(Ω) be the Hilbert space {ϕ ∈ H1(Ω) | ϕ = 0 on Σ}. Then, the variational formulation of

(6) can be stated as follows:

Find uD ∈ H1(Ω), uD = f on Σ, such that a(uD, ψ) = 0, for all ψ ∈ H1
Σ,0(Ω). (8)

Assuming that f ∈ H1/2(Σ) and Ω is Lipschitz, the existence of unique weak solution uD ∈ H1(Ω) to
(8) follows from the application of the Lax-Milgram lemma.

The shape optimization problem given by (5) is equivalent to the overdetermined problem (1) provided
that we have the perfect match of boundary data on the unknown boundary, i.e., u = f and ∂νu = g
on Σ. Indeed, if ω∗ (or equivalently, Ω∗) solves (4), then JN (Ω∗) = JN (D \ ω∗) = 0, and it holds that

ω∗ ∈ argminω∈Wad JN (D \ ω). (9)

Conversely, if ω∗ solves (9) with JN (D \ ω∗) = 0, then it is a solution of (4).

On a side note, we comment that JN requires a high level of regularity for the state uD to be well-de昀椀ned.
This requirement makes it impractical for numerical experiments without guaranteed regularity of the
state variables. However, as we will demonstrate in the numerical section of this study, it still o昀昀ers
reasonable reconstruction of shapes for Problem 1.

2.1.1 Existence of a shape solution

In this subsection, we investigate the existence of an optimal solution to (5) within planar domains. To
this end, we make the assumption that the entire boundary of any admissible domain (which will be
rigorously de昀椀ned later) is Ck,1 regular. This implies that ∂Ω can be parametrized by a Ck,1 function.
We will specify the value of k for technical clarity. Unless explicitly stated otherwise, this level of
regularity will be imposed on any open and bounded set considered in this section.

To proceed, we consider instead of (5) the shape optimization problem

min
Ω
JN (Ω) := min

Ω

{

1

2

∫

Σ

(∂νuD − g)2 ds

}

, (10)

1We observe that, following (4), it is more appropriate to denote JN (ω) rather than JN (Ω) or JN (D \ ω). Nonethe-
less, in this context, these notations are interchangeable, and the choice of notation is a matter of personal preference.
Additionally, it is more accurate to express J(Ω, u(Ω)) instead of the reduced functional J(Ω). However, we have opted
for the latter notation since it can be demonstrated that the mapping Ω 7→ u(Ω) is continuous (given suitable conditions,
as assumed here, see subsection 2.1.1), and therefore well-de昀椀ned. It is worth noting that, due to the unique solvability
of (6), the mapping Ω 7→ u(Ω) can be de昀椀ned.
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where uD(Ω) = vD(Ω) + ũD(Ω) =: vD + ũD such that

−∆vD = ∆ũD in Ω, vD = 0 on Σ, ∂νvD + αvD = −∂ν ũD − αũD on Γ. (11)

Here, ũD ∈ H2(D) is an arbitrarily 昀椀xed function such that ũD = f on Σ, and uD(Ω) satis昀椀es (6). The
corresponding variational formulation of (11) can be given as follows:

Find vD ∈ H1
Σ,0(Ω) such that a(vD, ϕ) = −a(ũD, ϕ), for all ϕ ∈ H1

Σ,0(Ω). (12)

Since (12) has a unique solution in H1(Ω), we can de昀椀ne the mapping Ω → vD := vD(Ω), and denote
its graph by

G = {(Ω, vD) : Ω ∈ Oad and vD solves (12)},
where Oad represents the set of admissible domains as de昀椀ned in (14). This implies that (10) is
equivalent to minimizing JN (Ω, v(Ω)) over G. To prove the existence of a solution, we equip G with a
topology ensuring that G is compact and JN is lower semi-continuous. Compactness implies that for
any minimizing sequence in Oad, denoted by {Ω(n)} := {Ω(n)}∞n=1, there exists a subsequence {Ω(k)}
converging in some sense to a limit domain Ω0. We then investigate whether vD(Ω(n)), satisfying (11)
on Ω(n), converges to the solution vD(Ω0) of (11) on Ω0. It is essential to note that unlike Dirichlet or
Neumann problems, Robin problems may have di昀昀erent boundary conditions in the limit, depending on
how the domains {Ω(n)} approach the limit domain Ω0 [DD97]. In fact, convergence of solutions is not
guaranteed, even for smooth domains. For instance, in [DD97, Ex. 5.2], it was shown that for domains
with mildly oscillating boundaries converging to a smooth domain, the limit solution satis昀椀es the Robin
boundary condition with a di昀昀erent Robin term (see [DD97, Ex. 5.3]), where, for constant α, the
limit function satis昀椀es a Robin boundary condition with a larger Robin coe昀케cient. So, in general, the
solution of the PDE constraint may not converge to the solution for the limit domain when convergence
is achieved only for the domain and not for the boundaries (i.e., Ω(n) → Ω but ∂Ω(n) does not converge
to ∂Ω). Nonetheless, the implied convergence “Ω(n) → Ω ⇒ ∂Ω(n) → ∂Ω” holds true in the Hausdor昀昀
sense for domains with Lipschitz boundaries [Hol01, Ex. 3.2] or the cone property [Che75]. For details
about convergence in the sense of Hausdor昀昀, we refer readers to [HP18, Sec. 2.2.3, Def. 2.2.8, p. 30].

Let us now characterize the set Oad, and then specify an appropriate topology on it. We consider the
following problem:

Find (Ω∗, vD(Ω∗)) ∈ G such that JN (Ω∗, vD(Ω∗)) 6 JN (Ω, vD), for all (Ω, vD) ∈ G. (13)

To prove the existence of optimal solution to (13), we will follow the ideas developed in [HKKP04,
HKKP03, HM03] and apply the tools furnished in [BC07, BNC08, BNC13], while mimicking some
arguments from [RA19, RA20] in proving the continuity of the state problems with respect to the
domain.

Hereinafter, we denote by Ck,1
1 (k ∈ N0) the space of restrictions to (0, 1] of the subspace of 1-periodic

functions in Ck,1(R;R2), and assume that the free boundary Γ = ∂ω can be parametrized by a vector
function φ ∈ Ck,1(R;R2).

We issue the following de昀椀nition.

De昀椀nition 2.1.1. Let δ be a 昀椀xed positive number. A vector function φ ∈ C1,1(R;R2) is said to be in
the set Uad, a closed and bounded subset of C1,1(R;R2), if it satis昀椀es the following properties:

(P1) φ is injective on (0, 1] and is 1-periodic;

(P2) there exist positive constants c0, c1, c2, and c3 such that

|φ(t)| 6 c0, c1 6 |φ′(t)| 6 c2, ∀t ∈ (0, 1), and |φ′′(t)| 6 c3 for a.e. t ∈ (0, 1),

where | · | denotes the Euclidean norm;

(P3) Ω = Ω(φ) ⊂ D ⊂ R
2;

(P4) there exists a positive constant δ0 < δ such that dist(Σ,Γ(φ)) > δ0.
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Henceforth, we assume that φ ∈ Uad. Accordingly, we de昀椀ne

Oad = {Ω = Ω(φ) | φ ∈ Vad}, (14)

where Ω(φ) = Ω(Γ(φ)), Vad b Uad, and the regularity assumption on ω is for now relaxed to C1,1.

An example of Vad is the set of elements φ ∈ C1,1((0, 1];R2) such that φ satis昀椀es (P2)–(P4) (with
ω ∈ Wad for instance), except that the last inequality in (P2) is replaced by the Lipschitz condition
|φ′(t1)−φ′(t2)| 6 c3|t1 − t2|, for all t1, t2 ∈ (0, 1], and the set de昀椀ned by these conditions is compact in
C1,1. Another example is any closed subset of Uad which is bounded in C2,µ(R;R2), for some µ ∈ (0, 1].
Additionally to (14), we also consider the larger set

Õad := {Ω = Ω(φ) | φ ∈ Uad}.

Let us emphasize some important features of the domains in Oad. The second inequality condition in
(P2) essentially prevents impractical oscillations on the free boundary, which we aim to avoid due to the
aforementioned issue. With this remark, we also impose a condition for the 昀椀xed accessible boundary
Σ similar to (P2), but with di昀昀erent constants, to prevent unreasonable shapes for the specimen.

For later use, we note the following assumption:










the boundary Σ can be parametrized by a C1,1 (1-periodic) function φ0 such that
|φ0(t)| 6 b0, b1 6 |φ′

0(t)| 6 b2, ∀t ∈ (0, 1), and |φ′′
0(t)| 6 b3 for a.e. t ∈ (0, 1),

for some positive constants b0, b1, b2, and b3.
(B)

Meanwhile, the de昀椀nition given in (14) implies that every admissible domain Ω(φ) satisfy the well-
known uniform cone property [HP18, Thm. 2.4.7, p. 56, and Rem. 2.4.8, p. 59] (see De昀椀nition 2.2.3 in
subsection 2.2.2 for the cone property) since every admissible domain is essentially a uniformly Lipschitz
open set in R

2. As a consequence, every set in Oad satis昀椀es a very important extension property in the
sense of Chenais [Che75] (see Lemma 2.2.1). More exactly, for every k > 1, p > 1, and domain Ω ∈ Õad,
there exists an extension operator EΩ : W k,p(Ω) → W k,p(D) such that ‖EΩϕ‖Wk,p(D) 6 C‖ϕ‖Wk,p(Ω),
where C > 0 is a constant independent of Ω. By these properties, we are guaranteed of an extension
ϕ̃ ∈ Hk(D), k > 1, from Ω to D of every function ϕ ∈ Hk(Ω). For instance, because uD is H2(Ω)
regular, the function vD is also H2(Ω), and so we can 昀椀nd an extension ṽD of vD from Ω to D that
is H2(D) regular. With these considerations, we can now specify the topology that we will use to
investigate the existence of an optimal solution to the shape problem described by (10).

First, we de昀椀ne the convergence of a sequence {φ(n)} ⊂ Uad by

φ(n) → φ ⇐⇒ φ(n) → φ in the C1([0, 1])-topology. (15)

In fact, the latter convergence can be inferred from the properties of elements of Uad and by Arzelà-
Ascoli theorem. Accordingly, we de昀椀ne the convergence of a sequence of domains {Ω(n)} := {Ω(φ(n))} :=

{Ω(φ(n))}∞n=1 ⊂ Õad by
Ω(n) → Ω ⇐⇒ φ(n) → φ. (16)

Meanwhile, we de昀椀ne the convergence of a sequence {v
(n)
D } of solutions of (12) on Ω(n) to the solution

of (12) on Ω as follows

v
(n)
D → vD ⇐⇒ EΩ(n)v

(n)
D =: ṽ

(n)
D → ṽD := EΩvD weakly in H1(D). (17)

We emphasize here that the extension operator EΩ(n) for v(n)D ensures that ṽ(n)D = v
(n)
D on Ω(n).

Finally, the topology we introduce on G is the one induced by the convergence de昀椀ned by

(Ω(n), v
(n)
D ) → (Ω, vD) ⇐⇒ φ(n) → φ and v

(n)
D → vD. (18)
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Remark 2.2. As mentioned in passing, the uniform cone property of the admissible sets also implies
a compactness property of Oad with respect to the Hausdor昀昀 metric (see [HP18, Sec. 2.2.3, Def. 2.2.7,
p. 30]). This property ensures that once the convergence of domains Ω(n) → Ω is true, it also holds
that ∂Ω(n) → ∂Ω (speci昀椀cally, Γ(n) → Γ) for the free boundaries in the Hausdor昀昀 sense [HP18, Thm.
2.4.10, p. 59] (see also [Hol01]). Moreover, from the de昀椀nition of the Hausdor昀昀 metric, one easily 昀椀nds
that if Γ(n) → Γ in the Hausdor昀昀 sense, as n→ ∞, then for any ε > 0 there is a k0 := k0(ε) ∈ N such
that Γk belongs to the ε-neighborhood of Γ, for all N 3 k > k0.

Denoting the convergence of a sequence {O(k)} of sets in R
d to O ⊂ R

d in the Hausdor昀昀 metric by
O(k) H

−→ O, as k → ∞ (see De昀椀nition 2.2.2), we give a proper statement of the above-mentioned
property in the following lemma whose proof can be found in [Hol01].

Lemma 2.1.1. Let {φ(k)} ⊂ Uad and φ ∈ Uad. For any sequence of domains {Ω(φ(n))}, Ω(φ(n)) ∈ Oad,
there is a subsequence {Ω(φ(k))} ⊂ {Ω(φ(n))} and a domain Ω(φ) ∈ Oad such that Ω(φ(k))

H
−→ Ω(φ),

and Γ(φ(k))
H

−→ Γ(φ), as k → ∞, where Γ(φ(k)) and Γ(φ) are the free boundaries or graphs of φ(k)

and φ, respectively.

Remark 2.3. Properties (P1)–(P4) of φ and φ(n) not only provide a very well behaved convergence of
a subsequence of open sets {Ω(k)} of the sequence {Ω(n)} ⊂ Oad to an open set Ω ∈ Oad in the sense
of Hausdor昀昀, but convergences in the sense of characteristic functions and in the sense of compacts are
also achieved by these subsequence [HP18, Thm. 2.4.10, p. 59].

Theorem 2.1.1. The minimization problem (13) admits a solution in G.

As stated before, the existence proof is reduced to proving the compactness of G and the lower semi-
continuity of J . By the compactness of Vad and the Arzelà-Ascoli theorem, we see that the convergence
φ(n) → φ already holds. Hence, it only then remains to show the continuity of (11) with respect to the
domain to complete the proof of compactness of G. The proof of this continuity is not straightforward,
but follows a similar argument in [RA19, RA20] using the tools developed in [BC07, BNC08].

Proposition 2.1.1. Given the convergence of a sequence of domains stated in (16), we let {(φ(n), v
(n)
D )}

be a sequence in G where v(n)D := vD(φ(n)) satis昀椀es (12) on Ω(n) := Ω(φ(n)) ⊂ Oad (i.e., {φ(n)} ⊂ Vad).
Then, there exists a subsequence {(φ(k), v

(k)
D )} of {(φ(n), v

(n)
D )} and elements φ ∈ Vad and vD ∈ H1(D)

such that φ(k) → φ and ṽ
(k)
D ⇀ vD in H1(D), where vD = vD(φ) = ṽD|Ω(φ) uniquely satis昀椀es (12) on

Ω := Ω(φ).

The proof of the proposition – which we postpone a bit further below – relies on three key results listed
in the next lemma.

Lemma 2.1.2. We have the following results.

(i) For every u ∈ H1
Σ,0(Ω) and Ω ∈ Õad, it holds that ‖u‖L2(Ω) . |u|H1(Ω)= ‖∇u‖L2(Ω)

2.

(ii) Let q ∈ ( 12 , 1]. Then, for all φ ∈ Vad and u ∈ H1(D), we have ‖u‖L2(Γ(φ)) . ‖u‖Hq(D), where
‖ · ‖L2(Γ(φ)) is the L2(Γ(φ))-norm and ‖ · ‖Hq(D) denotes the Hq(D)-norm.

(iii) there exists an extension ṽ
(n)
D of v(n)D from Ω(n) to D, and a constant CD > 0 independent of n

such that ‖ṽ(n)D ‖H1(D) 6 CD.

Supported by the fact that the admissible domains satisfy the uniform cone property, Lemma 2.1.2(i)
issues a uniform Poincaré inequality proved in [BC07, Cor. 3(ii)]. Lemma 2.1.2(ii), on the other hand, is
related to the uniform continuity of the trace operator with respect to the domain established in [BNC13,
Thm. 4], and Lemma 2.1.2(iii) is about an extension of the state variable from Ω(n) to D whose H1(D)-
norm is bounded above by a positive constant. This guarantees the existence of subsequence {ṽ

(n)
D }

2Here, and in the rest of the discussion, the notation “.” means that if x . y, then we can 昀椀nd some constant c > 0
such that x 6 cy. Of course, y & x is de昀椀ned as x . y.
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which weakly converges in H1(D) to a limit denoted by ṽD. Thus, the proof of Proposition 2.1.1 is
completed by showing that the restrictions of ṽD in Ω(φ) is in fact the unique solution to (12).

In connection to Lemma 2.1.2(ii), we note the compactness of the injection H1(D) into Hq(D) for
q ∈ (1/2, 1), i.e., we have

H1(D)
compact
↪−−−−−→ Hq(D), for 1

2
< q < 1. (19)

Meanwhile, the proof of the third statement of Lemma 2.1.2 which make use of the 昀椀rst two estimates
given in the lemma as seen in the following argumentations.

Proof of Lemma 2.1.2. The notation (·)(n) is here (and throughout the proof) understood as (·)(φ(n))

. We 昀椀rst show the boundedness of {‖ṽ(n)D ‖H1(D)}. By a result of Chenais [Che75] (i.e., the uniform
extension property), the solution v

(n)
D of (12) on Ω(n) admits an extension ṽ

(n)
D in H1(D) such that

‖ṽ
(n)
D ‖H1(D) . ‖v

(n)
D ‖H1(Ω(n)). (20)

Thus, we only need to 昀椀nd a uniform bound for ‖v
(n)
D ‖H1(Ω(n)) with respect to n. To do this, we

take ϕ = v
(n)
D ∈ H1

Σ,0(Ω
(n)) in (12), and note of the assumption that α(x) is a function that can

be extended in D such that (denoted by the same notation) α(x) > α0 > 0, for all x ∈ D, to ob-
tain

∣

∣

∣

∣

∣

∣

∣

∣

∣
v
(n)
D

∣

∣

∣

∣

∣

∣

∣

∣

∣

2

Ω(n)
. a(v

(n)
D , v

(n)
D ) = −a(ũD, v

(n)
D ) .

∣

∣

∣

∣

∣

∣

∣

∣

∣
v
(n)
D

∣

∣

∣

∣

∣

∣

∣

∣

∣

Ω(n)
|||ũD|||Ω(n) .

∣

∣

∣

∣

∣

∣

∣

∣

∣
v
(n)
D

∣

∣

∣

∣

∣

∣

∣

∣

∣

Ω(n)
|||ũD|||D, where

|||·|||Ω(n) := ‖∇ · ‖L2(Ω(n)) + ‖ · ‖L2(Γ(n)). Note here that we can bound ‖v
(n)
D ‖L2(Γ(n)) by |v

(n)
D |H1(Ω(n)).

Indeed, from Lemma 2.1.2(i)–(ii) and (20), we have ‖v
(n)
D ‖L2(Γ(n)) . ‖ṽ

(n)
D ‖H1(D) . ‖v

(n)
D ‖H1(Ω(n)) .

|v
(n)
D |H1(Ω(n)). By these inequalities, together with the fact that |||·|||Ω is a norm on H1 over the (open

and bounded) set Ω equivalent to the natural norm [Mef17, Appx. A, Prop. 2, p. 15], we get the
uniform estimate ‖v

(n)
D ‖H1(Ω(n)) . ‖ũD‖H1(D). Noting that ũD is a 昀椀xed function, we then achieve the

boundedness of {‖ṽ(n)D ‖H1(D)}, completing the proof of the lemma.

We now proceed to the demonstration of Proposition 2.1.1.

Proof of Proposition 2.1.1. Given the assumptions of the proposition and Lemma 2.1.2(ii), there exists
an element ṽD in H1(D) and a subsequence {ṽ

(k)
D } of {ṽ(n)D } such that the weak convergence ṽ(k)D ⇀ ṽD

in H1(D) holds.

First, the statement that vD = ṽD|Ω(φ) is in H1
Σ,0(Ω(φ)) follows from the boundedness of the trace

operator. Because the 昀椀xed boundary is Lipschitz, the trace operator (·)|Σ : H1(D) → L2(Σ) is
compact, so it takes weakly convergent sequences into strongly convergent sequences. From this, we can
infer that limk→∞ ṽ

(k)
D |Σ = ṽD|Σ in L2(Σ). Now, since ṽ(k)D |Ω(k) = v

(k)
D , then vD|Σ = limk→∞ ṽ

(k)
D |Σ =

limk→∞ v
(k)
D |Σ = 0, and so vD ∈ H1

Σ,0(Ω(φ)).

Next, we will show that vD(φ) = ṽD|Ω(φ) is the solution of (12) on Ω(φ). To this end, we will prove
that the variational equation
∫

Ω(φ)

∇vD · ∇v dx+

∫

Γ(φ)

αvDv ds = −

∫

Ω(φ)

∇ũD · ∇v dx−

∫

Γ(φ)

αũDv ds, ∀v ∈ H1
Σ,0(Ω(φ)), (21)

also holds for all test functions v ∈ H1
Σ,0(D) = {v ∈ H1(D) | v = 0 on Σ}. Note that the restriction on

Ω(k) := Ω(φ(k)) of any element v of H1
Σ,0(D) is in H1

Σ,0(Ω
(k)), for all k, which is exactly the test space

of (12) on Ω(k). Hence, we have
∫

Ω(φ(k))

∇v
(k)
D · ∇v dx+

∫

Γ(φ(k))

αv
(k)
D v ds

= −

∫

Ω(φ(k))

∇ũD · ∇v dx−

∫

Γ(φ(k))

αũDv ds, ∀v ∈ H1
Σ,0(D).

(22)
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For the next step, we will obtain (21) from (22) by passing to the limit. To do this, we look at
the di昀昀erence between equations (21) and (22), and then we let k tends to in昀椀nity. In the following
computations, property (P2) of φ and φk will be use several times.

For the di昀昀erence between the last two corresponding integrals, we have

I4 :=

∣

∣

∣

∣

∣

∫

Γ(φ(k))

αũDv ds−

∫

Γ(φ)

αũDv ds

∣

∣

∣

∣

∣

. ‖α‖L∞(D)

(

‖v‖L2(Γ(φ(k)))‖ũD ◦ φk − ũD ◦ φ‖L2([0,1]) + ‖ũD‖L2(Γ(φ))‖v ◦ φk − v ◦ φ‖L2([0,1])

+ sup
[0,1]

|φ′
k − φ′| ‖ũD‖L2(Γ(φ)) ‖v‖L2(Γ(φ))

)

, (v ∈ H1
Σ,0(D) ⊂ H1(D)),

due to Lemma 2.1.2. Since v ∈ H1
Σ,0(D) ⊂ H1(D), then by [BNC08, Cor. 1], we see that

‖v ◦ φk − v ◦ φ‖L2([0,1]) → 0 and ‖ũD ◦ φk − ũD ◦ φ‖L2([0,1]) → 0, as t→ 0,

for any sequence {φ(k)} ⊂ {φ(n)} ⊂ Uad and element φ ∈ Uad such that φ(k) → φ in the sense of (15).
By this previously mentioned convergence of φk to φ in the C1([0, 1],R2)-norm, we end up with the
limit limk→∞ I4 = 0.

In the same fashion, applying the inequalities and bounds given in Lemma 2.1.2, we obtain

I3 :=

∣

∣

∣

∣

∣

∫

Γ(φ(k))

αv
(k)
D v ds−

∫

Γ(φ)

αvDv ds

∣

∣

∣

∣

∣

. ‖α‖L∞(D)

(

‖v‖L2(Γ(φ(k)))‖v
(k)
D ◦ φk − v

(k)
D ◦ φ‖L2([0,1]) + ‖v‖L2(Γ(φ(k)))‖v

(k)
D − vD‖L2(Γ(φ))

+ ‖vD‖L2(Γ(φ))‖v ◦ φk − v ◦ φ‖L2([0,1]) + sup
[0,1]

|φ′
k − φ′| ‖vD‖L2(Γ(φ)) ‖v‖L2(Γ(φ))

)

. ‖α‖L∞(D)

(

‖v‖H1(D)‖v
(k)
D ◦ φk − v

(k)
D ◦ φ‖L2([0,1]) + ‖v‖H1(D)‖ṽ

(k)
D − ṽD‖Hq(D)

+ ‖ṽD‖H1(D)‖v ◦ φk − v ◦ φ‖L2([0,1]) + sup
[0,1]

|φ′
k − φ′| ‖ṽD‖H1(D) ‖v‖H1(D)

)

.

Because vD = ṽD|Ω, v
(k)
D = ṽ

(k)
D |Ω(k) ∈ H1(D), the 昀椀rst and the third summands in the right side of

the inequality above both disappear due to Lemma 2.1.2(ii) combined with the application of [BNC08,
Cor. 1]. Similarly, the second summand also goes to zero as k → ∞ because of Lemma 2.1.2(ii) and
(19). Lastly, because of the convergence given in (15), the fourth summand in the last inequality above
also tends to zero as k → ∞. Hence, we also have the limit limk→∞ I3 = 0.

Now, for the remaining di昀昀erences on domain integrals, we have

I1 =

∫

D

χΩ(∇ṽ
(k)
D −∇ṽD) · ∇v dx+

∫

D

(χΩ(k) − χΩ)∇ṽ
(k)
D · ∇v dx,

I3 =

∫

D

(χΩ(k) − χΩ)∇ũD · ∇v dx,

and the desired limits limk→∞ I1 = limk→∞ I2 = 0 are achieved by applying the H1(D)-weak conver-
gence ṽ(k)D ⇀ ṽD, the convergence of characteristic functions (see, e.g., [HP18, Prop. 2.2.28, p. 45]
and [Pir84]) χΩ(k) → χΩ in L∞(D)-weak∗ (see (29)), and the fact that the sequence {‖ṽ

(k)
D ‖H1(D)} is

bounded. This proves that vD(φ) = ṽD|Ω(φ) is the solution of (12) on Ω(φ).
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With Proposition 2.1.1 established, we are now set to prove the second part of Theorem 2.1.1 by
proving Proposition 2.1.2. In the proof, however, we need stronger assumptions to establish speci昀椀c
estimates appearing in the argumentation. While the proof of Proposition 2.1.1 only requires the weak
convergence of ṽ(n)D in H1(D), the proof of the next result needs the weak convergence ṽ(n)D → ṽD to hold
in the H2(D) sense. For this reason, the properties of the admissible sets of functions parametrizing
the free boundary Γ given in De昀椀nition 2.1.1 need to be modi昀椀ed accordingly. As a consequence, after
imposing the necessary assumptions and de昀椀nitions, the results presented in Proposition 2.1.1 and also
in Lemma 2.1.2 – particularly the convergences and estimates – can be shown to also hold in the H2

sense. We omit the exact re-statements for these results and their corresponding proofs for economy of
space. To be precise with the most important part, however, we simply underline here that we assume
φ(n) → φ in the C2([0, 1])-topology and ṽ

(n)
D → ṽD weakly in H2(D).

Proposition 2.1.2. The shape functional JN (Ω) = 1
2

∫

Σ
(∂νuD(Ω)− g)2 ds, where uD(Ω) solves (6) in

Ω, is lower semi-continuous on G in the topology induced by (18) where the convergences de昀椀ned by (15)
and (16) are assume to hold in the C2([0, 1])-topology and in H2(D)-weakly, respectively.

Before proving the proposition, we once again recall that for any admissible domain Ω of class C1,1, we
have ν ∈ C0,1(Nε) ⊂W 1,∞(Nε) ⊂ H1(Nε), where Nε is a small neighborhood of ∂Ω (see, e.g., [DZ11,
Sec. 7.8]). It follows that ν can be extended to a Lipschitz continuous function ν̃ in Ω, and even to the
larger set D. (The normal vector ν is even smoother for C2,1 domains).

Proof of Proposition 2.1.2. Let {(Ω(n), v
(n)
D )} be a sequence in G, Ω(n) := Ω(φ(n)), and assume that

(Ω(n), v
(n)
D ) → (Ω, vD) as n → ∞, where Ω := Ω(φ) and (Ω, vD) := (Ω, vD(Ω)) ∈ G. We denote the

H2(D) extension of vD and v
(n)
D in D by ṽD and ṽ

(n)
D , respectively, and let ν(n) be the (outward) unit

normal vector to Ω(n). For simplicity, in the computations below, we drop the constant 1/2. So, we
have the following sequence of inequalities

hN :=

∣

∣

∣

∣

√

JN (Ω(n))−
√

JN (Ω)

∣

∣

∣

∣

=

∣

∣

∣

∣

∥

∥

∥
∂νuD(Ω(n))− g

∥

∥

∥

L2(Σ)
− ‖∂νuD(Ω)− g‖L2(Σ)

∣

∣

∣

∣

6
∥

∥

∥
∂νuD(Ω(n))− ∂νuD(Ω)

∥

∥

∥

L2(Σ)

6
∥

∥

∥
∇u

(n)
D · (ν(n) − ν)

∥

∥

∥

L2(Σ)
+
∥

∥

∥
∇(u

(n)
D − uD) · ν

∥

∥

∥

L2(Σ)

6
∥

∥

∥
∇(u

(n)
D − uD) · ν

∥

∥

∥

L2(Σ)
,

where the last inequality follows from the fact that the outward unit normal ν(n) and ν coincide on the
昀椀xed boundary Σ. Further estimation gives us

hN 6
∥

∥

∥
∇(u

(n)
D − uD) · ν

∥

∥

∥

L2(Σ)
.
∥

∥

∥
ũ
(n)
D − ũD

∥

∥

∥

Hq(D)
, q ∈ (3/2, 2).

In above computations, we have used Assumption (B), the property of the trace operator for H2

functions (or the trace inequality), and the de昀椀nition of Hq(D) norm. We conclude by applying the
compactness of the injection of H2(D) into Hq(D) for q ∈ (3/2, 2).

Before we end the section, and for the sake of completeness, we formally provide the proof of Theorem
2.1.1 using Proposition 2.1.1 and Proposition 2.1.2.

Proof of Theorem 2.1.1. Let {(Ω(n), v
(n)
D )} := {(Ω(φ(n)), vD(Ω(φ(n)))} be a minimizing sequence of the

shape functional JN ; that is, we let (Ω(n), v
(n)
D ) be such that limn→∞ JN (Ω(n), v

(n)
D ) = inf{JN (Ω̂, vD) |

(Ω̂, vD) ∈ G}. From a similar argumentation in proving Proposition 2.1.1, it can be shown that there
exists a subsequence {(Ω(k), v

(k)
D )} of {(Ω(n), v

(n)
D )} and an element Ω := Ω(φ) ∈ Oad

3 such that
3Here, it must be noted that the de昀椀nition of the set Oad given in De昀椀nition 2.1.1 is provided with the necessary

additional regularity conditions.
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Ω(k) → Ω (i.e., φ(k) → φ uniformly in the C2 topology), ṽ(k)D ⇀ ṽD in H2(D), and the function ṽD|Ω is
the unique weak solution to (12) in Ω. By these results, together with Proposition 2.1.2, we conclude that
– by [HM03, Thm. 2.10] – JN (Ω, ṽD|Ω) = limk→∞ JN (Ω(k), v

(k)
D ) = inf{JN (Ω̂, vD) : (Ω̂, vD) ∈ G}.

2.2 Tracking the Dirichlet data in least-squares approach
In this subsection, we present the narrative of tracking Dirichlet data and provide analogous results
from previous sections for this case.

2.2.1 Shape optimization formulation

We start by stating that the original problem can also be posed in the following format.

Problem 2. Given the Neumann data g on Σ and the measured Dirichlet data

f := u on Σ,

where u solves the system of PDEs

−∆u = 0 in Ω, ∂νu = g on Σ, ∂νu+ αu = 0 on Γ, (23)

determine the shape of the unknown portion of the boundary Γ.

In above formulation, we emphasize that f ∈ H5/2(Σ) is seen to be an admissible boundary measurement
corresponding to the input 昀氀ux g ∈ H3/2(Σ). In other words, f belongs to the image of the Neumann-
to-Dirichlet map ΥΣ : g ∈ H3/2(Σ) 7→ f = u ∈ H5/2(Σ), where u solves (23). Then, accordingly, one
can consider the following minimization problem which consists of tracking the Dirichlet data on the
accessible boundary in L2 sense:

JD(Ω) := JD(D \ ω) =
1

2

∫

Σ

(uN − f)
2
ds→ inf, (24)

where uN solves the following well-posed systems of PDEs

−∆uN = 0 in Ω, ∂νuN = g on Σ, ∂νuN + αuN = 0 on Γ, (25)

whose variational formulation reads as follows:

Find uN ∈ H1(Ω) such that a(uN , ψ) =
∫

Σ

gψ ds, for all ψ ∈ H1(Ω), (26)

where a is the bilinear form given in (7). For g ∈ H−1/2(Σ) and Lipschitz Ω, the existence of unique
weak solution uN ∈ H1(Ω) to (26) follows from Lax-Milgram lemma.

Problem (24) is equivalent to (1) provided we have a perfect match of boundary data on the unknown
boundary, meaning u = f and ∂νu = g on Σ. Furthermore, the shape optimization problem (24) has
a solution for C1,1 domains, as shown in Theorem 2.2.1. This claim is rigorously justi昀椀ed in the next
subsection under a topology induced by a di昀昀erent de昀椀nition of convergence of domains. This approach
allows us to prove the existence of an optimal solution to (24) in both two and three spatial dimensions.

2.2.2 Existence of a shape solution

Here, we address the question of the existence of an optimal solution to (24). To achieve this, it su昀케ces
to assume that the entire boundary of any admissible domain (to be elaborated later) is C1,1 regular.
Unless otherwise speci昀椀ed, this regularity will be imposed on any (non-empty, open, and bounded) set
considered in this section. On some occasions, the aforementioned regularity is explicitly stated for
clarity.
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To proceed, we rewrite (24) as follows:

min
Ω
JD(Ω) := min

Ω
JD(Ω, uN (Ω)) = min

Ω

{

1

2

∫

Ω

(uN (Ω)− f)2
}

, (27)

where uN (Ω) is subject to (25). Since (25) has a unique solution, we can de昀椀ne the map Ω 7→ uN :=
uN (Ω), and denote its graph by

G = {(Ω, uN ) : Ω ∈ Oad and uN solves (25)},

where Oad is de昀椀ned further below in (28).

Our main result of this subsection is the following.

Theorem 2.2.1. The minimization problem (27) has at least one solution.

Again, to demonstrate the validity of the aforementioned assertion, we 昀椀rst need to endow the set G
with a topology for which G is compact and JD is lower semi-continuous. Due to the presence of the
Neumann boundary condition on the exterior boundary Σ, we cannot apply the same technique used in
subsection 2.1.1 since it relies on Lemma 2.1.2. Therefore, we employ a di昀昀erent approach to prove the
statement. Instead of introducing a topology induced by the convergence (18), we introduce a topology
on G induced by the Hausdor昀昀 convergence Ω(n) H

−→ Ω. In this way, we can even prove the existence
of the optimal solution to (24) in arbitrary dimensions (d ∈ {2, 3}).

Considering the point discussed above, we will now brie昀氀y review the de昀椀nitions of the Hausdor昀昀
distance, Hausdor昀昀 convergence, and the ε-cone property. For elaboration on these concepts, readers
are directed to [Pir84, Ch. 3].

De昀椀nition 2.2.1 ([HP18, Def. 2.2.7, p. 30]). Let ω1 and ω2 be two (compact) subsets of R
d,

d > 2. The Hausdor昀昀 distance dH(ω1, ω2) between ω1 and ω2 is de昀椀ned as follows dH(ω1, ω2) =
max{ρ(ω1, ω2), ρ(ω2, ω1)} where ρ(ω1, ω2) = sups∈ω1

d(x, ω2) and d(x, ω2) = infy∈ω2
|x − y|. Note that

dH de昀椀nes a topology on the closed bounded sets of Rd.

De昀椀nition 2.2.2 ([HP18, Def. 2.2.8, p. 30]). Let {ω(n)} and ω be open sets included in D ⊂ R
d, d > 2.

We say that the sequence ω(n) converges in the sense of Hausdor昀昀 to ω if dH(D \ ω(n), D \ ω) −→ 0 as
n −→ ∞. We will denote this convergence by ω(n) H

−→ ω (or simply by ω(n) −→ ω when there is no
confusion).

De昀椀nition 2.2.3 ([HP18, Def. 2.4.1, p. 54]). Let ξ be a unitary vector in R
d, d > 2, ε > 0 be a real

number, and y ∈ R
d. A cone C with vertex y, direction ξ, and dimension ε is the set de昀椀ned by

C(y, ξ, ε) = {x ∈ R
d | 〈x− y, ξ〉Rd

> cos(ε)‖x− y‖Rd
and 0 < ‖x− y‖Rd

< ε},

where 〈·, ·〉Rd
is the Euclidean scalar product of Rd and ‖ · ‖Rd is the associated euclidean norm.

An open bounded set Ω ⊂ R
d satis昀椀es the ε-cone property, if for x ∈ ∂Ω, there exists a unitary vector

ξx ∈ R
d such that for all y ∈ Ω∩Bε(x), we have C(y, ξ, ε) ⊂ Ω, where Bε(x) denotes the open ball with

center x and radius ε.

In light of the de昀椀nitions provided above, we hereby assert the ensuing proposition, pivotal in substan-
tiating the proof of Theorem 2.2.1.

Proposition 2.2.1 ([HP18, Thm. 2.4.7, p. 56]). An open bounded set Ω ⊂ R
d has the ε-cone property

if and only if it has a Lipschitz boundary.

The set of admissible domains Oad is de昀椀ned as follows:

Oad = {Ω = D \ ω | D ∈ C1,1, ω ∈ Wad, Ω is an open, connected, bounded set}. (28)

Here, Wad is essentially the set given previously in (3), with the distinction that we relax the regularity
requirement on the domains. Speci昀椀cally, we only assume that D, ω, and consequently Ω, are of class
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C1,1. It is essential to emphasize that the elements within Wad exhibit the ε-cone property. Furthermore,
we recall from Remark 2.2 that given a sequence Ω(n) of open sets in Oad, there exists an open set
Ω ∈ Oad and a subsequence Ω(k) that converges to Ω in the Hausdor昀昀 sense. Moreover, both Ω(k)

and ∂Ω(k) converge, respectively, in the Hausdor昀昀 sense to Ω and ∂Ω. Additionally, these convergences
extend in the sense of characteristic functions and in the sense of compacts as well [HP18, Thm 2.4.10,
p. 59].

In the proof of Proposition 2.1.1 given in subsection 2.1.1, we have already mentioned in passing that
for any sequence of measurable sets Ω(n), the corresponding sequence of characteristic functions χΩ(n)

is weakly-∗ relatively compact in L∞(Rd). This means that we can 昀椀nd an element χ ∈ L∞(Rd) and a
subsequence {Ω(k)}k>0 ⊂ {Ω(n)}n>0 such that

for all ψ ∈ L1(Rd), lim
k→∞

∫

Rd

χΩ(k)ψ dx =

∫

Rd

χΩψ dx. (29)

Remark 2.4 ([HP18, p. 27]). We point out here that the limit χ is not, in general, a characteristic
function. It only takes values between 0 and 1 [HP18, Prop. 2.2.28, p. 45]. Nevertheless, the limit will
be a characteristic function if the convergence is “strong” in the sense that it takes place in Lp

loc for
some p ∈ [1,∞). Indeed, it is then possible to extract a subsequence that converges almost everywhere.
Hence, in the limit, χ takes only the values 0, 1 and it coincides with the characteristic function of the
set where it takes the value 1.

From the previous paragraph and remark, we observe that the weak-∗ limit is a characteristic function
only when the convergence is strong, as precisely stated in the following proposition.

Proposition 2.2.2 ([HP18, Prop. 2.2.1, p. 27]). If {Ω(n)}n>0 and Ω are measurable sets in R
d such

that χΩ(n) weakly-∗ converges in L∞(Rd) in the sense of (29) to χΩ, then χΩ(n) −→ χΩ in Lp
loc(R

d) for
any p < +∞ and almost everywhere.

As previously established (refer to the statement following Assumption (B) in subsection 2.1.1), the set
Wad possesses a signi昀椀cant property regarding its elements. Speci昀椀cally, this property relates to the
existence of a uniform extension operator, as precisely stated in the following lemma (cf. [HP18, Eq.
(3.83), p. 129]).

Lemma 2.2.1. There exists a constant c > 0 such that for all Ω ∈ Oad, there exists a bounded linear
extension operator EΩ : Hm(Ω) −→ Hm(D) such that maxm=0,1{‖EΩ‖Bm(Ω)} 6 c, where ‖EΩ‖Bm(Ω) =

supv∈Hm(Ω)\{0}

{

‖EΩv‖Hm(D)/‖v‖Hm(Ω)

}

and Bm := L (Hm(Ω), Hm(D)).

Note that by the choice of the set Oad, every admissible domain enjoys the ε-cone property which is
a su昀케cient condition for the result in Lemma 2.2.1 to hold. Now, with the previous lemma at our
disposal, we can easily prove the following proposition which is the analog result of Proposition 2.1.1.

Proposition 2.2.3. Let the following assumptions be satis昀椀ed:

(A1) {Ω(n)} ⊂ Oad is a sequence that converges to Ω ∈ Oad in the Hausdor昀昀 sense.

(A2) For each n ∈ N, Ω(n) ∈ Oad, and u(n)N ∈ H1(Ω(n)) solves (26).

(A3) There is some constant c? > 0 such that, for all Ω(n) ∈ Oad, n ∈ N, the extension operator EΩ(n) :
Hm(Ω(n)) −→ Hm(D) satisfy, for all n ∈ N, the inequality condition maxm=0,1{‖EΩ(n)‖Bm(Ω(n))} 6

c? (and the same holds for the limit shape Ω ∈ Oad).

Then, the sequence of extensions ũ
(n)
N := EΩ(n)u

(n)
N ∈ H1(D) converges (up to a subsequence) to a

function ũN in H1(D)-weak and in L2(D)-strong such that ũN
∣

∣

Ω
= uN solves (26) in Ω. Moreover,

χΩ(n)∇ũ
(n)
N converges strongly in L2(D)d to χΩ∇ũN . In addition, if the extension operators {EΩ(n)}

satisfy the compatibility condition

EΩ(n)(χΩ(n) ũN ) −→ ũN strongly in H1(D), (30)

then the convergence of ũ(n)N to ũN also holds strongly in H1(D).
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Proof. Let the given assumptions (A1), (A2), and (A3) be satis昀椀ed. We have

a(u
(n)
N , ψ) =

∫

Σ

gψ ds, for all ψ ∈ H1(Ω(n)). (31)

Taking ψ = u
(n)
N ∈ H1(Ω(n)) and using the equivalence between the norm |||·|||Ω(n) and the usual

H1(Ω(n))-Sobolev norm, we obtain the inequality ‖u
(n)
N ‖H1(Ω(n)) . ‖g‖L2(Σ). Using the assumption on

the choice of extension operators EΩ(n) , n ∈ N, combined with Lemma 2.2.1, we get the estimate

‖ũ
(n)
N ‖H1(D) 6 ‖EΩ(n)‖B1(Ω(n))‖u

(n)
N ‖H1(Ω(n)) 6 c?‖g‖L2(Σ). (32)

Clearly, from (32), we see that the sequence ũ(n)N is bounded in H1(D). By the Rellich-Kondrachov
and Banach-Alaoglu theorems, we may extract a subsequence {ũ

(k)
N } ⊂ {ũ

(n)
N } such that we have weak

convergence ũ
(k)
N ⇀ ũN in H1(D) and strong convergence ũ

(k)
N → ũN in L2(D), for some element

ũN ∈ H1(D).

We next show that the limit point ũN ∈ H1(D) actually solves (26) in Ω (i.e., ũN
∣

∣

Ω
= uN where uN

solves (26)) by passing through the limit and using the pointwise almost everywhere convergence of
the characteristic function χΩ(n) to χΩ (i.e., we use the fact that there exists χ ∈ L∞(D) such that
χΩ(n)

∗
⇀ χ in L∞(D) with χΩ 6 χ 6 1). In the rest of the proof, we use the fact that ν can be extended

to a Lipschitz continuous function, again denoted by ν, on Ω, and even to the larger set D.

Let us 昀椀rst note that for every n, each test function ψ ∈ H1(Ω(n)) admits an extension in H1(Rd) and,
speci昀椀cally, in H1(D) – still we denote by ψ – by Stein’s extension theorem [AF03, Thm. 5.24, p. 154]
and by a result of Chenais [Che75]. Therefore, we can also pose the variational problem (31) with the
test space H1(D) by considering the following variational equation

A(n) :=

∫

D

χΩ(n)∇ũ
(n)
N · ∇ψ dx+

∫

D

χΩ(n) div(αũ
(n)
N ψν) dx =

∫

Σ

gψ ds, ∀ψ ∈ H1(D), (33)

where ν is the unit normal vector to the boundary Γ, pointing outward from Γ. From Proposition 2.2.2,
we know that χΩ(n) almost everywhere converges to χΩ in L1(D). As a consequence, we get

χΩ(n)∇ψ −→ χΩ∇ψ strongly in L2(D). (34)

Next, let us show that ũN
∣

∣

Ω
= uN actually solves (26) by proving that

A(∞) :=

∫

D

χΩ∇ũN · ∇ψ dx+

∫

D

χΩ div(αũNψν) dx =

∫

Σ

gψ ds, ∀ψ ∈ H1(D).

Using (34), the weak convergence ũ(n)N ⇀ ũN in H1(D), and the weak-∗ convergence χΩ(n)
∗
⇀ χΩ in

L∞(D), we see that A(n) −→ A(∞). Therefore, we have A(∞) =
∫

Σ
gψ ds, for all ψ ∈ H1(D), or

equivalently,
∫

Ω

∇ũN · ∇ψ dx+

∫

Ω

div(αũNψν) dx =

∫

Σ

gψ ds, for all ψ ∈ H1(D).

It is not hard to see that this is also valid for all ψ ∈ H1(Ω), thanks to the extension property of
Ω ∈ Oad. Thus, with the uniqueness of the limit, we conclude that ũN

∣

∣

Ω
= uN – recovering the

variational equation in (26).

We 昀椀nish the proof by verifying the last two claims in the proposition. We emphasize that we can also
obtain a uniform estimate for ‖χΩ(n)∇ũ

(n)
N ‖2L2(D)d which can be deduced from (33). Note that by taking

ψ = ũ
(n)
N ∈ H1(D) in the previous variational equation, and since χ2

Ω(n) = χΩ(n) , then we also have the
inequality condition

‖χΩ(n)∇ũ
(n)
N ‖2L2(D)d 6

∫

D

χΩ(n) |∇ũ
(n)
N |2 dx+

∫

D

χΩ(n) div(α(ũ
(n)
N )2ν) dx . ‖g‖2L2(Σ),
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where the rightmost inequality is due to (32). This gives us the estimate ‖χΩ(n)∇ũ
(n)
N ‖L2(D)d . ‖g‖L2(Σ).

Now, if the extension operators {EΩ(n)} satisfy the compatibility condition (30), then

lim
n→∞

B(n) := lim
n→∞

∫

D

χΩ(n)∇ũ
(n)
N · ∇ũ

(n)
N dx =

∫

D

χΩ∇ũN · ∇ũN dx =: B(∞)

because
(LHS) :=

∣

∣

∣
B(n) − B(∞)

∣

∣

∣
.

∣

∣

∣

∣

∫

D

(χΩ(n) − χΩ)∇ũ
(n)
N · ∇ũ

(n)
N dx

∣

∣

∣

∣

+

∣

∣

∣

∣

∫

D

(|∇ũ
(n)
N |2 − |∇ũN |2) dx

∣

∣

∣

∣

,

(35)

and that we have the convergences χΩ(n)
∗
⇀ χΩ in L∞(D) and ũ

(n)
N → ũN strongly in H1(D). With

respect to the second integral in (35) and the latter convergence, let us note that it holds that

‖EΩ(n)(u
(n)
N )− EΩ(n)(χΩ(n) ũN )‖H1(D) . ‖u

(n)
N − χΩ(n) ũN‖H1(Ω(n)).

Evidently, the right-hand side vanishes as n tends to in昀椀nity. So, due to (30), it follows that u(n)N → uN

strongly in H1(D). Hence, we also deduce the convergence χΩ(n)∇ũ
(n)
N ·∇ũ

(n)
N → χΩ∇ũN ·∇ũN in L1(D).

Because Ω(n),Ω ∈ Oad, Ω(n) and Ω are both (measurable) subsets of D, and we have the convergence
of Ω(n) → Ω not only in the sense of Hausdor昀昀, but also in the case of characteristic functions (and also
in the sense of compacts), then we can extract subsequences {Ω(k)} and {χΩ(k)∇ũ

(k)
N · ∇ũ

(k)
N } such that

lim
k→∞

∫

Ω(k)

χΩ(k)∇ũ
(k)
N · ∇ũ

(k)
N dx =

∫

Ω

χΩ∇ũN · ∇ũN dx.

Indeed, this is immediate from (35) as we have4

∣

∣

∣

∣

∫

Ω(k)

χΩ(k)∇ũ
(k)
N · ∇ũ

(k)
N dx−

∫

Ω

χΩ∇ũN · ∇ũN dx

∣

∣

∣

∣

6 (LHS).

This 昀椀nishes the proof of the proposition.

To close out this subsection, we provide the proof of Theorem 2.2.1.

Proof of Theorem 2.2.1. Observe that the in昀椀mum of JD(Ω) is 昀椀nite. Hence, we can 昀椀nd a minimizing
sequence {Ω(n)} ⊂ Oad which is bounded such that limn→∞ JD(Ω(n)) = infΩ∈Oad JD(Ω). By Remark
2.2 (cf. [HP18, Thm. 2.4.10, p. 59]), there exists Ω ∈ Oad, and a subsequence {Ω(k)} ⊂ {Ω(n)}
such that Ω(k) converges to Ω in the sense of Hausdor昀昀 (De昀椀nition 2.2.2). Then, with the premise of
Proposition 2.2.3, we know that the sequence of extensions ũ(n)N := EΩ(n)u

(n)
N ∈ H1(D) (of functions

u
(n)
N ∈ H1(Ω(n)) which solves (26) on each of its respective domain) – taking a further subsequence if

necessary – converges to (the unique limit) ũN ∈ H1(D) where ũN
∣

∣

Ω
= uN solves (26) in Ω. Now, to

conclude, it is left to show that the shape functional JD(Ω) is lower-semicontinuous; that is, we have
JD(Ω) 6 limk→∞ JD(Ω(k)) = infΩ̂∈Oad

JD(Ω̂) 6 JD(Ω̂). From Proposition 2.2.3, we know that the
map Ω 7→ uN (Ω) is continuous. Therefore, the map Ω 7→ JD(Ω) is also continuous, in particular, it is
lower-semicontinuous. This completes the proof of Theorem 2.2.1.

Having addressed the existence of optimal shape solutions for equations (5) and (24), we are now
prepared to discuss the numerical solution of these optimization problems. A common approach for
solving such problems numerically involves employing a gradient-based descent scheme. To enable this,

4We can also deduce from the previous computations that ‖χΩ(n)∇ũ
(n)
N

‖2
L2(D)d

→ ‖χΩ∇ũN‖2
L2(D)d

which implies

the strong convergence χΩ(n)∇ũ
(n)
N

→ χΩ∇ũN in L2(D)d. Additionally, by a similar argument, we can also deduce the
strong convergence χΩ(n) ũ

(n)
N

→ χΩũN in L2(D).
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we need the shape gradient of the cost functionals, which can be readily computed using shape calculus
[DZ11, HP18, MS76, Sim80, SZ92]. Recently, in [AR22], the expression for the shape gradient of both
JN and JD was established using a chain rule approach. Thus, in the subsequent part of this section,
our focus will shift to the issue of ill-posedness of optimization problems (5) and (24). Following this
discussion, we will present a numerical algorithm for solving the minimization problems, which involves
utilizing multiple measurements. Finally, we will provide some numerical examples.

3 Second-order analyses and stability issue
In [AR22], it was observed that JN exhibits insensitivity to perturbations, which is likely due to the
ill-posed nature of the optimization problem. The primary objective of this subsection is to explore this
issue by analyzing the shape Hessian of JN at a critical shape. This analysis aims to underscore the ill-
posedness inherent in the shape problem (5). Furthermore, to address the numerical di昀케culties arising
from this ill-posedness, particularly in identifying concave regions of the unknown interior boundary, we
adopt an approach based on multiple data measurements along the accessible boundary. This method
builds upon the concept of utilizing multiple boundary measurements, as discussed in [AMR09, GPT17],
and has recently been proposed in [Fan22]. Instead of resorting to a second-order method, which can
be computationally demanding and intricate, especially in higher-dimensional scenarios, we opt for
multiple boundary measurements. This approach is straightforward to implement and only necessitates
knowledge of the 昀椀rst-order derivative of the cost function.

In the following, we brie昀氀y present some preliminary concepts related to shape derivatives from shape
calculus.

3.1 Some elements of shape calculus
Throughout the paper, vectorial functions and spaces are written in bold faces. Let us de昀椀ne Dδ as an
open set with a C∞ boundary, such that {x ∈ D | d(x, ∂D) > δ/2} ⊂ Dδ ⊂ {x ∈ D | d(x, ∂D) > δ/3}.
We let C

2,1(Rd), d ∈ {2, 3}, be a smooth vector 昀椀eld with compact support in Dδ and de昀椀ne Θ as
the collection of all such admissible deformation 昀椀elds. We represent the normal component of V as
Vn = 〈V, ν〉, where ν is the outward unit normal to Ω.

Let t0 be a 昀椀xed (made su昀케ciently small when necessary) positive number. We de昀椀ne a perturbation
Ωt := Ωt(V) due to the t-independent deformation 昀椀eld V, t ∈ I := [0, t0), of Ω, T0(Ω) = Ω, by the
di昀昀eomorphic map

Tt : t ∈ I 7→ id+tV ∈ C
2,1(Rd), V ∈ Θ.

Observe that (d/dt)Tt
∣

∣

t=0
= V vanishes on Σ and on some small tubular neighborhood D \Dδ of Σ

since supp(V) ⊂ Dδ. Throughout the paper, an expression with subscript ‘t’ means it is de昀椀ned on
the perturbed domain Ωt (e.g., uDt satis昀椀es (6) with Ω replaced by Ωt = Tt(Ω)). We emphasize that
here, and throughout the study, V is understood to be an autonomous (admissible) deformation 昀椀eld.
Moreover, it is always understood hereinafter that Ω = D \ ω where ω ∈ Wad and Wad is given by (3).

We say that the function u(Ω) has a shape derivative u′ = u′(Ω)[V] at 0 (that is, with respect to Ω)
in the direction of the vector 昀椀eld V if the limit u′ = limt↘0

1
t [u(Ωt) − u(Ω)] exists. Meanwhile, a

shape functional J : Ω → R has a directional Eulerian derivative at Ω in the direction V if the limit
limt↘0

1
t [J(Ωt) − J(Ω)] =: dJ(Ω)[V] exists (cf. [DZ11, Eq. (3.6), p. 172]). If the map V 7→ dJ(Ω)[V]

is linear and continuous, then J is shape di昀昀erentiable at Ω, and the map is referred to as the shape
gradient of J .

Similarly, the second-order Eulerian derivative of J at Ω along the two vector 昀椀elds V and W is given
by

lim
s↘0

dJ(Ωs(W))[V]− dJ(Ω)[V]

s
=: d2J(Ω)[V,W],
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if the limit exists (cf. [DZ11, Chap. 9, Sec. 6, Def. 6.1, p. 506]). In addition, J is said to be twice shape
di昀昀erentiable if, for all V and W, d2J(Ω)[V,W] exists, and is bilinear and continuous with respect to
V,W. In this case, we call the expression the shape Hessian of J .

3.2 Shape derivative of uD

To carry out a second-order analysis, we recall the shape derivative of the state variable uD. For this
purpose, let us assume the following:

(A) the impedance function5 (i.e., the Robin coe昀케cient) α > α0 > 0 on Γ has an H2 extension (still
denoted by α for simplicity) in some neighborhood of Γ and is constant in the normal direction,
i.e., it is such that ∂να = 0.

The reason we impose assumption (A) is to simplify the discussion throughout the paper. In general,
without assumption (A), an additional boundary term involving the normal derivative of α on Γ must
be considered in Υ(v). Hereinafter, Assumption (A) will be assumed without further notice.

Lemma 3.2.1 ([AR22]). Let Ω ∈ C2,1 be an admissible domain (i.e., Ω = D \ ω where ω ∈ Wad),
V ∈ Θ, and uD ∈ H1(Ω) be the solution to (6). Then, uD ∈ H3(Ω) and is shape di昀昀erentiable with
respect to Ω in the direction of V. Its shape derivative u′D ∈ H1(Ω) uniquely solves the boundary value
problem

−∆u′D = 0 in Ω, u′D = 0 on Σ, ∂νu
′
D + αu′D = Υ(uD)[Vn] on Γ, (36)

where
Υ(v)[Vn] = divτ (Vn∇τv)− α(∂νv + κv)Vn, (37)

for v ∈ H3(Ω), and κ = divτν is the mean curvature of Γ.6

Remark 3.1. Introducing the linear form lD(ψ) =
∫

Γ
Υ(uD)[Vn]ψ ds, where Υ is given by (37), we can

state the variational formulation of (36) as follows

Find u′D ∈ H1
Σ,0(Ω) such that a(u′D, ψ) = lD(ψ), for all ψ ∈ H1

Σ,0(Ω). (38)

With Υ(uD)[Vn] ∈ H−1/2(Γ), (38) can be shown to admit a unique weak solution in H1(Ω) via the
Lax-Milgram lemma.

3.3 Shape gradient of JN

We recall the shape gradient of the shape function JN computed in [AR22].

Proposition 3.3.1 ([AR22]). Let Ω ∈ C2,1 be an admissible domain, V ∈ Θ, and uD ∈ H1(Ω) be the
solution to (6). The map t 7→ JN (Ωt), is C1 in a neighborhood of 0, and its shape derivative at 0 is
given by dJN (Ω)[V] =

∫

Γ
GNν ·V ds, where the shape gradient GN is given by

GN = ∇τuD · ∇τpD + α (∂νuD + κuD) pD. (39)

Here, the adjoint variable pD ∈ H1(Ω) solves the following system of PDEs

−∆pD = 0 in Ω, pD = ∂νuD − g on Σ, ∂νpD + αpD = 0 on Γ. (40)

The variational formulation of (40) can be stated as follows:

Find pD ∈ H1(Ω), pD = ∂νuD − g on Σ, such that a(pD, ψ) = 0, ∀ψ ∈ H1
Σ,0(Ω). (41)

The regularities Ω ∈ C1,1 and f ∈ H3/2(Σ) are su昀케cient for (40) to have a unique weak solution in
H1(Ω) since ∂νuD − g ∈ H1/2(Σ). The existence of unique weak solution to (41) then follows from the
Lax-Milgram lemma.

5Recall that α, generally, is assumed to be a 昀椀xed non-negative Lipschitz function in R
d, d ∈ {2, 3}, such that

α > α0 > 0, where α0 is a known constant.
6Here ∇τ denotes the tangential gradient operator while divτ denotes the tangential divergence on Γ; see, e.g., [DZ11].
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3.4 Shape Hessian of JN at a critical shape
Our goal here is to prove Proposition 3.4.1 which provides the structure of the shape Hessian at a
critical shape. In the next lemma, we give a result on the necessary optimality condition of our control
problem that will be used in Proposition 3.4.1.

Lemma 3.4.1. Let ω∗, or equivalently Ω∗ = D \ω∗, be the solution of Problem 1. That is, the domain
Ω∗ is such that uD = uD(Ω∗) satis昀椀es (1); i.e., it holds that ∂νuD = g on Σ where uD solves (6).
Then, the adjoint state pD satisfying (40) vanishes in Ω∗, and with GN given by (39), there holds the
necessary optimality condition GN = 0 on Γ∗.7

Proof. We assume that there exists an admissible shape Ω∗ = D \ ω∗ such that it realizes the absolute
minimum of the criterion JN . That is, JN (Ω∗) = 0, or equivalently, ∂νuD(Ω∗) = g on Σ. This is
satis昀椀ed by the solution of the inverse problem under consideration (i.e., Problem 1), and the solution
of the adjoint problem

−∆pD = 0 in Ω∗, pD = 0 on Σ, ∂νpD + αpD = 0 on Γ∗. (42)

Because α > 0, then clearly, pD ≡ 0 in Ω
∗, and we get GN = 0 on Γ∗.

We next give the characterization of the shape Hessian at the critical shape Ω∗.

Proposition 3.4.1. Let Ω ∈ C2,1 be an admissible domain, V,W ∈ Θ, and uD ∈ H3(Ω) and u′D ∈
H1(Ω) be the respective solutions of (6) and (36). The shape Hessian of JN at the solution Ω∗ of (1)
has the following structure:

d2JN (Ω∗)[V,W] = −

∫

Γ∗

Υ(uD)[Vn]p
′
D[W] ds, (43)

where the adjoint variable p′D = p′D[W] satis昀椀es the system of PDEs

−∆p′D = 0 in Ω∗, p′D = ∂νu
′
D[W] on Σ, ∂νp

′
D + αp′D = 0 on Γ∗. (44)

Proof. Let the assumptions of the proposition hold. Using Hadamard’s formula, the second-order
derivative of JN is obtained as

d2JN (Ω∗)[V,W] =

∫

Σ

(∂νu
′
D[V]∂νu

′
D[W] + (∂νuD − g)∂νu

′′
D[V,W]) ds, (45)

where u′′D[V,W]8 is the second-order derivative of the state uD at 0 in the direction of the vector 昀椀elds
V and W. Using the necessary optimality condition in Lemma 3.4.1, we obtain

d2JN (Ω∗)[V,W] =

∫

Σ

∂νu
′
D[V]∂νu

′
D[W] ds. (46)

To transform the integral over Σ into an integral over Γ∗, we utilize the shape derivative of (40) given
by the adjoint system (44). Thanks to the properties of the adjoint state at the optimum shape, as
given in Lemma 3.4.1, p′D[W] shares the same characteristics as u′D, leading to the formulation in (44).
We then apply integration by parts to (36) and (44) with multipliers u′D and p′D, respectively, to obtain

∫

Σ

(∂νu
′
D[V]∂νu

′
D[W]) ds = −

∫

Γ∗

∂νu
′
D[V]p′D[W] ds+

∫

Γ∗

∂νp
′
D[W]u′D[V] ds.

Using the boundary conditions of (36) and (44) on Γ∗, we get
∫

Σ

(∂νu
′
D[V]∂νu

′
D[W]) ds = −

∫

Γ∗

Υ(uD)[Vn]p
′
D[W] ds.

This proves the proposition.
7This also gives us the shape Euler equation [DZ11, p. 260] or Euler equation dJN (Ω∗)[V] = 0.
8The existence of u′′

D
is implicitly assumed here to ensure the well-de昀椀ned nature of the representation in (45). However,

this expression will not appear in the 昀椀nal expression of the shape Hessian, as demonstrated in (43).
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Let us assume the existence of an admissible inclusion Ω∗ such that JN (Ω∗) = 0. This condition is
evidently satis昀椀ed by the solution of Problem 1, or equivalently, the solution of the overdetermined
boundary value problem (1). Consequently, Euler’s equation dJN (Ω∗)[V] = 0 holds, and we have
demonstrated in (46) that d2JN (Ω∗)[V,V] =

∫

Σ
(∂νu

′
D[V])

2
ds. It is noteworthy that if Vn 6= 0 on Σ,

then d2JN (Ω∗)[V,V] > 0. However, this positivity of d2JN (Ω∗) does not imply the well-posedness of
the minimization problem. Indeed, Proposition 3.5.1, provided in the next subsection, elucidates the
instability of the shape optimization problem under consideration.

3.5 Instability analysis of the critical shape of JN

Now that we have obtained the expression for the shape Hessian at the optimal shape solution Ω∗, we
can evaluate whether the shape optimization problem (5) is well-posed. The shape Hessian derived, as
outlined in Proposition 3.4.1, o昀昀ers insight into this issue. The motivation behind this investigation
stems from the fundamental interest in understanding the behavior of any reconstruction algorithm in
the case under examination.

Let us brie昀氀y review the current understanding of the stability of optimal shapes. The shape calculus
developed in preceding sections remains valid within the C2 topology for deformation, with relevant
昀椀ndings documented in [ADEK07, Dam02, DSZ03, EHS07]. As noted in prior investigation (see, e.g.,
[ADEK07]), it is generally unreasonable to expect a shape Hessian to exhibit coercivity in this norm.
However, coercivity might hold in a weaker norm: this situation is known as the two-norm discrepancy
problem, see [Dam02, Epp00, EHS07]. For instance, given additional conditions of continuity, both the
stability results of [Dam02, DSZ03] and the convergence result of [EHS07] necessitate that the shape
Hessian at the critical shape be coercive in such a weaker norm. As emphasized in [ADEK07] and
elucidated in [EH05] for a closely related shape inverse problem, encountering such a favorable scenario
in this context is unlikely. Consequently, the objective of this subsection is to carry out a precise analysis
of the positivity of the shape Hessian. For a more comprehensive exploration of the topic, particularly
regarding the stability of critical shapes, we recommend consulting [DP00, Dam02, EH05].

In this section, we establish conclusively that the problem under examination is ill-posed by proving the
compactness of the shape Hessian at a critical shape. To achieve this, we employ a methodology akin to
that utilized in [Afr22] and [AMN22], building upon their methodologies. Our argumentation hinges on
the regularities observed in the admissible domains, deformation 昀椀elds, the solution to the state problem
(6), and notably, the continuity of the mean curvature for boundaries of class C2,1. Subsequently, we
employ a local regularity result to demonstrate the compactness of the Riesz operator corresponding
to the shape Hessian at the exact solution of Problem 1. Alternatively, one could pursue the desired
result by applying potential layers, as exempli昀椀ed in [ADEK07], [ADK08], and [EH05].

Proposition 3.5.1. If Ω∗ is the critical shape of JN , then the Riesz operator associated to the quadratic
shape Hessian d2JN (Ω∗) : H1/2(Γ∗) −→ H

−1/2(Γ∗) given by (43) is compact.

The previous result underlines the lack of stability of the shape optimization problem (5). It suggests,
roughly, that in the vicinity of the critical shape ω∗, or equivalently, Ω∗ (i.e., for t very small), the cost
functional JN behaves as its second-order approximation and one cannot expect an estimate of the kind
t 6 C

√

JN (Ωt) with a constant C uniform in V. In other words, the proposition points out that the
shape gradient does not have a uniform sensitivity with respect to the deformation directions; that is,
JN is degenerate for wildly oscillating perturbations.

To prove Proposition 3.5.1, we prepare the following small lemma.

Lemma 3.5.1. Let Ω ∈ C2,1 be an admissible domain, V ∈ Θ, and uD ∈ H1(Ω) be the solution to (6).
Then, the map V 7−→ Υ(uD)[Vn] is a continuous map from H

1/2(Γ) to H1/2(Γ).

Proof. Let Ω ∈ C2,1 be an admissible domain, V ∈ Θ, and uD ∈ H1(Ω) be the solution to (6).
Then, uD is H3(Ω) regular, and we have the following regularities: ν ∈ C1,1(Nε) and κ ∈ C0,1(Nε) ⊂
W 1,∞(Nε) ⊂ H1(Nε), where Nε is a neighborhood of ∂Ω; see, e.g., [DZ11, Sec. 7.8]. Recall that
Υ(uD)[Vn] = divτ (Vn∇τuD) − α(∂νuD + κuD)Vn. Let us 昀椀rst look at the map V 7→ κuDVn. By
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McShane-Whitney extension theorem, there is some function κ̃ ∈ C0,1(Ω) such that κ̃|Γ = κ. Hence, in
view of [Gri85, Thm. 1.4.1.1, p. 21] and by trace theorem, we see that the operator V 7→ Υ(uD)[Vn] is
continuous from H

1/2(Γ) to H1/2(Γ) since the trace of κ̃uDVn is a composition of bounded operators.
Now, on the other hand, we note that divτ (Vn∇τuD) = divτ (∇τuD)Vn +∇τuD · ∇τVn. By the same
reasoning, using the regularities of V, uD, and of ν mentioned earlier, the map V 7→ divτ (Vn∇τuD) is
also continuous from H

1/2(Γ) to H1/2(Γ).

Proof of Proposition 3.5.1. The proof is based on the observation that the shape Hessian can be ex-
pressed as a composition of some linear continuous operators and a compact one. The compactness
being a consequence of the compact embedding between two Sobolev spaces.

Letting W = V, we recall the formula of the shape Hessian given in Proposition 3.4.1, and denote by
〈·, ·〉 the product of dualities H

1/2(Γ∗)×H
−1/2(Γ∗), so that we can write d2JN (Ω∗) as

d2JN (Ω∗)[V,V] = −
〈

Υ(uD)[Vn], p
′
D[V]

〉

.

Here, p′D = p′D[V] (which is assumed to exists) solves the system of PDEs

−∆p′D = 0 in Ω∗, p′D = ∂νu
′
D[V] on Σ, ∂νp

′
D + αp′D = 0 on Γ∗.

We introduce the mappings

L : H1/2(Γ∗) −→ H1/2(Γ∗) K : H1/2(Γ∗) −→ H−1/2(Γ∗)
V 7−→ Υ(uD)[Vn], V 7−→ p′D[V].

By these maps we can express the shape Hessian as follows

d2JN (Ω∗)[V,V] = −
〈

L(V),K(V)
〉

.

The operator L is clearly linear and continuous by Lemma 3.5.1, but the operator K is compact.9
Indeed, according to the characterization of p′D[V], we can decompose K into K = K2 ◦ K1 with

K1 : H1/2(Γ∗) −→ H1/2(Σ) K2 : H1/2(Σ) −→ H−1/2(Γ∗)
V 7−→ ∂νu

′
D[V], Ψ 7−→ Φ,

and Φ is the trace on Γ∗ of the solution Φ ∈ H1(Ω∗) of the following problem

−∆Φ = 0 in Ω∗, Φ = Ψ on Σ, ∂νΦ+ αΦ = 0 on Γ∗.

The map K1 is linear and continuous, but K2 is compact. The latter claim follows from the H1(Ω∗)
regularity (globally) of Φ, which is locally H3(Dδ \ ω

∗) regular, the trace theorem, and the compact
embedding H

1

2 (Γ∗) ↪→ H− 1

2 (Γ∗). This, in turn, concludes the desired compactness result.

3.6 Shape Hessian of JD and stability issue concerning (24)
As in the investigation outlined in the previous subsection, the analysis for the stability issue concerning
(24) requires knowledge of the shape Hessian. In this regard, the shape derivative of the state variable
uN , provided below, is needed to compute the expression for d2JD using the chain rule approach.

Lemma 3.6.1 ([AR22]). Let Ω ∈ C2,1 be an admissible domain (i.e., Ω = D \ ω where ω ∈ Wad),
V ∈ Θ, and uN ∈ H1(Ω) be the solution to (25). Then, uN ∈ H3(Ω) is shape di昀昀erentiable with respect
to Ω in the direction of V. Its shape derivative u′N ∈ H1(Ω) uniquely solves the boundary value problem

−∆u′N = 0 in Ω, ∂νu
′
N = 0 on Σ, ∂νu

′
N + αu′N = Υ(uN )[Vn] on Γ, (47)

where Υ(v)[Vn] = divτ (Vn∇τv)− α(∂νv + κv)Vn, for v ∈ H3(Ω), and κ = divτν is the mean curvature
of Γ.

9The composition of a compact linear operator and a bounded linear operator yields a compact linear operator [Kre89,
Lem. 8.3-2, p. 422]
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By de昀椀ning the linear form lN (ψ) =
∫

Γ
Υ(uN )[Vn]ψ ds, the variational formulation of (47) can be stated

as follows:
Find u′N ∈ H1(Ω) such that a(u′N , ψ) = lN (ψ), for all ψ ∈ H1(Ω), (48)

where a is of course the bilinear form de昀椀ned in (7).

With Υ(uN )[Vn] ∈ H−1/2(Γ), it can be veri昀椀ed that (48) admits a unique weak solution in H1(Ω) via
the Lax-Milgram lemma. The C2,1 regularity assumption on the admissible domains is enough to justify
the existence of u′N .

Meanwhile, the shape functional JD can be readily computed as dJD(Ω)[V] =
∫

Γ
GDν ·V, where the

shape gradient GD is de昀椀ned as (see [AR22])

GD = −∇τuN · ∇τpN − α (∂νuN + κuN ) pN . (49)

Here, pN : Ω → R is the adjoint variable that uniquely satis昀椀es the following system of PDEs:

−∆pN = 0 in Ω, ∂νpN = uN − f on Σ, ∂νpN + αpN = 0 on Γ. (50)

The weak formulation of (50) can be stated as follows:

Find pN ∈ H1(Ω) such that a(pN , ψ) =
∫

Σ

(uN − f)ψ, for all ψ ∈ H1(Ω). (51)

Due to the su昀케cient regularities on the domain and the data, the existence of a unique weak solution
pN ∈ H1(Ω) to (51) can then be readily deduced from the Lax-Milgram lemma.

The corresponding necessary optimality condition for the optimization problem (24), analogous to
Lemma 3.4.1, can be immediately established and is provided in the next lemma.

Lemma 3.6.2. Let Ω∗ = D \ ω∗ be the solution of Problem 2. That is, the domain Ω∗ is such that
uN = uN (Ω∗) satis昀椀es (1); i.e., it holds that uN = f on Σ where uN solves (25). Then, the adjoint
state pN satisfying (50) vanishes in Ω∗, and with GD given by (49), there holds the necessary optimality
condition GD = 0 on Γ∗.

Using the above result, the characterization of the shape Hessian at the critical shape Ω∗ is established
in the same way as in the proof of Proposition 3.4.1.

Proposition 3.6.1. Let Ω ∈ C2,1 be an admissible domain, V,W ∈ Θ, and uN ∈ H3(Ω) and u′N ∈
H1(Ω) be the respective solutions of (25) and (47). The shape Hessian of JD at the solution Ω∗ of (1)
has the following structure:

d2JD(Ω∗)[V,W] =

∫

Γ∗

Υ(uN )[Vn]p
′
N [W] ds, (52)

where the adjoint variable p′N = p′N [W] satis昀椀es the system of PDEs

−∆p′N = 0 in Ω∗, ∂νp
′
N = u′N [W] on Σ, ∂νp

′
N + αp′N = 0 on Γ∗. (53)

With all the necessary ingredients prepared, one can now obtain a compactness result for the shape
Hessian d2JD, analogous to Proposition 3.5.1, as follows:

Proposition 3.6.2. If Ω∗ is the critical shape of JD, then the Riesz operator associated to the quadratic
shape Hessian d2JD(Ω∗) : H1/2(Γ∗) −→ H

−1/2(Γ∗) given by (52) is compact.

The argument to verify the above claim, as one could expect, closely resembles the proof provided for
Proposition 3.5.1. Speci昀椀cally, the conclusion follows from the regularities of Ω, V, and the data g, in
conjunction with the trace theorem and [Gri85, Thm. 1.4.1.1, p. 21].
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4 Numerical implementation and experiments
4.1 Employing the Neumann data-tracking least-squares approach
As indicated in subsection 2.1, we will solve the minimization problem (5) numerically using a shape-
gradient-based descent method. This approach will be implemented via the 昀椀nite element method
(FEM), following the methodology outlined in our previous work [AR22]. A signi昀椀cant departure from
[AR22] is our use of multiple pairs of Cauchy data. This choice aims to mitigate the numerical instability
associated with identifying internal boundaries with concavities. We emphasize that as opposed to
[RA18, CDK13], our numerical scheme will not incorporate any remeshing techniques, such as adaptive
mesh re昀椀nement. Furthermore, we will limit our investigation to cases of exact measurements and
exclude consideration of noisy data. This decision is intentional, as we aim to examine the ill-posed
nature of the problem, with a particular emphasis on cases where exact matching of the boundary data
is achieved.

Remark 4.1. In geometric inverse problems, regularization, such as perimeter penalization, is crucial,
particularly when dealing with noisy data. The presence of (weighted) perimeter functional in the
objective function adds compactness properties to minimizing sequences and therefore contributes to
the existence of optimal shapes. Such regularization methods not only provide stable reconstruction
by e昀昀ectively controlling the curve’s length numerically but also aid in demonstrating the existence of
minimizers for the shape optimization reformulation of the overdetermined problem. In future studies,
we will explore the inclusion of a regularizing term as we examine inversion with noisy data, focusing on
reconstructing Robin boundaries with concavities in greater detail. We note that adding a regularizing
term to the shape functional can de昀椀nitely result in signi昀椀cant changes to the analysis of existence
optimal shape solution. For further insights, we refer the reader to [HP18, Chap. 4.6, pp. 166-169]
regarding the e昀昀ect of perimeter constraints on shape optimization problems.

4.1.1 Numerical algorithm

For clarity and completeness, we provide essential details of our numerical method.

Choice of descent direction. In computing the descent direction, we will make use of the Riesz repre-
sentation [Neu97] of the shape gradient GN by solving the variational equation

∫

Ω

(∇V : ∇ϕ+V ·ϕ) dx = −

∫

Γ

GNν ·ϕ ds, for all ϕ ∈ H1
Σ,0(Ω)

d. (54)

The reason for this choice is straightforward: the L2(Γ) regularity of the shape gradient GN alone is not
su昀케cient for a stable approximation of the exact unknown boundary. Additionally, since GN is only
supported in Γ, we require a smooth extension of GN across the entire domain Ω to e昀케ciently address
the minimization problem using the 昀椀nite element method. This technique, which involves smoothing
and preconditioning the extension of −GNν over the entire domain Ω, has been employed in previous
studies, as seen in, for example, [CDK13, RA18]. For a more in-depth investigation of discrete gradient
昀氀ows in shape optimization, we refer the reader to [DMNV07].

Now our algorithm for computing kth domain Ωk is given as follows:

1. Initilization Choose an initial shape Ω0.

2. Iteration For k = 0, 1, 2, . . .

2.1 Solve the state and adjoint state systems on the current domain Ωk.

2.2 Choose tk > 0, and compute V
k in Ω = Ωk according to (54).

2.3 Update the current domain by setting Ωk+1 := {x+ tkVk(x) | x ∈ Ωk}.

3. Stop Test Repeat Iteration until convergence.
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The step size tk in Step 2.2 is determined using a backtracking line search procedure, which relies
on an Armijo-Goldstein-like condition for the shape optimization method, as described in [RA20, p.
281]. Additionally, this value is decreased further to prevent reversed triangles within the mesh after
the update. Meanwhile, convergence is achieved in Step 3 when the algorithm has completed a 昀椀nite
number of iterations.10 Certainly, this criterion can be modi昀椀ed and improved upon. However, as it
stands, it enables us to achieve good results, especially when utilizing multiple boundary measurements.

Remark 4.2. The idea that integrating Hessian information into a gradient-based iterative scheme
enhances convergence is widely acknowledged. However, second-order methods entail the drawback
of increased computational burden and time, especially when dealing with complex Hessians [NR00,
Sim89]. Moreover, the e昀昀ort required to compute the Hessian often does not justify the reduction in
iteration count [ADEK07]. Consequently, we choose not to utilize a second-order method for numerical
optimization. The second-order analysis was conducted solely for stability assessment regarding the
proposed optimization problem(s). Instead, our approach employs a simpler and more direct strategy,
using multiple measurements, to enhance inclusion detection and algorithm convergence.

For the input data, we will consider multiple sets of Cauchy pairs {(f (i), g(i))}16i6M , where M denotes
the maximum number of pairs, on Σ. Here, the prescribed data is the Dirichlet boundary data f (i), while
its corresponding additional boundary measurement g(i) on the outer part Σ is obtained synthetically. In
other words, the corresponding Neumann 昀氀ux g(i) measured on the accessible boundary Σ is generated
by numerically solving the direct problem corresponding to Problem 1 using the 昀椀nite element method.
This is achieved by specifying f and 昀椀xing the shape Ω∗ (or equivalently, Σ = ∂D and Γ∗ = ∂ω∗),
then solving (2) in Ω∗, and extracting the measurement g by computing ∂νu on Σ. To prevent “inverse
crimes” – as discussed by Colton and Kress in [KC98, p. 154] – we create the synthetic data using a
di昀昀erent numerical scheme compared to the inversion process. Speci昀椀cally, we utilize a larger number
of discretization points and apply P2 昀椀nite element basis functions in the FreeFem++ [Hec12] code.
In the inversion procedure, all variational problems are solved using P1 昀椀nite elements, and we initially
discretize the domain with a uniform mesh size of h = 0.03. Subsequently, we extract g(i) for each
i = 1, 2, . . . ,M by computing ∂νu

(i), where u(i) solves (6) with f = f (i), on Σ. For our numerical
experiments, we consider up to four linearly independent Cauchy pairs, with the values for f (i), i =
1, 2, 3, 4, given as follows: f (1) = sin(t), f (2) = cos(t), f (3) = sin(2t), and f (4) = cos(2t).

Depending on the value of M , we simply replace the shape gradient GN in (54) with the sum
∑M

i=1G
(i)
N .

Each G
(i)
N corresponds to the shape gradient computed using the input data f (i), along with the cost

function J
(i)
N = 1

2

∫

Σ
(∂νu

(i) − g(i))2 ds for i = 1, 2, . . . ,M .

For the exact geometry of the unknown boundary Γ in the forward problem, we consider the following
shapes:

• a kite-shape boundary with parametrization

ΓK =

{(

0.195 + 0.4(cos t+ 0.65 cos 2t)
0.55 sin t

)

, t ∈ [0, 2π)

}

,

• a ribbon-shape boundary with parametrization

ΓR =

{(

0.64 cos t
0.48 sin t(1.8 + cos (2t))

)

, t ∈ [0, 2π)

}

,

• a peanut-shape boundary with parametrization

ΓF =

















−0.25 +
0.6 + 0.54 cos t+ 0.06 sin 2t

1 + 0.75 cos t
cos t

0.05 +
0.6 + 0.54 cos t+ 0.06 sin 2t

1 + 0.75 cos t
sin t






, t ∈ [0, 2π)











,

10Here, the number of iterations is set to be large enough so that the absolute di昀昀erence between two consecutive cost
values (i.e., the magnitude of |J(Ωk+1)− J(Ωk)|) eventually becomes smaller than some speci昀椀ed small positive number.
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• and the shape given by the boundary ΓL of the domain ω = (−0.55, 0.55)2 \ [0, 0.55]2.

To condense statements and discussions, all experiments and 昀椀gures will occasionally be referenced using
the following notation: Test(Γ∗), where Γ∗ (the shapes de昀椀ned above) represents the exact geometry
of Γ. Lastly, in all of our experiments, the Robin coe昀케cient is set to α = 1, and the results are obtained
with the initial guess Γ(0) being the circle of radius 0.3.

4.1.2 Tests with single boundary measurement

Before we present the numerical results for detections under multiple boundary measurements, we 昀椀rst
motivate this section by providing numerical 昀椀ndings in the case when we only have a single input data
for the inversion process. To this end, we consider three di昀昀erent inputs f : (i) f1 = 1, (ii) f2 = sin t,
t ∈ [0, 2π), and (iii) f3 = cos t, t ∈ [0, 2π).

The results of the experiments, which were tested for shapes with exact interior boundaries given by
ΓK, ΓR, ΓP, and ΓL, are plotted in Figure 1. It is evident from the plotted 昀椀gures that the detected
shapes are far from the exact geometries, except in the case when f = 1 is the input data. In this case,
the algorithm was able to cover at least the convex hull of ΓP and ΓL, and produce fair detections for
the other two test cases. These results motivate us to consider multiple boundary measurements in the
inversion process, which we discuss next.

4.1.3 Tests with multiple Cauchy data

For our numerical experiments involving multiple measurements, we maintain consistency by using the
same set of geometries for Γ∗. The results, depicted in Figure 2, illustrate the results when employing
two, three, and four linearly independent input data or boundary measurements.

As anticipated, the detections signi昀椀cantly improve with multiple boundary measurements compared
to using only a single pair of Cauchy data in the inversion process. Particularly, accurate detection of
the concave parts of the exact interior boundary is achieved for Test(ΓK), Test(ΓR), and Test(ΓP),
with detection generally enhancing as the number of boundary measurements increases.

However, for Test(ΓL), detection of the concave part appears less e昀昀ective, likely due to the less
smooth shape of ΓL and its distance from the measurement region. Nevertheless, employing multiple
measurements substantially enhances the detection of unknown interior boundaries with non-convex
shapes, partially mitigating the ill-posedness of the shape inverse problem.

Figure 3 summarizes the histories of the (normalized) cost value, Sobolev gradients’ norm, and Hausdor昀昀
distances between the approximate and exact solutions against the number of iterations for Test(ΓL).
Overall, as the number of boundary measurements increases, both the accuracy of the solution and the
convergence behavior of the algorithm improve, as expected.

In conclusion, our results demonstrate the e昀昀ectiveness of the least-squares method in tracking Neu-
mann data using multiple boundary measurements compared to using a single pair of boundary data.
While the proposed strategy provides valuable information for detecting inclusion boundaries near the
measurement region, detecting interior boundaries with sharp concavities and located farther from the
measurement region remains challenging, primarily due to the inherent nature of the problem.

Remark 4.3. In Figure 2, it is observed that even with multiple boundary measurements, the numerical
results for an L-shaped non-convex shape (which violates the regularity assumption) reconstruction seem
to be unsatisfactory. Possible reasons behind this result may include inaccurate computations of shape
gradients due to the non-remeshing technique employed in the reconstruction process, as well as the
smoothness loss on the domain during discretization. Additionally, mesh qualities may be compromised
during shape changes, leading to inaccurate 昀椀nite element approximations. To address this issue, an
improved boundary type of shape gradient, as proposed in [GZ21] and [GLZ22], may be employed.
The boundary correction formula therein can be incorporated into numerical algorithms to enhance the
accuracy of reconstructions, not only when employing the Neumann-data tracking approach but also
when utilizing a boundary-type cost functional more generally.
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Figure 1: Results of the detections with a single boundary measurement

Figure 2: Results of the detections with multiple boundary measurements
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Figure 3: Histories of (normalized) cost values, Sobolev gradient norms, and Hausdor昀昀 distances
dH(Γ(k),Γ∗) for Test(ΓK)

4.2 Employing the Dirichlet data-tracking least-squares approach
Using the same algorithm laid out in subsection 4.1.1, we provide here some numerical experiments for
the optimization problem (24) with multiple boundary measurements. For the input data, we consider
up to four linearly independent Cauchy pairs for our numerical tests with values for g(i), i = 1, . . . , 4,
given as follows: g(i) = sin((i + 1)t/2), for i = 1, 3, and g(i) = cos(it/2), for i = 2, 4, for t ∈ [0, 2π).
With the above consideration and as before, depending on the value of M , we need to replace GD in
(54) with

∑M
i=1G

(i)
D , where, for each i = 1, 2, . . . ,M , G(i)

D corresponds to the shape gradient computed
with the input data g(i) with the cost function J

(i)
D =

∫

Σ
(u

(i)
N − f (i))2 ds. In the forward problem, we

consider the same set of test geometries {ΓK,ΓR,ΓF,ΓL} for Γ.

4.2.1 Tests with single boundary measurement

Again, to prompt the use of more than one set of Cauchy data in the inversion procedure, we 昀椀rst issue
some numerical results obtained from a single boundary measurement. On this purpose, we consider
three di昀昀erent inputs for the Neumann 昀氀ux g, namely, (i) g = 1, (ii) g = sin t, t ∈ [0, 2π), and (iii)
g = cos t, t ∈ [0, 2π).
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The experimental results carried out for the present problem with exact interior boundaries given by ΓL,
ΓK, ΓF, and ΓR, are plotted in Figure 4. As evident from the plotted 昀椀gures, the detected shapes are
far from the exact geometries and the algorithm was only able to locate the position of the inclusion.
Moreover, it seems di昀케cult for the method to detect the concave regions of the unknown inclusion.
Clearly, the detections are far from being acceptable, and hence require attention for improvement. So,
as in subsection 4.1.3, these motivate us to consider multiple boundary measurements in the inversion
process, which we give next in the following subsection.

Figure 4: Results of the detections with a single boundary measurement

4.2.2 Tests with multiple Cauchy data

For our experiments involving multiple measurements, we use the same set of geometries as described
in the previous subsection. The results of these experiments, where we employ two to four linearly
independent input data, are depicted in Figure 5 and Figure 7, respectively. We initialize the process
with a circle of radius 0.3 and 0.6, as shown in the 昀椀gures.

Consistent with our prior experiments, employing more than one boundary measurement in the inversion
process yields more accurate detections compared to using only a single pair of Cauchy data. Notably,
the algorithm accurately identi昀椀es the concave parts of the exact interior boundary. Particularly for
Test(ΓK), Test(ΓP), and Test(ΓR), we achieve highly accurate detections of the exact shapes, with
detection improving as the number of boundary measurements increases. Additionally, we observe that
the reconstruction is more precise when the initial guess is closer to the exact inclusion, as demonstrated
in Figure 7. However, for Test(ΓL), even with a close initial guess, the detection of the concave part
appears less e昀昀ective. This limitation could be attributed to the less smooth shape of ΓL compared to
the other shapes, along with its distance from the measurement region.

Further insights are provided in Figure 6 and Figure 8, which summarize the histories of (normalized)
cost values, Sobolev gradients’ norms, and the Hausdor昀昀 distances between the approximate and exact
solutions against the number of iterations for Test(ΓK). We observe similar trends as discussed in
subsection 4.1.3 for the previous approach. In summary, our 昀椀ndings suggest that employing multi-
ple measurements signi昀椀cantly improves the detection of unknown inclusions with non-convex shapes,
thereby partially addressing the ill-posedness of the shape inverse problem under consideration.

4.2.3 A test case in three dimension

For the 昀椀nal test case, we consider a problem setup in three dimensions focusing on examining the
e昀昀ect of di昀昀erent combinations of the Cauchy data (where one of the prescribed data is always chosen
to be strictly positive). With the object’s accessible surface given by a sphere of unit radius, the exact
geometry of the unknown inclusion is depicted in Figure 9. The algorithm used to solve the problem
is the same as in the two-dimensional case. However, this time, we stop the algorithm after a 昀椀nite
number of iterations or when the step size becomes very small (note that the step size is calculated
using a backtracking procedure).
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Figure 5: Results of the detections with multiple boundary measurements (Γ(0) = C(0, 0.3))
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Figure 6: Histories of (normalized) cost values, Sobolev gradient norms, and Hausdor昀昀 distances
dH(Γ(k),Γ∗) for Test(ΓK)

Figure 7: Results of the detections with multiple boundary measurements (Γ(0) = C(0, 0.6))
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Figure 8: Histories of (normalized) cost values, Sobolev gradient norms, and Hausdor昀昀 distances
dH(Γ(k),Γ∗) for Test(ΓK)
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Moreover, the computational setup is similar to the two-dimensional case, but with modi昀椀cations to
昀椀t the three-dimensional test case. Speci昀椀cally, we choose the initial guess to be a sphere with radius
0.95. The forward problem is solved with maximum and minimum mesh widths h∗max = 0.08 and
h∗min = 0.06, and the exact solution is computed using P2 昀椀nite elements. For the inversion process, the
initial computational mesh is set to have maximum and minimum mesh widths of hmax = hmin = 0.125.
Lastly, the variational problems corresponding to the state and adjoint problems are solved using P1
昀椀nite elements.

Table 1 summarizes the choice of the prescribed boundary data g used in the experiments, and the
corresponding numerical results are also depicted in the table.

Input Fig. 10b Fig. 10c Fig. 10d Fig. 10e Fig. 10f Fig. 10g Fig. 10h Fig. 10i Fig. 10j Fig. 10k Fig. 10k

Case C1 C2 C3 C4 C5 C6 C7 C8 C9 C10 C11

g(1) 1 1 1 1 0.1 0.1 0.1 0.1 0.1 0.1 0.1

g(2) − sin θ cos θ sin θ − sin θ sin θ 0.2 cos θ 0.2 sin θ 0.2 sin θ 0.3 sin θ

g(3) − − − cos θ − − cos θ 0.2 cos θ 0.2 cos θ 0.2 cos θ 0.3 cos θ

g(4) − − − − − − − − 0.6 cosφ 0.6 cosφ 0.5 cos 2φ

g(5) − − − − − − − − − 0.6 sinφ −

Table 1: Input data {g(i)}Mi=1, M = 1, 2, 3, 4, 5, for testing in three dimensions

Observing Figures 10b through 10e, 10f through 10h, and 10i through 10k, we note an improvement
in detecting the unknown inclusion as the number of data used in the inversion increases. However,
compared to the two-dimensional case, the detection of concave parts is less pronounced.

Using more pairs of Cauchy data results in higher accuracy in detecting concave parts of the unknown
interior boundary, although not entirely satisfactory compared to just using a single measurement, as
expected. With a single measurement, only the convex hull of the unknown inclusion is detected, as
depicted in Figures 10b and 10f. The choice of prescribed data {g(i)}Mi=1 greatly in昀氀uences the detection
results, as seen in the comparison between Figures 10c and 10g, Figures 10e, 10h, and 10i, and Figures
10j and 10k. Nevertheless, regions with concavities in the inclusion were satisfactorily detected by
our scheme, particularly with the input data (g(1), g(2), g(3), g(4)) = (0.1, 0.3 cos θ, 0.3 sin θ, 0.5 cosφ),
as shown in Figure 11. Additionally, plots in Figure 12 depict the histories of costs and gradient
norms obtained from the data set (g(1), g(2), g(3), g(4), g(5)) = (0.1, 0.2 cos θ, 0.2 sin θ, 0.6 cosφ, 0.6 sinφ).
Notably, schemes with multiple measurements converge faster than those with only one measurement,
thereby improving both detection quality and convergence behavior.

In conclusion, while 昀椀ner meshes and adaptive remeshing could enhance our detections, our current
results with coarse meshes are satisfactory. We reserve re昀椀nements for future investigations. Overall,
our proposed strategy of utilizing multiple boundary measurements signi昀椀cantly enhances the detection
of unknown interior boundaries. Although e昀昀ectiveness depends on the choice and combinations of
boundary data, the methodology proves reliable in addressing the challenge of detecting concave parts
in unknown inclusions. We anticipate its e昀昀ectiveness in addressing more complex and general inverse
problems.

5 Conclusion
We revisited two classical shape optimization approaches for solving the shape inverse problem with
the Robin condition for the Laplace equation, focusing on boundary data tracking in a least-squares
sense. The problem is highly ill-posed, as demonstrated by the instability of the shape Hessian in the
optimization setting.

Our numerical 昀椀ndings show that using multiple boundary measurements improves the accuracy of
detecting unknown inclusions, especially in two dimensions. However, reconstructions su昀昀er when the
concave part of the interior boundary is distant from the measurement region, likely due to the severe
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Figure 9: Exact geometric pro昀椀le of the unknown inclusion

(a) Exact shape (b) Case C1 (c) Case C2 (d) Case C3 (e) Case C4 (f) Case C5

(g) Case C6 (h) Case C7 (i) Case C8 (j) Case C9 (k) Case C10 (l) Case C11

Figure 10: Results of approximation with di昀昀erent number/choices of boundary measurements

Figure 11: Result of Case C11: (g(1), g(2), g(3), g(4)) = (0.1, 0.3 cos θ, 0.3 sin θ, 0.5 cos 2φ)
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Figure 12: Histories of costs and gradient norms corresponding to the data set
(g(1), g(2), g(3), g(4), g(5)) = (0.1, 0.2 cos θ, 0.2 sin θ, 0.6 cosφ, 0.6 sinφ)
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ill-posed nature of the problem. Addressing this challenge is a focus of our future work. Additionally, the
smoothness of the interior boundary a昀昀ects detection accuracy. In three-dimensional cases, our proposed
strategy does not signi昀椀cantly improve detection unless the prescribed data is carefully chosen. This
prompts further exploration of alternative strategies for improved boundary reconstruction. Future
research will involve developing more advanced computational techniques and schemes.

Furthermore, our computational strategy for solving the shape inverse problem can be adapted to
other shape optimization formulations. Employing multiple boundary measurements is expected to
signi昀椀cantly enhance detection capabilities in such cases.
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